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PREFACE.:

Ix offering to students and teachers a new edition of
the Elements of Euclid, it will be proper to give some ac-
count of the plan on which it has been arranged, and of the
advantages which it hopes to present.

Geometry may be congidered to form the real founda-
tion of mathematical instruction. It is true that some
" acquaintance with Arithmetic and Algebra usually precedes
the study of Geometry; but in the former subjects a begin-
ner spends much of his time in gaining a practical facility
in the application of rules to examples, while in the latter
subject he is wholly occupied in exercising his reasoning
faculties.

In England the text-book of Geometry consists of the
Elements of Euclid ; for nearly every official programme of
instruction or examination explicitly includes some portion
of this work. Numerous attempts have been made to find
an appropriate substitute for the Elements of Euclid ; but
such attempts, fortunately, have hitherto been made in
vain. The advantages attending a common standard of
reference in such an important subject, can hardly be over-
estimated ; and it is extremely improbable, if Euclid were
once abandoned, that any agreement would exist as to the
author who should replace him. It cannot be denied that
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defects and difficulties occur in the Elements of Euclid, and
that these become more obvious as we examine the work
more closely ; but probably during such examination the
conviction will grow deeper that these defects and diffi-
culties are due in a great measure to the nature of the
subject itself, and to the place which it occupies in a course
of education; and it may be readily believed that an equally
minute criticism of any other work on Geometry would
reveal more and graver blemishes,

Of all the editions of Euclid that of Robert Simson has
been the most extensively used in England, and the pre-
sent edition substantially reproduces Simson’s; but his
translation has been carefully compared with the original,
and some alterations have been made, which it is hoped
will be found to be improvements. These alterations, how-
ever, are of no great importance; most of them have been
introduced with the view of rendering the language more -
uniform, by constantly using the same words when the
same meaning is to be expressed.

As the Elements of Euclid are usually placed in the
hands of young students, it is important to exhibit the work
in such a form as will assist them in overcoming the diffi-
culties which they experience on their first introduction to
processes of continuous argument. No method appears to
be 80 useful as that of breaking up the demonstrations into
their constituent parts; this was strongly recommended
by Professor De Morgan more than thirty years ago as a
suitable exercise for students, and the plan has been adopt-
ed more or less closely in some modern editions. An ex-
cellent example of this method of exhibiting the Elements
of Enclid will be found in an edition in quarto, published
at the Hague, in the French language, in 1762. Two per-
sons are named in the title-page as concerned in the work,
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' Koenig and Blassiere. This edition has served as the
' model for that which is now offered to the student: some
slight modifications have necessarily been made, owing to
the difference in the size of the pages.

It will be perceived then, that in the present edition
each distinct assertion in the argument begins a new line;
and at the ends of the lines are placed the necessary refer-
ences to the preceding principles on which the assertions
; depend. Moreover, the longer propositions are distributed
! into subordinate parts, which are distinguished by breaks
* at the beginning of the lines.

This edition contains all the proposxtlons which are
usually read in the Universities. After the text will be
found a selection of notes; these are intended to indicate
" and explain the principal ‘difficulties which have been
noticed in the Elements of Euclid, and to supply the most
important inferences which can be drawn from the propo-
- sitions. The notes relate to Geometry exclusively; they -
. do not introduce developments involving Arithmetic and
. Algebra, because these latter subjects are always studied
" in special works, and because Geometry alone presents suf-
. ficient matter to occupy the attention of early students.
A fter some hesitation on the point, all remarks relating to
Logic have also been excluded. Although the study of
Logic appears to be reviving in this country, and may
eventually obtain a more assured position than it now
holds in a course of liberal education, yet at present fow
persons take up Logic before Geometry; and it seems
therefore premature to devote space to a subject which will
be altogether unsuitable to the majority of those who use a
work like the present.

After the notes will be found an Appendlx, conmtmg of
propositions supplemental to those in the Elements of
Euclid ; it is hoped that a judicious choice has been made
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from the abundant materials which exist for such an Ap- '
pendix. The propositions selected are worthy of notice on
various grounds; some for their simplicity, some for their °
value as geometrical facts, and some as being problems -
which may naturally suggest themselves, but of which the
solutions are not very obvious.

The work finishes with a collection of exercises. Geo-
metrical deductions afford a most valuable discipline for a
student of mathematics, especially in the earlier period of
his course; the numerous departments of analysis which
subsequently demand his attention will leave him but little
time then for pure Geometry. It seems however that the
habits of mind which the study of pure Geometry tends to
form, furnish an advantageous corrective for some of the
evils resulting from an exclusive devotion to Analysis, and
it is therefore desirable to engage the attention of ‘begin-
ners with geometrical exercises.

Many persons whose duties have rendered them familiar
with the examination of large numbers of students in
elementary mathematics have noticed with regret the
frequent failures in geometrical deductions. Several col-
lections of exercises already exist, but the general com-
plaint is that they are too difficult. Those in the present
volume may be divided into two parts; the first part con-
tains 440 exercises, which it is hoped will not be found
beyond the power of early students ; the second part consists
of the remainder, which may be reserved for. practice at a
later stage. These exercises have been principally selected
from College and University examination papers, and have
been tested by long experience with pupils. It will be seen
that they are distributed into sections according to the
propositions in the Elements of Euclid on which they chiefly
depend. As far as possible they are arranged in order of
difficulty, but it must sometimes happen, as is the case
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the way for a set of others which are much easier than
itself. It should be observed that the exercises relate to
pure Geometry; all examples which would find a more
suitable place in works on Trigonometry or Algebraical
} Geometry have been carefully rejected.
It only remains to advert to the mechanical execution
¢ of the volume, to which great attention has been devoted.
The figures will be found to be unusually large and dis-
tinct, and they have been repeated when necessary, so that
| they always occur in immediate connexion with the corre-
sponding text. The type and paper have been chosen so
as to render the volume as clear and attractive as possible.
' The design of the editor and of the publishers has been to
produce a practically useful edition of the Elements of
Euclid, at a moderate cost ; and they trust that the design
has been fairly realised.
| Any suggestions or corrections relating to the work
will be most thankfully received.

!in the Elements of Euclid, that one example prepares
by

I. TODHUNTER.

87 JoHN’S COLLEGE,
October 1863.
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L INTRODUCTORY REMARKS.

Trr subject of Plane Geometry is here presented to the
student arranged in six books, and each book is subdivided
'into propositions. The propositions are of two kinds, pro-
|blems and theorems. In a problem something is required
to be done; in a theorem some new principle is asserted to
be true.

A proposition consists of various parts. We have first
the general enunciation of the problem or theorem; as for
example, To describe an equilateral triangle on a given
finite straight line, or Any two angles of a triangle are
\together less than two right angles. After the general
' enunciation follows the-discussion of the proposition. First,
the enunciation is repeated and applied to the particular
‘ﬁgure which is to be considered ; as for example, Let 4B
be the given straight line: it is required to describe an
equilateral triangle on AB. The construction then usually
follows, which states the necessary straight lines and circles
which must be drawn in order to constitute the solution of
the problem, or to furnish assistance in the demonstration
jof the theorem. Lastly, we have the demonstration itself,
which shews that the problem has been solved, or that tho
theorem is true.

- Sometimes, however, no construction is reqmretl; and
lsometimes the construction and demonstration are com-

bined.

|
|-



xvi INTRODUCTORY REMARKS.

The demonstration is a process of reasoning in which ’

we draw inferences from results already obtained. These
results consist partly of truths established in former propo-

sitions, or admitted as obvious in commencing the subject,
and partly of truths which follow from the construction -

that has been made, or which are given in the mppontzm
of the proposition itself. The word hypothesis is used in
the same sense as mppontwn

To assist the student in following the steps of the :

reasoning, references are given to the results already ob-
tained which are required in the demonstration. Thus L. 5
indicates that we appeal to the result established in the
fifth proposition of the First Book; Constr. is sometimes
used as an abbreviation of Construction, and Hyp. as an
abbreviation of Hypothests.

It is usual to place the letters Q.E.F. at the end ot the
discussion of a problem, and the letters Q.e.p. at the end of
the discussion of a theorem. Q.EF. is an abbreviation for

quod erat faciendum, that is, which was to be done; and .

QE.D. is an abbreviation for quod erat demonstrandum,
that is, which was to be proved.

!
|
|
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BOOK I

DEFINITIONS.

* 1. A PoINT is that which has no parts, or which has no
-magnitude.

" 9. A line is length without breadth.
3. The extremities of a line are points. e

4. A straight line is that which lies evenly between
its extreme pointa.

5. A superficies is that which has only length and
breadth.

6. The extremities of a superficies are lines.

___ 7. A plane spperficies is that in which any two points
being taken, thesﬁ_%g‘ﬂt line between them h{‘,s wholly in
that superficies,

~ 8. A plane angle is the inclination of two lines to one
another in a plane, which meet together, but are not in the
same direction,
1
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9. A plane rectilineal angle is the inclination of two
straight lines to one another, which meet together, but are
not in the same straight line. »

Note. When several angles are at -ene point B, any
one of them is expressed by three letters, of which the
letter which is at the vertex of the angle, that is, at the
point at which the straight lines that contain the angle
meet one another, is put between the other two letters,
and one of these two letters is somewhere on one of
those straight lines, and the other letter on the other
straight line. Thus, the angle which is coutained by the

A
ILD
B S EL
straight lines Ap, CB is named the angle ABC, or CBA ;
the angle which is contained b%the straight lines 4B, DB
is named the angle 4BD, or DBA ; anlﬁ the angle which
is contained by the straight lines DB, CB is named the
le DBC, or CBD ; but if there be only one angle at a

point, it may be expressed by a letter placed at that point;
a.stheangleatE.p v " P ¥ pomss

10. When a straight line standing
on another straight line, makes the adja-
cent an%les equal to one another, each of
the angles is called a right angle; and
the straight line which stands on the
other is called a perpendicular to it.

11. Ah ‘obtuse angle is that which
is greater than a right angle.

12. An acute angle is that which
is less than a right angle.
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13. A term or boundary is the extremity of any thing.
14. A figure is that which is enclosed by one or more

. boundaries.

15. A circle is a plane figure
contained by one line, which is
called the circumference, and is
such, that all straight lines drawn
from a certain point within the
figure to the circumference are
equal to one another:

16. And this point is called the centre of the circle.

17. A diameter of a circle is a straight line drawn
through the centre, and terminated both ways by the cir-
cumference.

{A radius of a circle is a straight line drawn from the
centre to the circumference.]

18. A semicircle is the figure contained by a diameter
and the part of the circumference cut off by the diameter.

19. A segment of a circle is the figure contained by a
straight line and the circumference which it cuts off.

20. Rectilineal figures are those which are contained
by straight lines: : .

tin 21. Trilateral ﬁgufes, or triangles, by three straight
o8 :
22. Quadrilateral figures by four straight lines:

23. Multilateral figures, or polygons, by more than
four straight lines. ’

24. Of three-sided figures,

An equilateral triangle is that which
has three equal sides:

1—2
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25. An isosceles triangle is that
which has two sides equal :

26. A scalene triangle is that
which has three unequal sides :

27. A right-angled triangle is that
which has a right angle:
[The side opposite to the right
angle in a right-angled triangle isng-l:)-
- quently called the hypotenuse.]

28.  An obtuse-angled triangle is
that which has an obtuse angle :

29. An acute-angled triangle is
that which has three acute angles.

Of four-sided figures,

30. A square is that which has
all its sides equal, and all its angles
right angles :

31. An oblong is that which has
all its angles right angles, but not all
its sides equal :

32, A rhombus is that which has
all its sides equal, but its angles are
not right angles:

M NN
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33. A rhomboid is that which has
its o;;lyl)osite sides equal to one another,
but all its sides are not equal, nor its
angles right angles :

34. All other four-sided figures besides these are
called trapeziums, :

35. Parallel straight lines are such
as are in the same plane, and which
being produced ever so far both ways
do not meet.

Note. The terms oblong and rkomboid are not often’

. Practically the following definitions are used. Any
four-sided figure is called a guadrilateral. A line joinin,
two mite angles of a quadrilateral is called a diagon
A quadrilateral which has its opposite sides el is
called a parallelogram. The w square and rkombus
are in the sense defined by Euclid ; and the word
rectangle is used instead of the word oblong.

Some writers propose to restrict the word ‘rapezium
to a quadrilateral which has two of its sides parallel ; and
it would certainly be convenient if this restriction were
universally adopted.] :

POSTULATES.

Let it be granted,
1. That a straight line may be drawn from any one
point to any other point :

2. That a terminated straight line may be produced to
any length in a straight line : .

3. And thata circle may be described from any centre,
at any distance from that centre.
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AXIOMS.

1. Things which are equal to the same thing are equal
to one another.

2. If equals be added to equals the wholes are equal,

3. If equals be taken from equals the remamders are
equal.

4. If equals be added to unequals the wholes are
unequal.

5. If equals be taken from unequals the remainders
are unequal.

6. Things which are double of the same thing are
equal to one another.

7. Things which are halves of the same thing are
equal to one another.

" 8. Magnitudes which coincide with one another, that
is, vtvl}ﬁch exactly fill the same space, are equal to one
another,

9. The whole is greater than its part.
10. Two straight lines cannot enclose a space.
11. All right angles are equal to one another.

12. If a straight line meet two straight lines, so as to
make the two interior angles on the same side of it taken
ther less than two right angles, these straight lines,
being continually tpilroduced, shall at length meet on that
side; on which are the angles which are less than two right
angles.



PROPOSITION 1. PROBLEM.
To describe an equilateral triangle on a given finits
- straight line.
Let AB be the given straight line: it is required to
describe an equilateral triangle on 4B.

C

/\,
\/

From the centre A4, at the distance 4B, describe the

circle BCD. [Postulate 3.
From the centre B, at the distance BA, describe the
circle ACE. [Postulate 3.

From the point C, at which the circles cut one another, draw
the straight lines C4 and CB to the points 4 and B. [Post. 1.

ABC shall be an equilateral triangle.
Because the point 4 is the centre of the circle BCD,

AC is equal to A4B. [Definition 15.
And because the point B is the centre of the circle ACE,
BCis equal to BA. [Definition 15.

But it has been shewn that C4 is equal to 4AB;
therefore C4 and OB are each of them equal to 4B.

But things which are equal to the same thing are equal to
one another. [Aziom 1.

Therefore CA is equal to CB.

Therefore CA, AB, BC are equal to one another,
‘Wherefore the triangle ABC is equilateral, [Def. 24

and it is described on the given straight line AB. QE.r.
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PROPOSITION 2. PROBLEM.
From a given point to draw a straight line equal to a
given straight line.

Let 4 be the given point, and BC the given straight
line ; it is re%uired to draw from the point 4 a straight
line equal to BC.

From the point 4 to Bdraw
the straight line AB; [Post. 1.
and on it describe the equi-
" lateral triangle DAB, [L1.
and produce the straight lines
DA, DB to E and F. [Post. 2.
From the centre B, at the dis-
tance BC, describe the circle
CGH,meeting DFat G. [Post. 3.
From the centre D, at the dis-
tance D@, describe the circle
GKL, meeting DE at L. [ Post. 3.

AL shall be equal to BC. d
.Because thelgyoint B is the centre of the circle CG'H,
BC is equal to BG. [ Definition 15.
And because the point D is the centre of the circle GKZ,
DL is equal to DG ; [Definition 15.
and DA, DB parts of them are equal ; [ Definition 24.
therefore the remainder AL is equal to the remainder
[Aziom 3.

But it has been shewn that BC is equal to BG ;
therefore 4L and BC are each of them equal to BG@. |
But things which are equal to the same thing are equal to
one another. [Aziom 1.
Therefore AL is equal to BC.

Wherefore from the given point A a straight line AL
has been drawn equal to the given straight line BC. QE.F.

PROPOSITION 3. PROBLEM. o
From the greater of two given straight lines to cut off

a part equal to the less.

Let AB and C be the two given straight lines, of which
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AB is the greater: it is required to cut off from 4.5, the
greater, a part equal to C the less.
From the point 4 draw
the straight line 4D equal
to C; : L 2.
and from the centre 4,. at
the distance 4D, describe

the circle DEF meeting AB
at B [Postulate 3. F
AE shall be equal to C.

Because the point 4 is the centre of the circle DEF,
AE is equal to 4D. [Definition 15.
But C'is equal to 4D. [Construction.
Therefore .4 E and O are each of them equal to 4D.
Therefore 4 E is equal to C. [Aziom 1.

‘Wherefore from AB the greater of two given straight
lines a part AE has been cut off equal to C the less. QE.F.

* PROPOSITION 4. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, and have also the angles
contained by those sides to one another, they shall
also have their bases or third sides equal; and the two
triangles shall be equal, and their other angles shall be
equal, each to each, namely those to which the equal sides
are opposite. .

Let A BC, DEF be two triangles which have the two sides
A B, ACequal to the two sides DE, D F,each to each, namely,
AB to DE, and AC to

DF, and the angle BAC
equal to the me EDF:
the base BC be equal
to the base EF, and the
triangle ABC to the tri-
angle DEF, and the other
angles shall beequal,each &

to each, to which the equal
sides are opposite, namely, the angle 4BC to the angle
DEF, and the angie ACB to the angle DFE,
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For if the triangle 4 BC be applied to the triangle DEF,
so that the point 4 may be on the point D, and the
B

straight line A8 on the
straight line DE, the -
point B will coincide with
the point £, because AB
is equal to DE.  [Hyp.
And, A4 B coinciding with
DE, AC will fall on DF,

because the angle BAC

is equal to the angle EDF. [Hypothesis.
Therefore also the point C will coincide with the point 7,
because 4C is equal to DF. [Hypothesis.

But the point B was shewn to coincide with the point %,
therefore the base BC will coincide with the base EF;
because, B coinciding with £ and C with F, if the base BC
does not coincide with the base EF, two straight lines will
enclose a space ; which is impossible. [Aziom 10.
Therefore the base BC coincides with the base EF, and is
equal to it. [4ziom 8,
Therefore the whole triangle .4 BC coincides with the whole
triangle DEF, and is equal to it. [Aziom 8.
And the other angles of the one coincide with the other
angles of the other, and are equal to them, namely, the
angle 4 BC to the angle DEF, and the angle 4CB to the
angle DFE.

‘Wherefore, {f two triangles &c. Q.E.D.

PROPOSITION 5. THEOREM.

The angles at the base of an isosceles triangle ars équal
to one another; and if the equal sides be prod the
anglz:ronthaotherlidaqfthebanthallboequaltom
another. :

Let ABC be an isosceles triangle, having the side A B
equal to the side AC, and let the straight lines AB, AC
be produced to D and E: the angle 48C shall beeglml to
the angle ACB, and the angle CBD to the angle BCE.

In BD take any point 7,

and from 4 E the greater cut off 4 G equal to.4 Fthe less, [1.8.
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and join FC, GB.
Because A F'is equal to A @, [Constr. A
and AB to AC, [Hypothesis.

the two sides 4, ACare equal to the

two sides G4, 4 B, each to each; and

they contain the angle #’4 G common

to the two triangles 4 FC, AGB;

therefore the base F'C is equal to the

base G'B, and the triangle A FC to

the triangle 4G B, and the remaining

angles of the one to the remaining

angles of the other, each to each, to D E
which the equal sides are opposite,

namely the angle 4CF to the angle ABG, and the angle

APFC to the angle AGB. [I. 4.
And because the whole 4F' is equal to the whole 4G,
of which the parts 4B, AC are equal, [Hypothesis.

the remainder BF is equal to the remainder CG. [dziom 3.
And FC was shewn to be equal to GB;
therefore the two tides BF, F'C are equal to the two sides
CG, GB, each to each; . ,
and the angle BFC was shewn to be equal to the angle CGB ;
therefore the triangles BF(C, CGB are equal, and their
other angles are equal, each to each, to which the equal
sides are opposite, namely the angle FBC to the angle
G OB, and the angle BCF to the angle CBG. [1. 4.
And since it has been shewn that the whole angle A BG
is equal to the whole angle ACF,
and tlha.t the parts of these, the angles CBG, BCOF are also
equal ;
therefore the remaining angle 4 BC is equal to the remain-
ing angle ACB, which are the angles at the base of the
triangle 4 BC. [Aziom 8.
And it has also been shewn that the angle FBC is
ual to the angle GCB, which are the angles on the other
side of the base.
‘Wherefore, the angles &c. Q.E.D.
Corollary. Hence every equilateral triangle is also
equiangular,
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PROPOSITION 6. THEOREM.
If two angles of a triangle be equal to one another, the
sides also which subtend, or are oppo- A
site to, the equal angles, shall be equal
to one another.
Let ABC be a triangle, having the
angle 4 BC equal to the angle AOB': the
side 4 C shall be equal to the side 4B.
For if AC be not equal to 4B, one
of them must be greater than the other. g c
Let 4B be the greater, and from it
cut off DB equal to AC the less, [L 8.
and join DC. v
Then, because in the triangles DBC, ACB,
DB is equal to AC, [Construction.
and BC is common to both,
the two sides DB, BC are equal to the two sides 40, CB,
each to each;
and the angle DBC is equal to the angle 4 CB ; [Hypothesis.
therefore the base DC is equal to the base 4.5, and the
triangle DBC is equal to the triangle ACB, [L. 4.
the less to the greater; which is absurd. [Aziom 9.
Therefore 4B is not unequal to 4C, that is, it is equal to it.
‘Wherefore, if two angles &c. Q.E.D.
Corollary. Hence every equiangular triangle is also
equilateral.
PROPOSITION 7. THEOREM.
On the same base, and on the same side of it, there can-
not be two triangles having their '
stdes which are terminated at one g
extremity of the base equal to one
another, and likewise those which
are terminated at the other ex-
tremity.
If it be possible, on the same
base AB, and on the same side of
it, let there be two triangles ACB,
A DB, having their sides €4, DA,
which are terminated at the extremity 4 of the base, equal
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to one another, and likewise their sides C.B, DB, which are
terminated at B.

Join CD. Inthe case in which the vertex of each tri-
angle is without the other triangle ;

because AC is equal to 4D, [Hypothesis.

the angle ACD is equal to the angle 4DC. [1. 5.

But the angle 4CD is greater than the angle BOD, [4z. 9.

th(e;’i-efore the angle ADC is also greater than the angle
3

Euch more then is the angle BDC greater than the angle

Again, because BC is equal to BD, [Hypothesis.
the angle BDC is equal to the angle BCD. [L &.
But it has been shewn to be greater; which is impossible.
But if one of the vertices as
D, be within the other triangle
ACB, produce AC, AD to E, F.
Then because AC is equal to
AD, in the triangle ACD, [Hyp.
the angles ECD, FDC, on the
other side of the base CD, are

equal to one another. [L 5.
But the angle ECD is greater A B
than the angle BCD, [Aziom 9.

tﬂpngore the angle #DC is also greater than the angle
mbtg% ;nom then is the angle BDC greater than the angle

Again, because BC is equal to BD, [Hypothests.
the angle BDC is equal to the angle BCD. [1. 5.
But it has been shewn to be greater ; which is impossible.

The case in which the vertex of one triangle is on & side
of the other needs no demonstration.

‘Wherefore, on the same base &c. Q.E.D.
PROPOSITION 8.. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, and have likewise their
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bases equal, the angle which is contained by the two sides
of the one shall be equal to the angle which is contained by
the two sides, equal to them, of the other.

Let ABC, DEF be two triangles, having the two sides
AB, AC equal to the two sides DE, DF, each to each,
namely 48 to DE, and AC to DF, and also the base BC
equal to the base EF': the angle BAC shall be equal to the
angle EDF.

A . D ¢

B E iy

For if the triangle 4 BC'be _a}ppﬁed to the triangle DEF,
80 that the point B may be on the point E, and the straight
line BC on the stra.i;ht line EF, the point C will also coin-
cide with the point #, because BC is equal to EF. [Hyp.
Therefore, BC coinciding with EF, B4 and AC will coin-
cide with ED and DF.

For if the base BC coincides with the base EF, but the
sides BA, CA do not coincide with the sides £D, FD, but
. have a different situation as EG, FG ; then on the same
base and on the same side of it there will be two triangles
having their sides which are terminated at one extremity
of the base equal to one another, and likewise their sides
which are terminated at the other extremity.
But this is impossible, : [L. 7.
Therefore since the base BC coincides with the base EF,
the sides BA, AC must coincide with the sides ED, DF.
Therefore also the angle BAC coincides with the angle
EDF, and is equal to it. [Aziom 8.

‘Wherefore, if two triangles &c. Q.E.D.

PROPOSITION 9. PROBLEM.
To bisect a given rectilineal angle, that is to divide it
tnto two equal angles. ’
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Let BACbe the given rectilineal
angle: it is required to bisect it.
Take any point D in 4B, and
from AC cut of AE equal to D E
AD; [L 8.
Jjoin DE, and on DE, on the side
remote from A, describe the equi- ¥
lateral triangle DEF. (L. B c
Join AF. The straight line 4 F shall bisect the angle BAC.
Becanse 4D is equal to 4 E, [Construction.
and A F is common to the two triangles DAF, EAF,
the two sides D.A4, AF are equal to the two sides Z.A, AF,
each to each;
and the base DF is equal to the base EF';  [Definition 24.
therefore the angle DAF is equal to the angle EAF. [I. 8.
Wherefore the given rectilineal angle BAC s bisected
by the straight line AF. QE.F.
PROPOSITION 10. PROBLEM.
. To bisect a given finite straight line, that is to divide it
‘tnto two parts.
Let AB be the given straight Q
line : it is required to divide it into
two equal parts. -
*  Describe on it an equilateral
triangle 4 BC, (L 1
and bisect the angle ACB by the
iliaight line CD, meeting AB at

. [L. 9.
_ AB shall be cut into two equal parts at the point D.
Because 4C is equal to CB, [ Definstion 24,

. and CD is common to the two triangles 4CD, BCD,

the two sides AC, CD are equal to the two sides BC, OD,

each to each ;

and the angle ACD is equal to the angle BCD;  [Constr.

therefore the base 4D is equal to the base DB. [L 4.
Wherefore the given siraight line AB 13 divided into

tewo equal parts at the point D. QE.F.

2
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PROPOSITION 11. PROBLEM.

To draw a straight line at right angles to a given
-straight line, from a given F
point in the same.

Let AB be the given
straight line, and C the given
Eoint in it: it is required to

raw from the point C a

:tor:;gélt ‘line at right angles it S . 1
Take any point D in 4C, and make CE equal to CD. [I. 3.
On DE describe the equilateral triangle DFE, L 1.
and join CF.
The straight line CF drawn from the given point C shall
be at right angles to the given straight line Ag.’ ’
Because DC is equal to CE, [Construction.
and CF is common to the two triangles DCF, ECF';
the two sides DC, CF are equal to the two sides EC, CF,
each to each ;
and the base DF is equal to the base EF'; [Definition 24.
therefore the angle DCF is equal to the angle ZCF'; [I. 8.
and they are adjacent angles.
But when a straight line, standing on another straight
line, makes the ;dﬂ'acent angles equal to one another, each
of the angles is called a right angle ; [Definition 10.
therefore each of the angles DCF, ECF is a right angle.
‘Wherefore from the given point C in thegiven straight
line AB, CF has been drawn at right angles to AB. QE.¥.
Corollary. By the help of this problem it may be shewn
that two straight lines cannot P v
have a common segment. B
If it be E:ssible, let the
two straight lines 4 BC, ABD
have thﬁo :ﬁgl}l:ll:t AB com-
mon to of them.
From the point B draw ¢ B/'D
BE at right angles to AB. g
Then, because 4 BC is a straight line, [Hypothesis.
the angle CBE is equal to the angle EBA.  [Definition 10.
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Also, because 4BD is a straight line, [Hypothesis.
the angle DBE is equal to the angle EBA.

Therefore the angle DBE is equal to the angle CBE, [4x. 1.
the less to the greater; which is impossible. [Aziom 9.

‘Wherefore two straight lines cannot have a common
segment.

B PROPOSITION 12. PROBLEM.

To draw a straight line perpendicular to a given
straight line of an unlimited length, from a given point
without it.

Let 4B be the given straight line, which may be pro-
duced to any length both ways, and let C be the given point
without it: it is required to draw from the point C a
straight line perpendicular to 4.B.

Take any point D on
the other side of 4B, and
from the centre C, at the
distance CD, describe the
circle EGF, meeting AB at \
F and G. [Postulate 3. AT a
Bisect FG at H, [I. 10. D B
and join CH.

The straight line CH drawn from the given é)oint c

shall be perpendicular to the given straight line 4

Join CF, CG.

Because FH is equal to HG, [Construction.
and HC is common to the two triangles FHC, GHC;
the two sides #'H, HC are equal to the two sides GH, HC,
each to each;
and the base CF is equal to the base CG';  [Definition 15.
therefore the angle CHF is equal to the angle CHG ; [I.8.
and they are adjacent angles.
But when a straight line, standing on another straight line,
makes the adjacent angles equal to one another, each of the
angles is called a right angle, and the straight line which
stands on the other is called a perpendicular to it. [Def. 10.

Wherefore a perpendicular CH has been drawn to
the given straight line AB from the given point C with~
out it. QE.F. .



18 EUCLID'S ELEMENTS.

PROPOSITION 13. THEOREM.

The angles which one straight line makes with another
straight line on one side of it, either are two right angles,
or are together equal to two right angles.

Let the straight line 4B make with the straight line
CD, on one side of it, the angles CBA, ABD; these either
are two right angles, or are together equal to two right
angles.

A
A

D B [¢} D B [o]

For if the angle CBA is equal to the angle 4:BD, each
" of them is a right angle. [Definition 10.
But if not, from the point B draw BE at right angles to
CD; [L 11,
therefore the angles CBE, EB D are two right angles.[ Def 10.
Nowthe an&}e CBE s equal to the two a.n%les CBA,ABE;
to each of these equals add the angle EBD ;

therefore the angles CBE, EBD are equal to the three
angles CBA, ABE, EBD. [Aziom 2.
‘Again, the le DBA is equal to the two angles DBE,
Ei?m’A ; ang eq )

to each of these equals add the angle ABC';

therefore the angles DBA, ABC are equal to the three
angles DBE, EBA, ABC. [Aziom 2.
But the angles CBE, EBD have been shewn to be equal
to the same three angles.

Therefore the angles CBE, EBD are equal to the angles
DBA, ABC. [Aziom 1.
But CBE, EBD are two right angles;

therefore DBA, ABC are together equal to two right
angles.

Wherefore, the angles &c. QED.
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PROPOSITION 14. THEOREM.

If, ata point in a straight line, two other straight lines,
on the opposite sides of it, make the adjacent angles toge-
ther equal to two right angles, these two straight lines
shall be in one and the same straight line.

At the point B in the straight line 4B, let the two
straight lines BC, BD, on the opgosite sides of 4.8, make
the adjacent angles ABC, ABD together equal to two
right angles: BD shall be in the samestraightline with CB.

For if BD be not in A
the same straightline with
CB, let BE be in the same
straight line with it.

Then because the straight
line 4B makes with the

straight line CBE, on one E
side of it, the angles 4BC, 6 B D
ABE, these angles are to-

gether equal to two right angles. [I. 13.
But the angles ABC, ABD are also together equal to two
right angles. [Hypothesis.

Therefore the angles A BC, ABE are equal to the angles
ABC, ABD. »

From each of these equals take away the common angle
ABC, and the remaining angle A BE is equal to the remain-
ing angle ABD, [Aziom 8.
the less to the greater; which is impossible.

Therefore BE is not in the same straight line with CB.

And in the same manner it may be shewn that no other
can be in the same straight line with it but BD ;

therefore BD is in the same straight line with CB.
‘Wherefore, {f at a point &c. QE.D.

PROPOSITION 15. THEOREM.

If two straight lines cut one another, the vertical, or

opposite, angles shall be equal. -
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Let the two straight lines 4B, CD cut one ancther at
the point £; the angle 4ZC shall be equal to the angle
DEB, and the angle CEB

to the angle AED. ‘3\

Because the straight line
A E makes with the straight A E B
line CD the angles CEA,

AED,these angles are toge- )
ther equal to two right angles. [1. 13.
Again, use the straight line DE makes with the straight
line AB the angles AED, DEB, these also are together
equal to two right angles. [I.18.
But the angles CEA, AED have been shewn to be toge-
ther e;;ual to two right, angles.

Therefore the angles CEA, AED are equal to the angles
AED, DEB.

From each of these equals take away the common angle
AED, and the remaining angle CEA is equal to the re-
maining angle DEB, [Awiom 3.

In the same manner it may be shewn that the angle
CEB is equal to the angle 4 ED.

Wherefore, if two straight lines &c. Q.E.D.

Corollary 1. From thisit is manifest that, if two straight
lines cut one another, the angles which they make at the
point where they cut, are together equal to four rightangles.

Corollarﬁez And conse(‘uently, that all the angles made
by a.;ngnum r of straight lines meeting at one point, are
together equal to four right angles,

PROPOSITION 16. THEOREM.
If one side of a triangle be produced, the exterior angle
shall be greater than either of the interior opposite angles.

Let ABC be a triangle, and let one side BC be pro-
duced to D : the exterior angle 4CD shall be greater than
either of the interior opposite angles CBA, BAC.

Bisect AC at E, [I. 10.
Jjoin BE and produce it to #, making EF equal to EB, [I. 3.
and join FC.

Because AE is equal to EC, and BE to EF; [Constr.

the two sides AE, EB are equal to the two sides CE, EF,
each to each ;
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and the angle AEB is equal to the angle CEF,

because they are opposite ver-

tical angles; [I. 15. r

therefore the triangle AEB

is equal to the triangle CEF,

and the remainin% angles to

the remaining angles, each to

each, to which the equal sides

are opposite ; [L 4. 8 D

therefore the angle BAE is

equal to the angle ECF.

But the angle ECD is greater

than the angle ECF'. [Aziom 9.

Therefore the angle ACD is greater than the angle BAE.
In the same manuer if BC be bisected, and the side AC

be produced to G, it may be shewn that the angle BC@G,

that is the angle 4CD, is greater than the angle ABC. [I. 15.
‘Wherefore, {f one side &c. QE.D.

PROPOSITION 17. THEOREM.
Any two angles of a triangle are together less than two
right angles.

Let ABC be a triangle: any two of its angles are
together less than two right angles.

Produce BC to D. A

Then because 4CD is the exte-

rior angle of the triangle 4 BC, it
is greater than the interior oppo-
site angle 4BC. [1. 16.
To eachof theseadd the angleACB § & -
Therefore the angles ACD, ACB
are greater than the angles 4BC, 4ACD.
But the angles 40D, ACB are together equal to two right
angles. [L 18.
Therefore the angles ABC, ACB are together less than
two right angles.

In the same manner it may be shewn that the angles
BAC, ACB, as also the angles CAB, ABC, are together
less than two right angles.

‘Wherefore, any two angles &c. Q.E.D.




22 EUCLID'S ELEMENTS.

PROPOSITION 18. THEOREM.

The greater side of every triangle has the greater
angle opposite to it.

Let ABC be a triangle, of which the side 4C is greater
than the side 4.8 : the angle 4 BC is also greater than the
angle ACB.

Because AC is greater than A
AB, make AD equal to 4B, [I.8.
and join BD,

Then, because 4 DB is the ex- D
terior angle of the triangle BDC,
it is greater than the interior op- y <
posite angle DCB. [1. 16.

But the angle 4D B is equal to the angle ABD, 1. 5.
because the side 4.D is equal to the side 4.B. [Constr.

Elg;fom the angle ABD is also greater than the angle

Much more then is the angle 4 B0 greater than the angle
ACB. [Aziom 9.
‘Wherefore, the greater side &c. Q.ED.

PROPOSITION 19. THEOREM.
The greater angle of every iriangle is subtended by the
greater side, or has the greater side opposite to it,
Let ABC be a trimgle, of which the angle 4BC is

greater than the angle ACB: the side 4C is also greater
than the side ABa.ng

For if not, AC must be either
equal to 4B or less than 4B,

But A4C is not equal to 4B,

for then the angle 4BC would
be equal to theangle ACB; [1.5.

but it is not;. [Hypothesis.

therefore AC is not equal to 48,

Neither is AC less than 4B,

for then the angle 4BC would be less than the angle
ACB; [L 18,

but it is not ; [Hypothesis,
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therefore 4C is not less than 4 B.
And it has been shewn that 4C is not equal to 4 B.
Therefore AC is greater than 4B.

‘Wherefore, the greater angle &c. Q.E.v.

PROPOSITION 20. THEOREM.

. Any two sides of a triangle are together greater than
the third side.

Let ABC be a triangle : any two sides of it are together
greater than the third side; -
namely, B4, AC greater than
BQO; and 4B, BC greater than
ﬁg; and BC, CA greater than

Produce BA to D, B [
making 4D equal to AC, [1.8.
and join DC.

Then, because 4D is equal to A0, [Construction.
the angle 4.DC is equal to the angle ACD. [L. 5.

But the angle BCD is greater than the angle ACD. [4x. 9.
Therefore the angle BCD is greater than the angle BDC.

And because the angle BCD of the triangle BCD is
greater than its angle BDC, and that the greater angle is
subtended by the greater si&e; (L 19.

therefore the side BD is greater than the side BC,
But BD is equal to B4 and AC.
Therefore BA, AC are greater than BC.

In the same manner it may be shewn that 4 B, BC are
greater than 40, and BC, CA greater than 4B,
Wherefore, any two sides &c. Q.E.D.

PROPOSITION 21. THEOREM.

If from the ends of the side of a triangle there be drawn
two straight lines to a point within the triangle, these
shall be less than the other two sides of the triangle, but
shall contain a greater angle.
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Let ABC be a triangle, and from the points B, C,
the ends of the side BC,
let the two straight lines A
BD, CD be drawn to the E
point D within the triangle:
BD, DC shall be less
than the other two sides
BA, AC of the triangle,
but shall contain an angle

BDC greater than the B : [
angle BAC.
Produce BD to meet AC at E.

Because two sides of a triangle are greater than the
third side, the two sides B4, AE of the triangle ABE are
greater than the side BE. [L. 20.

To each of these add EC.
Therefore BA, AC are greater than BE, EC.

Again ; the two sides CE, ED of the triangle CED are
greater than the third side CD, [L 20.

To each of these add DB.

Therefore CE, EB are greater than CD, DB,

But it has been shewn that B4, AC are greater than

BE, EC; ’

much more then are B4, AC greater than BD, DC.
Again, because the exterior angle of any triangle is

greater than the interior opposite angle, the exterior

:glgl; BDC of the triangle CDE is greater than the&.n%e

For the same reason, the exterior angle CEB of the tri-
angle ABE is greater than the angle BAE.

But it has been shewn that the angle BDC is greater than
the angle CEB;

g&c}l] more then is the angle BDC grea.tér than the angle
‘Whorefore, ¢f from the ends &c. QE.D.

e ——
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PROPOSITION 22. PROBLEM.

To make a triangle of which the sides shall be equal to
three given straight lines, but any two whatever of these
must be greater than the third.

Let A, B, C be the three given straight lines, of which
any two ‘Whatever are greater than the third; namely,
A and B greater than C; 4 and C greater than Bj; and
B and C greater than 4 : it is required to make a tnangle

- of which the sides shall be equal to 4, B, C, each to each.

Take a straight line
DE terminated at the
point D, but unlimited
towards E, and make
DF equal to 4, ¥G
equal to B, and GH
equal to C. [L 3.
From the centre Z,
at the distance D,
describe the circle
DKL, [Post. 3.
From the centre @, at the distance G H, describe the circle
HLK, cutting the former circle at X.

Join KF, KG. The triangle KFG shall have its sldes
equal to the three straight lines A, B, C.

Because the point # is the centre of the circle DKZ,

FD is equal to FK. [ Definition 15.
But #D is equal to A. [Construction.
Therefore X is equal to 4. [Aziom 1.
Again, because theroint G is the centre of the circle HLK,
G H is equal to GK. ) [ Definition 15.
But GH is equal to C. [Construction.
Therefore GK is equal to C. . [Aziom 1.
And F'G is equal to B. [Construction.

Therefore the three straight lines X7, G, GK are equal
to the three 4, B, C.
‘Wherefore the triangle KFG has its thres sides
KF I&G GK equal to the three given straight lines
QEF.
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PROPOSITION 23. PROBLEM. }

At a given point in a given straight line, to make "
rectilineal angle equal to a given rectilineal angle.

Let AB be the given straight line, and 4 the given
point in it, and DCE the given rectilineal angle: it is
required to make at th:ﬁiven point 4, in the given straight
lgg' E’AB, an angle equal to the given rectilineal angle

In CD, CE take any

points D, E, and join DE.

Make the triangle 4 FG the

sides of which shall be equal

to the three straight lines

CD, DE, EC; so that AF
shallbee;vun.ltoOD,AGto ¥
CE, and FG to DE, [I. 22.

The angle FAG shall be

equal to the angle DCE.

Because 4, AG are equal to DC, CE, each to each,
and the base G equal to the base DE'; [Construction.
therefore the angle #’4G is equal to the angle DCE. [I. 8.

Wherefore at the given point A in the given siraight
line AB, the angle FAG has been made equal to the given
rectilineal angle DCE, QE.F.

PROPOSITION 24, THEOREM. - ’

If two triangles have two sides of the one equal to. two |
sides of the other, each to each, but the angle contained by
the two sides of one of them greater than the angle con-
tained by the two sides equal to them, of the other, the bass
of that which has the greater angle shall be greater than
the base of the other. :

Let ABC, DEF be two triangles, which have the two
sides 4B, AC, equal to the two sides DE, DF, each to
each, namely, AB to DE, and AC to DF, but the angle
BAC greater than the angle EDF': the base BC shall%e
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ter than the base A

OF the two sides
DE, DF, let DE be
the side which is not
greater than theother.
At the point D in

the straight line DE,
make the angle EDG B ~
equal to the angle F

BAC, [L. 23.
and make DG equal to AC or DF, L. 8.
and join EG, GF.

Because 4B is equal to DE, [ Hypothesis.
and ACto DG ; ‘[Construction.

the two sides B4, AC are equal to the two sides ED, DG,
each to each;

and the angle BAC is equal to the angle EDG;  [Constr.

L=

therefore the base BC is equal to the base EQG. [I. 4.
And because DG is equal to DF, [Construction.
the angle DG'F is equal to the angle DF@G. [L. &.

But the angle DGF is greater than the angle EGF. [4z.9.
Therefore the angle DFG is greater than the angle EGF.

Much more then is the angle EFG greater than the angle
EGPF. [dziom 9.

And because the angle EFG of the triangle EFG is
greater than its angle EGF, and that the greater angle is
subtended by the greater side, [L. 19,

therefore the side E£G is greater than the side EF.
But EG was shewn to be equal to BC;
therefore BC is greater than EF.

‘Wherefore, {f two triangles &c. Q.E.D.

PROPOSITION 25. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, but the base of the ome
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greater than the base of the other, the angle contained by
the sides of that which has the greater base, shall be
greater than the angle contained by the sides cqual to
them, of the other.

Let ABC, DEF be two triangles, which have the two
sides AB, AC equal to the two sides DE, DF, each to
each, namely, AB to DE, and AC to DF, but the base
BC greater than the base EF: the angle BAC shall
be greater than the angle
EDF.

For if not, the angle
BAC must be either equal
to the angle EDF or less
than the angle EDF.

But the angle BAC is not '

equal to the angle EDF. B B

for then the base BC

would .be equal to the base EF; [L. 4.

but it is not ; [Hypothesis,

therefore the angle BA4Cis not equal to the angle EDF.

Neither is the angle BAC less than the angle EDF,

for then the base BC would be less than the base EF'; [1. 24.

but it is not ; [Hypotkesis,

therefore the angle BAC is not less than the angle ZDF.

And it has been shewn that the angle BAC is not equal

to the angle EDF.

Therefore the angle BAC is greater than the angle EDF.
‘Wherefore, if two triangles &c. Q.E.D.

PROPOSITION.26. THEOREM.

If two triangles have two angles of the one equal to two
angles of the other, each to each, and one side equal to
one side, namely, either the sides adjacent to the equal
angles, or sides which are opposite to equal angles in each,
then shall the other sides be equal, eaci_ to each, and also
tlz}e;et’{zird angle of the one equal to the third angle of the
other.

Let ABC, DEF be two triangles, which have the
angles ABC, BCA equal to the angles DEF, EFD, each
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to each, namely, ABC to DEF, and BCA to EFD; and
let them have also one side equal to one side ; and first let
those sides be equal which are adjacent to the equal angles -
in the two triangles, namely, BC to EF': the other sides
shall be equal, each to each, namely, 4B to DE, and
AC to DF, and the third
angle BAC equal to the D
third angle EDF. :

For if AB be not G
equal to DE, one of them
must be greater than the
other. Let AB be the

St D, s, ® © = v
and join GC.

Then because G'B is equal to DE, [Construction,
and BC to EF; [Hypothesis,

the two sides GB, BC are equal to the two sides DE, EF,
each to each ;

and the angle GBC is equal to the angle DEF ; [Hypothesis.

therefore the triangle GBC is equal to the triangle DEF,
and the other angles to the other angles, each to each, to
which the equal sides are opposite ; [L 4

therefore the angle GCB is equal to the angle DFE,

But the angle DFE is equal to the angle ACB. [Hypothesis.
Therefore the angle GCB is equal to the angle ACB, [4x. 1.
the less to the greater ; which is impossible.

Therefore A B is not unequal to DE,

that is, it is equal to it ;

and BC is equal to EF'; [Hypothesis.

therefore the two sides 4B, BC are equal to the two sides
DE, EF, each to each ;
and the angle 4 BC is equal to the angle DEF'; [ Hypothesis.

therefore the base AC is equal to the base DF, and the
third angle BAC to the third angle EDF. [L 4
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Next, let sides which are opposite to equal angles it
each triangle be equal to one another, namely, 4B &
DE: likewise in this case the other sides shall be equal,
each to each, nameg, BC to EF, and AC to DF, and
also the third angle BAC equal to the third angle ZDF,

For if BC be not

A

equal to £ one of them R
must be greater than

the other.

Let BC be the greater,

and make BH equal to

EF, [L 8.

and join AH. HC E

Then because BH is equal to EF, [Construction. |
and AB to DE; [Hypothesiz
the two sides 4B, BH are equal to the two sides DE, EF,
each to each ;
and the angle 4 BH is equal to the angle DEF ;[ Hypothesis

therefore the trianflo ABH is equal to the triangle DEF,
and the other angles to the other angles, each to each, to
which the equal sides are opposite ; [L 4

therefore the angle BH A is equal to the angle EFD.

But the angle EFD is equal to the angle BCA. [Hypothesis.

Therefore the angle BH A is equal to the angle BOA4; [4=.1

that is, the exterior angle BHA of the triangle AHC is.

equal to its interior opposite angle BCA ;

which is impossible. - . [L 16

Therefore BC is not unequal to EF,

that is, it is equal to it ;

and 4B is equal to DE; . [Hypothesis,

therefore the two sides 4B, BC are equal to the two sid

DE, EF, each to each ;

and the angle ABC is equal to the angle DEF'; [Hypothesi

therefore the base AC is equal to the base DF, and

third angle BAC to the third angle EDF. [r.
‘Wherefore, if two triangles &c. QE.D.
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PROPOSITION 27. THEOREM.

If a straight line falling on two other straight lines,
make the alternate angles equal to one another, the two
straight lines shall be parallel to one another.

Let the straight line E¥, which falls on the two ht
lines 4B, CD, make the ‘alternate angles AEF, EFD
.equal to one another : 4B shall be parallel to CD.
For if not, AB and CD, bemg CP roduced, will meet
either towards B, D or Let them be pro-
duced and meet t/owards B D at the point G.

/

Therefore GEF is a triangle, and its exterior angle AEF
is greater than the interior opposite angle EFG ;  [I. 16.
But the angle 4 EF is also equal to the angle EFG [Hyp.
which is impossible,
Therefore AB and CD bemg produced, do not meet to-
wards B, D,

In the same manner, it may be shewn that they do not
meet towards 4, C.
But those straight lines which being produced ever so far
both ways do not meet, are parallel. [ Definition 85.
Therefore AB is parallel to CD.

Wherefore, {f a straight line &c. Q.E.».

PROPOSITION 28. THEOREM.

If a straight line fallmg on two other straight lines,
make the exterior angle equal to the interior and opposite
angle on the same side of the line, or make the interior
angles on the same side t atlwr oqual to two right angles,
tlw two straight lines s allel to one another.
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Let the stn'ght line EF, which falls on .the two
straight lines 4B, CD, make the exterior angle EGB

to the interior and opposite angle GHD on the same
side, or make the interior angles on the same side BGAH,
GHD together equal to two right angles: 4.8 shall be
parallel to CD.

Because the angle EGB is g

equal to the angle GHD, [Hyp. \
and the angle EG' Bisalso equal , G
to the angle AGH, [L.15.

therefore the angle AGH is

=]

equalto the angle @HD; [4z.1. C—

and they are alternate angles;

therefore 4B is parallel to F

CD. : [I. 2.
Again; because the angles BGH, GHD are together

equal to two right angles, [Hypothesis.

and the angles 4G H, BGH are also together equal to two

right angles, [T.13

therefore the angles AGH, BGH are equal to the angles
BGH,GHD.

Takeaway the commonangle BG H ; therefore the remaining
angle 4G H isequal to the remaining angle GHD ; [Axiom 3.

and they are alternate angles;
therefore 4B is parallel to' OD. (L. 27.
Wherefore, if a straight line &c. Q.E.D.

PROPOSITION 29. THEOREM.

If a straight line fall on two parallel straight lines,
it makes the alternate angles equal to one another, ard
the exterior angle equal to the interior and opposite angls
on the same side; and also the two interior angles on
the same side together equal to two right angles.

Let the straight line EF fall on the two paralld
straight lines 4B, CD : the alternate angles AGH, GHD
shall be e«iual to one another, and the exterior angle
EGB shall be equal to the interior and opposite angle
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on the same side, GHD, and the two interior augle; . on
the same side, BGH, GHD, shall be together equal to two
right angles.

For if the angle 4G-H be E
not etf]ua.l to the angle GHD, \
one of them must be greater
than the other; let the angle A \ B
AGH be the greater. '

Then the angle 4 GH is greater c— H\ b
F

than the angle GHD ;
to each of them add the angle
BGH ;
therefore the les AGH, BGH are ter than the
angles BGH, (g?lgD. ’ grea
But the angles AGH, BGH are together equal to two
right angles ; [I. 18.
therefore the angles BGH, GHD are together less than
two right angles.
Bat if a straight line meet two straight lines, so as to
make the two interior angles on the same side of it, taken
together, less than two right angles, these straight lines
being continually produced, shall at length meet on that
side on which are the angles which are less than two
right angles. [Aziom 12.
Therefore the straight lines 4B, CD, if continually pro-
duced, will meet.
But they never meet, since they are parallel by hypothesis.
Therefore the angle AGH is not unequal to the angle
GHD ; that is, it is equal to it. ,

But the angle 4G H is equal to the angle EGB. [L 15.
Therefore the angle £G.B is equal to the angle GHD. [4z. 1.

Add to each of these the angle BGH.
Therefore the angles EGB, BGH are equal to the angles
BGH, GHD. [4ziom 2.
But the angles EGB, BGH are together equal to two
right angles. ) [L. 13..
Therefore the angles BGH, GHD are together equal to
two right angles. [4=ziom 1.

‘Wherefore, if' a straight line &c. Q.E.D.

8
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PROPOSITION 30. THEOREM.

Straight lines which are parallel to the same straight
line are parallel to each other.

Let AB, CD be each of them parallel to EF: 4B
shall be parallel to CD. .

Let the straight line GHK
cut AB, EF, CD. :

Then, because GHK cuts f
the parallel straightlines 4B, fe)
EF, the angle AGH is equal

to the angle GHF.  [I. 29. "
Again, because GK cuts E— / r
the parallel straight lines EF, ¢ K D

CD, the angle GHF is equal
to the angle GED. [L. 29.

And it was shewn that the
angle AGK is equal to the angle GHF.

Therefore the angle AG'K is equal to theangle GK D ; [4x. 1.

and they are alternate angles;

therefore 4B is parallel to CD. [I. 27.
Wherefore, straight lines &c. QE.D.

PROPOSITION 31. PROBLEM.

To draw a straight line through a given point parallel
to a given straight line.

. Let 4 be the given point, and BC the given straight
line : it is required to draw a straight line through the
point A parallel to the straight line BC.

In BC take any point E

D, and join 4D ; at the A F
Point A in the straight
ine 4D, make the angle
DAE equal to the angle B 5 <

ADC; 7 [Les.
and produce the straight line £4 to F.
EF shall be parallel to BC.
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Because the straight line 4D, which meets the two
straight lines BC, EF, makes the alterndte angles EAD,
ADg equal to one another, [Construction.
EF is parallel to BC. [T 27.

‘Wherefore the straight line EAF s drawn through the
given point A, parallel to the given straightline BC. Q.B.F.

PROPOSITION 32. THEOREM.

If a side of any triangle be produced, the exterior
angle 1s equal to the two interior and site angles ;
and the three interior angles of every triangle are toge-
ther equal to two right angles.

Let ABC be a triangle, and let one of its sides BC
be produced to D : the exterior angle ACD shall be equal
to the two interior and opposite angles CAB, ABC; and
the three interior angles of the triangle, namely, 4 BC,
BCA, CAB shall be equal to two right angles.

Through the point Cdraw E
CE parallel to AB. [I.31. )
Then, because 4B is par-
allel to CE, and AC falls on
them, the alternate angles B o, D
BAC, ACE are equal. _ [L. 29.

Again, because 4B is parallel to CE, and BD falls on
them, the exterior angle ZCD is equal to the interior and
opposite angle 4BC. [I. 29.
But the angle ACE was shewn to be equal to the angle
therefore the whole exterior angle 4CD is equal to the
two interior and opposite angles C4A B, 4ABC, [Aziom 2.
To each of these equals add the angle 4CB;
therefore the angles . ACD, ACB are equal to the three
angles CBA, BAC, ACB. [Aziom 2.
But the angles ACD, ACB are together equal to two right
angles ; [I.18.
therefore also the angles CBA4, B4C, ACB are together
equal to two right angles. [Aziom 1.
‘Wherefore, if a side of any triangle &c. QE.D.

—2
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CoROLLARY 1. AU the interior angles of any recti-
lineal figure, togdther with four right angles, are equal to
twice as many right angles as the figure has sides.

For any rectilineal figure ABCDE can be divided into
as many triangles as the figure has sides, by drawing
straight lines from a point F within the figure to each of
its angles.

And by the preceding proposition, D
all the angles of these triangles are
equal to twice as many right angles
as there are triangles, that is, as the
figure has sides.

And the same angles are equal to the

interior angles of the figure, together

with the angles at the point F, which~ A B
is the common vertex of the triangles,

that is, together with four right angles. [I. 15. Corollary 2.
Therefore all the interior angles of the figure, together with
four right angles, are equal to twice as many right angles
as the figure sides.

COROLLARY 2. All the exterior angles of any recti-
lineal figure are together equal to four right angles.

. _Because every interior angle

ABC, with its adjacent exterior

angle ABD, is equal to two

right angles ; [L 13.

therefore all the interior angles

of the figure, together with all

its exterior angles, are equal to D B N\
twice as many right angles as

the figure has sides.

But, by the foregoing Corollary all the interior angles of the
figure, together with four right angles, are equal to twice
as many right angles as the figure hassides.

Therefore all the interior angles of the figure, together with
all its exterior angles, are equal to all the interior angles of
the figure, together with four right angles. .
Thelrefore all the exterior angles are equal to four right
angles.
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PROPOSITION 33. THEOREM. .

The straight lines which join the extremities of two
equal and parallel straight lines towards the same parts,
are also themselves equal and parallel.

Let 4B and CD be equal and parallel straight lines,
and let them be joined towards the same parts by the
straight lines 4C and BD: AC and BD shall be equal
and parallel. )

Join BC, .

Then because 4B is par-
allel to CD, [Hypothesis.
and BC meets them,
the alternate angles ABC, & 3
BCD are equal. [L. 29.

And because 4B is equal to CD, [Hypothesis.

and BC is common to the two triangles 4ABC, DCB;
the two sides 4B, BC are equal to the two sides DC, CB,
each to each;

and the angle ABC was shewn to be equal to the angle
BCD; .

therefore the base AC is equal to the base BD, and the
triangle ABC to the triangle BCD, and the other angles
to the other angles, each to each, to which the equal sides
are opposito ; (I 4.
therefore the angle ACB is equal to the angle CBD.

And because the straight line BC meets the two straight
lines AC, BD, and makes the alternate angles ACB, CBD
equal to one another, AC is parallel to BD. [L. 27.
And it was shewn to be equal to it.

‘Wherefore, the straight ltnes &c. QE.D.

PROPOSITION 34. THEOREM.

The opposite sides and angles of a parallelogram are
zual to one another, and the diameter bisects the par-
lelogram, that s, divides it into two equal parts.

Note. A parallelogram is a four-sided figure of which the
opposite sides are parallel; and a diameter is the straight line
joining two of its opposite angles. '
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Let ACDB be a parallelo , of which BC is a
diameter ; the opposite sides and angles of the re shall
be equal to one another, and the diameter B( shall bi-
sect it.

Because 4B is’ parallel B
to CD, and BC meets them,
the alternate angles .4BC,
BCD are equal to one an-
other. [1. 29.
And because AC is parallel
to BD, and BC meets them,
the alternate angles ACB, CBD are equal to one
another. [1. 29,
Therefore the two triangles 4 BC, BCD have two angles
ABC, BCA in the one, equal to two angles DCB, CBD in
the other, each to each, and one side BC is common to the
two triangles, which is adjacent to their equal angles;
therefore their other sides are equal, each to each, and
the third angle of the one to the third angle of the other,
namely, the side 4B equal to the side CD, and the side
AC equal to the side BD, and the angle BAC equal to the -
angle CDB, [I. 26.

And because the angle 4 BC is equal to the angle BCD,
and the angle CBD to the angle ACB,
the whole angle 4 BD is equal to thewholeangle 4CD. [4z.2.

And the angle BAC has been shewn to be equal to the
angle CDB.

Therefore the opposite sides and angles of a parallelogram
are equal to one another.

Also the diameter bisects the parallelogram.
For 4B being equal to CD, and BC common,
the two sides 4.B, BC are equal to the two sides DC, CB
each to each ;
and the angle 4BC has been shewn to be equal to the
angle BCD ;
therefore thetriangle 4 BC'is equal to the triangle BCD,[1. 4.
and the diameter BC divides the parallelogram ACDB
into two equal parts.

‘Wherefore, the opposite sides &c. QE.D. .

C D -
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PROPOSITION 35. THEOREM.

Parallelograms on the same base, and between the same
parallels, are equal to one another.

Let the parallelograms 4 BCD, EBCF be on the same
base BC, and between the sameparallels 4 7, BC': the paral-
lelogram .4 BCD shall be equal to the parallelogram EBCF.

If the sides AD, DF of A D o)
the llelograms = ABCD,
DBCF, opposite to the base
BC, be terminated at the same
point D, it is plain that each of

the parallelograms is double of B C
the triangle BDC; [1. 34.
and they aro therefore equal to one another. [4iom 6.

But if the sides 4D, EF, opposite to the base BC
of the parallelo-

ms ABCD, ¥
%CF be not
terminated at .
the same point,
then, because B &
[

ABCD is apar- .

allelogram A4 D is equal to BC'; [L 84.
for the same reason EF is equal to BC;

therefore A.D is equal to EF; [dwiom 1.
therefore the whole, or the remainder, A is equal to the
whole, or the remainder, DF. [Azioms 2, 8.
And 4B is equal to DC; [I. 34.

therefore the two sides £4, 4B are equal to the two sides
FD, DC each to each;
and the exterior angle FD(C is equal to the interior and

opposite angle EAB ; [1L. 29.
therefore the triangle EAB is equal to the triangle
FDC. [L 4

Take the triangle FDC from the trapezium A4BCF,
and from the same trapezium take the triangle EAB,
and the remainders are equal ; [Axiom 8.
that is, the elogram ABCD is equal to the parallelo-
gram EBcF.

~ Wherefore, parallelograms on the same base &c. QE.D:
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PROPOSITION 86. THEOREM.
Parallelograms on equal bases, and between the sam
parallels, are equal to one another. ’
Let ABCD, EFGH be parallelograms on equal bases
BC, F@, and between the same parallels AH, BG : the

llelogram 4 BCD shall be equal to the parallelogram
¥FoH.

Join BE, CH. A D E H
Then, because BC :

is equal to '@, [Hyp.
and FG to EH,[1.34.
BC is equal to
EH; [Aziom 1. B ¢ ¥ G
and they are parallels, [Hypothesis.
and joined towards the same parts by the straight lines
BE,'CH. :

But straight lines which join the extremities of equal and
parallel straight lines towards the same parts are them-

selves equal and parallel. [1. 83.
Therefore BE, CH are both equal and parallel
Therefore EBCH is a parallelogram. [Definition.

And it is equal to 4BCD, because they are on the same

base BC, and between the same parallels BC,4H. [I. 35.
For the same reason the parallelogram EFGH is equal

to the same £ZBCH. P o

Therefore the elogram 4ABCD is equal to the

allelogram EFGH. [A:ﬁoga;:
Wherefore, parallelograms &c. Q.E.p.

PROPOSITION 87. THEOREM.
T'riangles on the same base, and between the same par-
allels, are equal.

Let the triangles 4BC,
DBC be on the same base E A 5 R F
BC, and between the same
lels AD, BC: the tri-
angle 4BC shall be equal
to the triangle DBC.
= Produce 4D hoth ways B C .
to the points E, F'; [Post. 2.
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through B draw BE parallel to C4, and through € draw

CF parallel to BD. [1. 81
Then each of the figures ZBCA, DBCF is a parallelo-
gram ; [ Definition.

and £BCA is equal to DBCF, because they are on the same
base BC, and between the same parallels BC, EF. [L 35.

And the triangle ABC'is half of the parallelogram £BCA
because the diameter 4 B bisects the parallelogram ; [I. 34,

and the triangle DBC is half of the parallelogram DBCF,
because the diameter DC bisects the parallelogram. [I. 34.

But the halves of equal things are equal. [dziom 7.
Therefore the triangle 4 BC is equal to the triangle DBC.
‘Wherefore, triangles &c. QE.D.

PROPOSITION 38. THEOREM.
Triangles on equal bases, and between the same par-
allels, are equal to one another.

Let the triangles ABC, DEF be on equal bases BC,
EF, and between the same parallels BF, 4D : the triangle
ABC shall be equal to the triangle DEF.

Produce 4 Dboth
ways to the points

G A D H
G H;
through B draw BG
parallel to C4, and
through ¥ draw FH
parallelto ED.[1.31. B T E T

Then each of the
figures GBCA, DEFH is a parallelogram. [Definition.
And they are equal to one another because they are on
equal bases BC, EF, and between the same parallels
BF,GH, [L 86.

And the triangle 4 BC is half of the parallelogram GBCA,
because the diameter 4 B bisects the parallelogram ; [I. 84.

and the triangle DEF is half of the para.llelo%mm DEFH,
because the diameter DF bisects the parallelogram.

But the halves of equal things are equal. [Aaiom 7.
Therefore the triangle 4 BC is equal to the triangle DEF.
. Wherefore, triangles &c. QE.D.
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PROPOSITION 39. THEOREM.

Equal triangles on the same base, and on the same
side of it, are between the same parallels.

Let the equal triangles 4BC, DBC be on the same
base BC, and on the same side of it : they shall be be-
tween the same parallels.

Join AD. D
A D shall be parallel to BC.

For if it is not, through 4 draw
AE parallel to BC, meeting BD
at E. L. 31
and join EC. B c
Then the triangle ABC is equal to the triangle EBC,
because they are on the same base BC, and between the
same parallels BC, AE. {1. 87.
But the triangle 4 BC is equal to the triangle DBC. [Hyp.
Therefore also the triangle DBC is equal to the triangle
EBC, [Aziom 1.
the greater to the less; which is impossible.

Therefore A E is not parallel to BC.

In the same manner it can be shewn, that no other
straight line through 4 but 4D is parallel to BC';
therefore A.D is parallel to BC.

Wherefore, equal triangles &c. Q.E.D.

PROPOSITION 40. THEOREM,

Equal triangles, on equal bases,in the same straight line,
and on the same side of it, are b;tween the same parallels.

Let the eqhua.l triangles 4 BC, DEF be on equal bases
t

BC, EF, in the same straight line B¥, and on the same
side of it : they shall be between the same parallels.

Join 4D. D
A D shall be parallel to BF. e
Forifitis not, through 4

draw AG lel to BF,
meeting ED at G [1.31.
and join GF. B C kK 1
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Then the triangle ABC is equal to the triangle GEF,
because they are on equal bases BC, EF, and between
the same parallels. . [L. 88.
But the triangle ABC is equal to the triangle DEF. [Hyp.
Therefore also the triangle DEF is equal to the triangle
GEF, [Aziom 1.
the greater to the less; which is impossible.

Therefore AG is not parallel to BF.

In the same manner it can be shewn that no other
straight line through 4 but 4D is parallel to BF ;
therefore 4D is parallel to BF.

‘Wherefore, equal triangles &c. Q.E.D.

PROPOSITION 41. THEOREM. .

If a parallelogram .and a triangle be on the same base
and between the same parallels, the parallelogram shall be
double of the triangle.

Let the paralleltgmm ABCD and the triangle EBC be
on the same base BC, and between the same parallels
BC, AE : the parallelogram .4 BCD shall be double of the
triangle £ZBC.
Join AC. . A H
Then the triangle ABC
is equal to the triangle EBC,
because they are on the same
base BC, and between the same
parallels BC, AE. [I. 37.
But the parallelogram 4BCD B (o]
is double of the triangle 4 BC,
because the diameter 4 C bisects the parallelogram. [I. 84.
Therefore the parallelogram ABCD is also double of the
triangle EBC.
‘Wherefore, 3/ @ parallelogram &e. QE.D.

~
‘s
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PROPOSITION 42. PROBLEM.

To describe a parallelogram that shall be equal to a
given triangle, and have one of its angles equal to a given
rectilineal angle.

Let ABC be the given triangle, and D the given recti-
lineal angle : it is required to describe a lelogram that
shall be equal to the given triangle 4 BC, and have one of
its angles equal to D.

Bisect BCat E': [I.10.

join AE, and at the point G

E, in the straight line £C,

make theangle CEF equal

to D; [1. 23.

through 4 draw AFG :
parallel to £C,and through

g’dew CG parallel to E C

[1. 81.
Therefore FECG is a parallelogram. [ Definition.
And, because BE is equal to EC, [Construction.

the triangle A BE is equal to the triangle 4ZC, because
they are on equal bases BE, EC, and between the same
parallels BC, AG. [1. 88.

Therefore the triangle 4.BC is double of the triangle AEC.

But the parallelogram FECG is also double of the triangle
A EC, because they are on the same base ZC, and between
the same parallels EC, AG. [1. 41.

Therefore the parallelogram FECG is equal to the triangle
ABC; [Axiom 6.
and it has one of its angles CEF equal to the given angle
D. [Construction.

‘Wherefore a parallelogram FECG has been described
equal to the given triangle ABC, and having one of its
angles CEF equal to the given angle D. QE.F.
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PROPOSITION 43. THEOREM,

The complements of the parallelograms which are about
the ;i:'ameter of any parallelogram, are equal to one
another.

Let ABCD be a parallelogram, of which the diameter
is AC; and EH, GF parallelograms about AC, that is,
through which 4C passes ; and BK, KD the other paral-
lelograms which make up the whole figure 4 BCD, and
which are therefore called the complements: the comple-
ment BK shall be equal to the complement KD.

Because ABCD is a .
parallelogram, and AC its A H D
diameter, the triangle 4 BC
is equal to the triangle
ADC. [1. 34,

Again, because AEKH is

a parallelogram, and AKX

jts diameter, the triangle

AEK is equal to the triangle B~ G [
AHK. [1. 34.

For the same reason the triangle KGC is equal to the
triangle KFC.

Therefore, because the triangle AEK is equal to the tri-
angle AHK, and the triangle KGC to the triangle KFC ;
the triangle 4 EX together with the triangle KG'C is equal
to the triangle A HK togetherwith the triangle KFC. [4z.2.
But the whole trim(xlgle ABC was shewn to be equal to the
whole triangle 4 DC: .
Therefore the remainder, the complement BXK, is equal to
the remainder, the complement Kg. [Aziom 3.

Wherefore, the complements &c. QE.D.

PROPOSITION 44. PROBLEM.

To a given straight line to apply a parallelogram,
which shall be equal to a given triangle, and have one
of its angles equal to a given rectilineal angle.
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Let AB be the given straight line, and C' the given
triangle, and D the given rectilineal angle: it is required

to apply to the straight line 4B a parallelogram equal to
the triangle C, and having an angle equal to .D.

| E = K

‘H A L

Make the parallelo BEFG equal to the triangle
C, and havin%)ethe angle EBG equal to the angle D, so

that BE may be in the same straight line with 4B ; [I. 42.
produce FG to H ;

through 4 draw 4 H parallel to BG or EF, [1. 81.
and join HB.

Then, because the stmght line H'F falls on the parallels
AH, EF, the angles AHF, HFE are together equal to
two right angles. [L. 29.

Therefore the angles BHF, HFE are together less than
two right angles. -

But straight lines which with another straight line make the
interior angles on the same side together less than two right
.angles will meet on that side, if produced far enough. [42.12.
Therefore HB and FE will meet if produced ;

let them meet at XK.

Through X draw KL parallel to E4 or FH ; [L 31,
and produce HA, GB to the points Z, M.

Then HLKF i8 a parallelogram, of which the diameter

" is HK ; and AG, ME are parallelograms about ZK ; and
LB, BF are the complements.

Therefore LB is equal to BF. [I. 48.
But BF is equal to the triangle C. [Construction.
Therefore LB is equal to the triangle C. [daiom 1.
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And because the angle @ BE isequal totheangle 4 BM, [1.15,
and likewise to the angle D; [Construction.
the angle 4 BM is equal to the angle D. [4ziom 1.

‘Wherefore to the given straight line AB the parallelo-
gram LB s applied, equal to the triangle C, and having
the angle ABM equal to the angle D. QE.F.

PROPOSITION 45. PROBLEM.

To describe a parallelogram equal to a given rectilineal
JSigure, and having an angle equal to a given rectilineal
angle.

Let ABCD be the given rectilineal figure, and E the
given rectilineal angle: it is required to describe a par-
allelogram equal to 4 BCD, and having an angle equal to E.

A )]

. Join DB, and describe the lelogram FH equal to
the triangle ADB and having a.ngle FKH equal to the
angle £; [I. 42.

and to the straight line GH apply the parallelogram G
equal to the triangle DBC, a.ns having the angle GHM
equal to the angle £. [I. 44.

The figure FKML shall be the parallelogram required.

Because the angle £ is equal to each of the angles F X1,
GHM, [C'onsh-uctwn

the angle FKXH is equal to the angle GHM. [dxiom 1.
Add to each of these equals the angle KHG ;

therefore the angles FKH, KHG are equal to the angles
KHQG, GHM. [Aziom 2.

But FXH, K. HG aretogether equal to tworight angles;[1.29.
therefore K HG,G-H M are together equal to two right angles,
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D ¥ G

L

B C K H M

And because at the point A in the straight line G'H, the
two straight lines KXH, HM, on the opposite sides of it,
make the adjacent angles to?ther equal to two right angles,
KH is in the same straight line with HM. [L 14

And because the straight line HG' meets the parallels
KM, FG, the alternate angles M HG, HGF are equal. [1.2,

Add to each of these equals the angle HGL ;

therefore the angles MHG, HG L, are equal to the angles
HGF, HGL. [Axiom 2

But MHG, HG Lare together equal to tworight angles; [1.29,
therefore HG' F, HG L are together equal to two right angles
Therefore #'G is in the same straight line with GZ. [L. 14

Andbecause K'¥'is parallel to HG,and HG to M L[ Constr.

KF is parallel to ML ; [L s0
and KM, FL are parallels ; [Construction.
therefore X# LM is a parallelogram. [Defenition
And because the triangle 4BD is equal to the parallelo-
gram HF), - [Construction.

and the triangle DBC to the parallelogram GM ; [Consir.
the whole rectilineal figure ABCD is equal to the whole
parallelogram KFLM. [Aziom 2

Wherefore, the parallelogram KFLM has been de-
scribed equal to the given rectilineal figure ABCD, and
having the angle FKM equal to the given angle E. Q.Er.

CoroLLARY. From this it is manifest, how to a given
straight line, to apply a para]lelgfram, which shall have an
angle equal to a given rectilineal angle, and shall be equal
to a given rectilineal figure; mamely, by applying to the
given straight line a parallelogram equal to the first tri-
angle 4 BD, and having an angle equal to the given angle;
and so on. [I. 44,
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PROPOSITION 46. PROBLEM.
To describe a square on a given straight line.

Let 4B be the giverr straight line: it is reqmred to
describe a square on 48,

From the point 4 draw AC
at right angles to 4.B; [I. 11,
and make 4D equal to 4B ; [1.3.
through D draw DE pa.mllel to D E
AB ; and through B draw BE
pn.rallel to AD. [L 31
ADEB shall be a square.

For ADEB is by construction
a parallelogram ;
therefore AB is equal to DE, A B
and AD to BE. L 34
But 4B is equal to 4D. - [Construction.
Therefore the four straight lines B4, AD, DE, EB are
equal to one another, and the para.llelog‘mm ADEB is
equilateral. [Aziom 1.
. Likewise all its angles are right angles.

For since the straight line 4D meets the parallels 4B,

DE, the angles BAD, ADE are together equal to two

C

nght angles ; [I. 29.
but BAD is a right angle ; [Construction.
therefore also ADE is a right angle. . [dziom 8,

But the opposite angles of parallelograms are equal. [L 34
Therefore each of the opposite angles ABE, BED is a
right angle. [Axiom 1,
Therefore the figure ADEB is rectangular ;
and it has been shewn to be equilateral.
Therefore it i3 a square. [ Definition 30
And it is described on the given straight line AB. QE.F.

CoroLLARY, From the demonstration it is manifest that
every parallelogram which has one right angle has all its
angles right angles,

4
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PROPOSITION 47. THEOREM.

In any right-angled triangle, the square which is de-
scribed on the side subtending the right angle is equal to
the squares described on the sides which contain the right
angle. .

Let ABC be a right-angled triangle, having the right
angle BAC: the square described on the side BC shall be
equal to the squares described on the sides B4, AC.

On BC describe.-
the square BDEC,
and on BA, AC de-
scribe the squares
G.B, H 0; [I. 46. F A
through A draw AL K
parallel to BD or
CE; [I. 1.
and join 4D, FC.

Then, because the
angle BAC is a right
angle, [Bypothesis. Vg
and that the angle D C
BAG is also a right
angle, [Definition 30.
the two straight lines 4C, AG, on the opposite sides of
AB, make with it at the point 4 the adjacent angles equal
to two right angles ;
therefore CA is in the same straight line with AG. [I. 14,
l];'l?r the same reason, 4 B and 4 H are in the same straight

.

Now the angle DBC is equal to theangle #B.A, for each

of them is a right angle. [dxiom 11.
Add to each the angle 4ABC.

Therefore the whole angle DBA is equal to the whole angle
FBC. [Axiom 2.
And because the two sides 4B, BD are equal to the two
sides B, BC, each to each ; [ Definition 30.

and the angle DB A is equal to the angle FBC ;

therefore the triangle ABD is equal to the triangle
FBC. [L 4.
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Now the parallelogram BZ is double of the triangle
ABD, because thoy are on the same base B.D, and between
the same parallels BD, AL, [I. 41.
And the square G B is double of the triangle FBC, because
they are on the same base FB, and between the same
parallels B, GC. [L 4.
Bat the doubles of equals are cqual to one another. [4z. 6.
Therefore the parallelogram BL is equal to the square GB.

In the same manner, by joining 4E, BK, it can be
shewn, that the parallelogram CZ is.equal to the square CH.
Therefore the whole square BDEC is equal to the two
squares G B, HC. [Aziom 2.

And the square BDECs described on BC, and the squares
G B, HC on BA, AC.

Therefore the square described on the side BC is equal to
the squares described on the sides B4, AC.

Wherefore, tn any right-angled triangle &c. Q.E.D.

PROPOSITION 48. THEOREM.

If the square described om ome of the sides of a tri-
angle be equal to the squares described on the other two
sides of it, the angle contained by these two sides 18 a
right angle. -

Let the’ sﬁuare described on BC, one of the sides of
the triangle 4 BC, be equal to the squares described on
thelother sides B4, AC: the angle BAC shall be a right
angle.

From the point 4 draw AD at D
right angles to AC; [I.11.
and make 4D equal to B4; [I. 8.
and join DC.

Then because DA is equal to
BA, the square on DA is equal to
the square on BA.

B
To each of these add the square ¢
on AC.
Therefore the squares on D4, AC are equal to the squares
on BA, AC. ’ . [Aziom 2.

4—2



52 EUCLID'S ELEMENTS.

But because the angle DAC is a right angle, [Construction
the square on DC'is equal to the squareson D4, AC.[I. 41.
And, by hygothcsis, the square on BC is equal to the squares
on B4, AC.

Therefore thesquareon DCisequal to thesquare on BC[4z.L
Therefore also the side DC is equal to the side BC.

And because the side D A4 is equal D
to the side 48 ; [Constr.

and tho side 4C is common to the
two triangles DAC, BAC; .

the two sides DA, AC are equal to
the two sides B4, AC, each to cach;

and the base DC has been shewn to

be equal to the base BC; B

thereforo the angle DAC is equal to the angle BAC. [L &
But DAC is a right angle ; ‘[Construction,
therefore also BAC is a right angle. [Axiom 1.

‘Wherefore, if the square &c. Q.E.D.

BOOK II

DEFINITIONS.

1. EvEry right-angled parallelogram, or rectangle, is
said to be contained by any two of the stralight lines.%vh’ich
contain one of the right angles.

2. In every parallelogram, any of the parallelograms
about a diameter, together with the two compleme;ts,il
called a Gnomon,
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Thus the parallelogram HG, 4
together with the complements
AF, FC,is the gnomon, which is
more briefly expressed by the lct-
ters AGK, or EHC, which aro at
the opposite angles of the parallelo-
grams which make the gnomon. E G C

PROPOSITION 1. THEOREM.

If there be two straight lines, one of which is divided
tnto any number of paris, the rectangle comtained by the
tico straight lines 18 equal to the rectangles contained by
the undicided line,and the several parts of the divided line.

Let 4 and BC be two straight lines; and let BC be
- divided into any number of parts at the points D, E : the
rectangle contained by the straight lines 4, BC, shall be
equal to the rectangle contained by 4, BD, togcther with
that contained by 4, DE, and that contained by 4, EC.
From the point B draw BF
at right angles to BC;  [I. 11,
and make B@G cqual to 4; [I. 8.
through G draw GH llel
to BC; und through IE, E, C
draw DK, EL, CH, parallel

to BG. [L 3L L H
Then tho rectangle BH P

is equal to tho rectangles F A

BK, DL, EH.

But BH is contained by A, BC, for it is contained by

GB, BC, and GB is equal to 4. [Construction,

And BK is contained by 4, BD, for it is contained by

GB, BD,and GB is cqual to 4 ;

and DL is contained by 4, DE, because DK is equal to

BG, which is equal to 4 ; [L 84.

and in like manner EH is contained by 4, EC.

Therefore the rectangle contained by 4, BC is equal to the

rectangles contninediy A,BD,and by 4, DE,and by 4, EC.
‘Wherefore, {f there be two straight lines &c. Q.E.D.
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PROPOSITION 2. THEOREM.

If a straight line be divided into any two parts, t
rectangles contained by the whole and each of the park
are together equal to the square on the whole line.

Let the straight line 4B be divided into any two pars
at the point C': the recta:gle contained by 4B, BC, toge
ther with the rectangle AB, AC, shall be equal to th
square on 4B,

[Note. To avoid repeating the word C
contained tov frequently, the rectangle
contained by two straight lines 4B, AC
is sometimes simply called the rectangle
AB, AC.)

On AB describe the square
ADEB ; [1. 46.
and through C draw CF parallel D ¥
to ADor BE. [r.31.

Then AE is equal to the rectangles AF, CE.
But AE is the square on AB.

And AF is the rectangle contained by BA, AC, for it is
contained by DA,” AC, of which DA is equal to BA4 ;

and CE is contained by 4B, BC, for BE isequal to 4B.
Therefore the rectangle 4B, AC, together with the rec
angle 4B, BC, is equal to the square on 4.5.

Wherefore, if° a straight line &c. QE.D.

PROPOSITION 3. THEOREM.

If a straight line be divided into any two parts, th
rectangle contained by the whole and one of the parts, i,
equal to the rectangle contained by the two parts, toge
with the square on the aforesaid part.

Let the straight line 4B be divided nto any two parh’
at the point C: the rectangle 4B, BC shall he cqual %
the rectaugle AC, CB, together with the square on BC.

|

]
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On BC describe the square CDEB; [I. 46.
srr:duce ED to F, and through 4 A C

w.4 FparalleltoCDor BE. (1.31.

Then the rectangle A E is equal
to the rectangles 4D, CE. .
But AE is the rectangle contained
by AB, BC, for it is contained
by AB, BE, of which BE is equal L
to BC; D E
and AD is contained by AC, OB, for CD is equal to CB;
and CE is the square on BC.
Therefore the rectangle 4B, BC is equal to the rectangle
AC, CB, together with the square on BC,

‘Wherefore, if a straight line &c. Q.E.p.

PROPOSITION 4. THEOREM.

If a straight line be divided into any two parts, the
square on the whole line i3 equal to the squares on the two
parts, together with twice the rectangle contained by the
two parts.

Let the straight line 4B be divided into any two parts
at the point C': the square on 4B shall be equal to the
squares on 4C, OB, together with twice the rectangle con-
tained by 4AC, CB.

On AB describe the square
ADEB; [1. 46. B
join BD; through C draw CGF

llel to AD or BE, and through G

w HK parallel to AB or DE. [1.31.

Then, because CF is parallel
to 4D, and BD falls on them,
the exterior angle CGB is equal
to the interior and opposite an- D E
gle ADB; [L. 29.
but the angle 4 DB is equal to the angle ABD, [L &.
because BA is equal to 4D, being sides of a square ;
therefore the angle CG'B is equal to the angle CBG ; [4z. 1.
and therefore the side CG is equal to the side CB. [I.86.
But CB is also equal to GK, and CG to BK ; L. 24.
therefore the figure CG KB is equilateral.
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It is likewise rectangular. For since OG is parallel to
BEK, and OB meets them, the angles KBC, GCB are toge-

ther equal to two right angles. . [1. 29.
But KBC is a right angle. [1. Definition 30.
Therefore GCB is a right angle. [Aziom 3.

And therefore also the angles CGK, GKB opposite to
these are right angles. - [1. 34. and Axiom 1.
Therefore CGKB is rectangular; A B
and it has becn shewn to be equi-
lateral ; therefore it isa square, and
it is on the side CB. H G
For the same reason HF' is also a :
s%uare, and it is on the side HG,

which is equal to 4C. [L 84.
Therefore HF, CK are the squares v *
on AC, CB. )

And because the complement 4G is eqnal to the com-
plement GE ; [1. 43.

and that AG is the rectangle contained by 4C, CB, for
CG is equal to CB;

therefore G'E is also equal to the rectangle AC, OB. [4z.1.
Therefore AG, G-E are equal to twice the rectangle AC, CB.
And HF, CK are the squares on 4AC, CB.
Therefore the four figures HF, CK, AG, GE are equal to
the sguares on AC, CB, together with twice the rectangle
AC, CB,
But HF, CK, AG, GE make up the whole figure ADEB,
which is the square on 4.5.
Therefore the square on AB is equal to the squares on
AC, CB, together with twice the rectangle 4C, CB.
‘Wherefore, if a straight line &c. Q.E.D.
CoroLLARY. From the demonstration it is manifest,

that parallellograms about the diameter of a square are
likewise squares.

PROPOSITION 5. THEOREM.

If a straight line be divided into two equal parts and
also into two unequal parts, the rectangle contained by the
t.
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unequal parts, together with the square on the line between
the points of section, is equal to the square on half theline.

Let the straight line 4B be divided into two equal
parts at the point C, and into two unequal parts at the
point D: the rectangle 4.D, DB, together with the square
on CD, shall be equal to the square on CB.

On CB describe the C D B
square CEFB; [1. 46. ' i
join BE; through D draw L L H/ v
DHG parallel to CE or BF; K

through A draw KZ M paral-

lelto CBor EF ; and through
A draw 4K parallel to CL ' E ¥
or BM, [I. s1. )
Then the complement CH is equal to the complement
HF; [L. 43.
to each of these add DM ; therefore the whole C is equal
to the whole DF. [Axiom 2.
But CM is equal to AL, [1. 86.
because AC is equal to CB. [Hypothesis.
Therefore also AL is equal to DF. [Aziom 1.
To each of these add CH ; therefore the whole 4 H is equal
to DF and CH. R [Aziom 2.
But 4H is the rectangle contained by 4.D, DB, for DH is
equal to DB; [1L. 4, Corollary.

and DF together with CH is the gnomon CMG ;
therefore the gnomon CM G isequal tothe rectangle A.D,DB.
To each of these add LG, which is equal to the square on
CD. . LIL 4, Corollary, and I. 84.
Therefore the gnomon CMG, together with L@, is equal to
therectangle 4.D,D B, together with the square on CD.[4z.2.
But the gnomon CMG and LG make up the whole figure
CEFB, which is the square on CB.
Therefore the rectangle 4.D, DB, together with the square
on CD, is equal to the square on CB.

‘Wherefore, if° @ straight line &c. Q.E.D.

From this proposition it is manifest that the difference of
the squares on two unequal straight lines 4C, CD, is equal
to the rectangle contained by their sum and difference.
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PROPOSITION 6. THEOREM.

Ir a straight line be bisected, and produced to any
point, the rectangle contained by the whole line thus pro-
duced, and the part of it produced, together with the
square on half the line biseced, is equal to the square on
the straight line which is made up of the half and the
part produced.

Let the straight line 4B be bisected at the point C,
and produced to the point D : the rectangle 4D, DB,
together with the square on CB, shall be equal to the
square on CD,

On CD describe the
square CEFD ; [I. 46. L H M
Jjoin DE; through B draw 4
BHG@ parallel to CE or
DF; through H draw
KLM parallel to 4D or

EF; and through A4 draw - &G F
AK parallel to CL or DM. . " [I. 81.
Then, because AC is equal to CB, [Hypothesis.
the rectangle AL is equal to the rectangle CH ; [L. 36.
but CH is equal to HF'; [I. 43.
therefore also AL is equal to HF. [Aziom 1.

To each of these add CM ;
therefore the whole 4 M is equal to the gnomon CMG. [42.2.
But AM is the rectangle contained by 4D, DB,

for DM is equal to DB. [1I. 4, Corollary.
Therefore the rectangle 4D, DB is equal to the gnomon
CMG. [dziom 1.

To each of these add LG, which is equal to the square on
CB. : [II. 4, Corollary, and I. 34.
Therefore the rectangle 4D, DB, together with the square
on CB, is equal to the gnomon CHG and the figure LG,
But the gnomon CMG and L@ make up the whole figure
CEFD, which is the square on CD,
Therefore the rectangle 4.D, D B, together with the square
on OB, is equal to the square on CD.

Wherefore, {f' a straight line &c. qQ.E.p.
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PROPOSITION.7. THEOREM.

If a straight line be divided into any two parts, the
squares on the whole line, and on one of the parts, are
equal to twice the rectangle contained by the whole and
that part, together with the square on the other part. .

Let the straight line 4B be divided into any two
parts at the point C: the squares on AB, BC shall be
equal to twice the rectangle 4B, BC, together with the
square on AC.

On AB describe the square B
ADEB, and construct the figure
as in the preceding propositions.

Then 4G is equal to GE ; [I. 48. H
to each of these add CK ;

therefore the whole 4X is equal to
the whole CE;

therefore AK, CE are double of D
AK.

But 4K, CE are the gnomon AKF, together with the

square CK;

therefore the gnomon 4 KF, together with the square CK,

is double of 4K,

But twice the rectangle 4B, BC is double of AK,

for BK is equal to BC. . [11. 4, Coroliary.

Therefore the gnomon 4 K'F,, together with the square CK,

is equal to twice the rectangle 4B, BC. .

To each of these equals add HF, which is equal to the

square on AC. [I1. 4, Corollary, and 1. 34.

Therefore the gnomon AKF, together with the squares

CK, HF, is equal to twice the rectangle 4B, BC, together

with the square on AC. :

But the gnomon 4 KF together with the squares CK, HF,

make up the whole figure ADEB and CK, which are the

squares on 4B and BC.

Therefore the s%ua.res on AB, BC, are equal to twice the

rectangle A B, BC, together with the square on AC.
‘Wherefore, if a straight line &c. QE.D.
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PROPOSITION 8. THEOREM.

If a straight line be dizided into any two paris, four
times the rectangle contained by the whole line and one of
the parts, tcgether with the square on the other part, s
equal to the square on the straight line which is made up
of the whole and that part.

Let the straight line 4B be divided into any two parts
at the point C': four times the rectangle 4B, BC, together
with the square on 4C, shall be e%ual to the square on tho
straight line made up of 4B and BC together.

Produce AB to D, so
that BD may be equal A cC B D
to CB; [Post. 2. and L. 8.
on 4D describe the square N
AEFD ;
and construct two figures
such as in the preceding
propositions.

Then, because CB is equal
to BD, [Construction. )
and that CB is equal to GX, and BD to KN, [1. 34.
therefore GK is equal to XN, [Aziom 1.
For the same reason PR is equal to RO.

And because CB is equal to BD, and GK to KN, the rect-
angle CK is equal to the rectangle BN, and the rectangle

) H

GR to the rectangle RN. [L. 88.
But CK is equal to RN, because they are the complements
of the paralle m CO; [L. 43.
therefore also BN is equal to GR. [Aziom 1.
Therefore the four rccta.nfes BN, CK, GR, RN sare equal
to one another, and so the four are quadruple of one of
them CK.

" Agnin, because CB is equal to BD, [Construction,
and that BD is equal to BK, [IL 4, Corollary.
that is to CG, [L 34

and that CB is equal to GK, - (L 34
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that is to GP; [IL 4, Corollary.
therefore CG is equal to G.P. [4ziom 1,

‘And because CG is equal to GP, and PR to RO, the
rectangle AG is equal to the rectangle M P, and the rect-

angle PL to the rectangle RF. [L 86.
But MP is equal to PL, because they are the complements
of the parallelogram ML ; [I. 48.
therefore also 4G is equal to RF. [Axiom 1.

Therefore the four rectangles AG, MP, PL, RF are equal
to one another, and so the four are quadruple of one of
them 4G.

And it was shewn that the four CK, BN, GR and RN
are quadruple of CK'; therefore the eight recta;;lea
which make up the gnomon 4OH are quadruple of 4K,
And because 4K is the rectangle contained by 4B, BC,
for BK is equal to BC;
therefore four times the rectangle 4B, BC is quadruple
of AK.

But the gnomon AOH was shewn to be quadruple
of AK.

Therefore four times the rectangle 4.B, BC is equal to the
gnomon AOH, [Aziom 1.
To each of these add X H, which is equal to the square on
AC. (1L 4, Corollary, end I. 34.
Therefore four times the rectat;i]e AB, BC, together with
the square on AC, is equal to the gnomon 4OH and the
square XA,

But the gnomon AOH and the square XA make up the
figure A EFD, which is the square on AD.

Therefore four times the rectangle 4B, BC, together with
the square on AC), is equal to the square on 4D, that is to
the square on the line made of 4.8 and BC together.

‘Wherefore, i/ a straight line &c. Q.x.v,
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PROPOSITION 9. THEOREM.

If & straight line be divided into two equal, and also
tnto two unequal parts, the squares on the two unequal
parts are tog.ther double of the square on half the line
and of the squareon the line between the points of section.

Let the straight line 4B be divided into two equat
parts at the point C, and into two unequal parts at the
point D : the squares on 4.D, DB shall be together double
of the squares on 4C, CD.

From the point C draw E
CE at right angles to 4B, [L. 11.

and make it equal to A4C or ¥
CB, [L 8.

and join KA, EB; through -
Ddraw DF lel to CE,and A C D B
through # draw FG parallel

to BA ; [I. 81.

and join AF.

Then, because 4C is equal to CE, [Construction.
the angle £4C is equal to the angle AEC. [L 5.
And because the angle ACE is a right angle, [Construction.
the two other angles A EC, EAC are together equal to one
right angle ; [L 82.
and they are equal to one another; ‘
therefore each of them is half a right angle.

For the same reason each of the angles CEB, EBC is half
a right angle.
Therefore the whole angle 4 EB is a right angle.

And because the angle GEF is half a right angle, and
the angle EGF a right angle, for it is equal to the interior
and opposite angle ECB; [L. 29.
therefore the remaining angle EF@G is half a right angle.
Therefore the angle GEF is equal to the angle EF@, and’
the side E£G is equal to the side G F. [I. 6.
Again, because the angle at B is half a right angle, and the
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angle FDB a right angle, for it is equal to the interior and
opposite angle £CB ; [1. 29.
therefore the remaining angle BFD is half a right angle,
Therefore the angle at B is equal to the angle BFD,
and the side DF is equal to the side DB, L 6.

And because 4C is equal to CE, [Coustruction.
the square on 4C is equal to the square on CE ;

the:':g)re the squares on AC, CE are double of the square
on AC,

But the square on AE is equal to the squares on 4C, CE,

because the angle ACE is a right angle ; [L 47.
therefore the square on 4 E is double of the square on AC.
Again, because £G is equal to GF, [Construction.

the square on E@ is equal to the square on G F';

therefore the squares on EG, GF are double of the square
on GF.

But the square on £F is equal to the squares on EG, G'F,

because the angle EG-F is a right angle ; - [L 47.
therefore the square on EF is double of the square on G-F.
And G'F is equal to CD ; [ 34.

therefore the square on EF is double of the square on CD.
But it has been shewn that the square on AE is also
double of the square on AC.

Therefore the squares on AE, KF are double of the
squares on AC, CD.

But the square on A F is equal to the squares on 4E,
EF, because the angle 4 EF is a right angle. [L 47.
Therefore the square on 4# is double of the squares on
AC, CD.

But'the squares on AD, DF are e%unl to the square on
AF, because the angle ADF is a right angle. [1. 47.
Therefore the squares on AD, DF are double of the
squares on AC, CD.

And DFis equal to DB;

therefore the squares on 4D, DB are double of the
squares on AC, CD.

‘Wherefore, if a straight line &c. QED.
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PROPOSITION 10. THEOREM.

If a straight line be bisected, and produced to any
point, the square on the whole line thus produced, and
the square on the part of it produced, are together double
of the square on the line bisected and of the square
on the line made up of the half and the part produced.

Let the straight line 4B be bisected at C, and pro-
duced to D: the squares on AD, DB shall be together
double of the squares on AC, CD.

From the point Cdraw CE at right angles to 4B, [L. 11.
and make it equal to 4AC

or CB; L 3. E F
and join 4 E, EB; through

({ EF para.llel to
AB a.nd through D draw C
D Fparallel to o CE. (L 31, A D
Then because the straight NG

line E Fmeetsthe els

EC, FD, the angles CEF, EFD are together equal to two
right angles ; [I. 29.
and therefore the angles BEF, EFD are together less
than two right angles.

Therefore the straight lines £B, F.D will meet, if produced,

towards B, D. [Aziom 12.
Let them meet at @, and join AG.

Then because 4C is equal to CE, [Construction.
the angle CE A is equal to the angle E4AC; [L 5,
and the angle ACE is a right angle ; [Construction.
therefore each of the angles CEA, EAC is half a right
angle, [ 32.

For the same reason each of the angles CEB, EBC is half
a right angle.
Therefore the angle AEB is a right angle

And because the angle EBC is half a right angle,
the angle DB@ is also half a right angle, for they are vorti-

cally opposite ; [L 15.
but the angle BD@ is a right angle, because it is equal to
the alternate angle DCE ; [L. 29.

therefore theremaining angle DG Bishalf aright angle, [1.32.
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and is therefore equal to the angle DBG;
therefore also the side BD is equal to the side DG. [I. 6.

Again, because the angle EGF is half a right angle,
and the angle at F a right angle, for it is equal to the
opposite angle ECD ; [L. 34.

thereforetheremainingangle FEG ishalf aright angle, [I. 32
and is therefore equal to the angle EGF; )
therefore also the side G.F is equal to the side FZ. I[I. 6.

And because EC is equal to C4, the square on EC is
equal to the square on C4 ;

therefore the squares on ZC, C4 are double of the square

.on CA.

But thesquareon 4 Fisequal tothesquares on £C,C4.[L. 47.
Therefore the square on A E is double of the square on AC.
Again, because GF is e%ualto FE, the square on G.F is
equal to the square on FE;

therefore the squares on G.F, FE are double of the square.
on FE.

Butthesquare on £G is equal to the squareson G F, FE.[1.47.
Therefore the square on EG is double of the square on FE. .
And FE is equal to CD; [I. 84.
therefore the.square on £G is double of the square on CD.
But it has been shewn that the 'square on 4E is double
of the square on 4C. o

Therefore the squares on AE, EG are double of the
squares on 4G, CD.

. But the square on 4G is equal to the squares on A,
EG. [L 47
3her%f$'e the square on-AG is double of the squares on

y OD,
But the squares on 4D, DG are equal to the square on
AG. _ {1 47N
Therefore the squares -on 4D, DG are double of the’
squares on AC, CD. }
And D@ is equal to DB ;
therefore the squares on 4.D, DB are double of the squares
on AC,CD. :

Wherefore, if a straight line &c. qQ.E.p.
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PROPOSITION 11. PROBLEM.

To divide a given straight line into two parts, so that
the rectangle contained by the whole and one of the parts
may be equal to the square on the other part.

Let 4B be the given straight line: it is required to
divide it into two parts, so that the rectangle contained by
the whole and one of the parts may be equal to the square
on the other part. .

On AB describe the square —

DC; [1. 46. F ¢
bisect AC at E; [I. 10.
Join BE ; produce C4 to F, and
make EF equal to EB; [L 3. Al
and on AF describe the square
AFGH. [I. 48.

AB shall be divided at H so E
that the rectangle 4B, BH is
equal to the square on AH.

Produce GH to K.

Then, because the straight line
AC i8 bisected at £, and pro-
duced to F, the rectangle CF, F4, together with the
square on 4K, is equal to the square on EF. [1I. 6.
But EF is equal to EB. {Construction.
Therefore the rectangle CF, F A, to%ether with the square
on AE, ig equal to the square on EB.

But the square on EB is equal to the squares on AE, AB,

because the angle EAB is a right angle, (L 47,
Therefore the rectangle CF, F A, together with the square
on AE, is equal to the squares on AE, AB,

Take away the square on 4 E, which is common to both s
therefore the remainder, the rectangle CF, F4, is equal to
the square on 4B, [Axiem 8.
But the figure X is the rectangle contained by CF, FA,
for F@G is equal to F4 ;

and 4D is the square on 4B ;

therefore FK is equal to 4D,

Take away the common part AK, and the remainder F'H
18 equal to the remainder HD. ’ [Aziom 8.

c K D
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But HD is the rectangle contained by 4B, BH, for AD is
equal to BD; :

and FH is the square on AH;
therefore the rectangle 4 B, B His equal to the squareon A H,

‘Wherefore the straight line AB is divided at H, so that
the rectangle AB, BH s equal to the square on AH. Q.E.¥.

PROPOSITION 12. THEOREM,

In obtuse-angled triangles, {f a perpendicular be drawn
Jrom _either of the acute angles to the o%on'te side pro-
Aduced, the square on the side subtending the obtuse angle is
greater than the squares on the sides containing the obtuse
angle, by twice the rectangle contained by the side on
which, when produced, the perpendicular falls, and. the
straight line intercepted without the iriangle, between the-
perpendicular and the obtuse angle.

Let ABC be an obtuse-angled triangle, having the
obtuse angle ACB, and from the point 4 let 4.Dbe drawn
perpendicular to BC produced : the square on .4.B shall be
geatg’rp than the squares on 4C, OB, by twice the rectangle

C, CD, ' ’

 Bocause the straight line 4
BD is divided into two parts
at tho point C, the square on
BD is equal to the squares on
BC, CD,and twice the rectangle
BC, CD. [IL. 4.
To each of these equalsadd the
square on DA. p :
Therefore the squares on BD, DA are equal to the squares on-
BC, CD, DA, and twice the rectangle BC, CD. [Axziom 2.
But the square on BA is equal to the squares on BD, DA,
becanse the angle at D is a right angle; (1. 47.
and thesquare on C4 isequal tothesquareson CD,DA.[I. 47.
Therefore the square on B4 is e«bual to the squares on
BC, CA, and twice the rectangle BC, CD ;
that is, the square on BA is greater than the squares on
BC, CA by twice the rectangle BC, CD.

‘Wherefore, in obtuse-angled triangles &c. Q.B.D.

5—2
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PROPOSITION 18, THEOREM.

In -every triangle, the square on the side subtending
an acute angle, 18 less than the squares on the sides con-
taining that angle, by twice the rectangle contained by
either of these sides, and the straight line intercepted
between the perpendicular lot fall on it from the opposite
angle, and the acute angle.

Let ABC be any trian‘gle, and the angle at B an acute
angle; and on BC one of the sides containing it, let fall
the perpendicular 4D from the %pposite angle: the square
‘on AC, opposite to the angle B, shall be less than the
squares on CB, BA, by twice the rectangle CB, BD.

First, let 4D fall within the
triangle 4 BC. A
Then, because the straight line
CB is divided into two parts N
at the point D, the squares on
OB, BD are equal to twice the
rectangle contained by CB, BD

and the square on CD. I 7. |
To each of these equals add the b ¢
square on DA,

Therefore the squares on OB, BD, DA are equal to twice
the rectangle CB, BD and the squares on CD, DA. [4=. 2.

But the square on 4B is equal to the squares on BD, DA,
because the angle BDA is a right angle ; o [ 47.
and the squareon.4 Cisequal tothe squares on CD,DA.[1.47.
Therefore the squares on CB, BA are equal o the square -
on 4C and twice the rectangle CB, BD ;

that is, the square on 4 C alone is less than the squares on
CB, BA by twice the rectangle CB, BD.
. A

Secondly, let 4D fall without
the triangle 4 BC.
Then because the angle at D is
a right angle, [Construction.
the angle ACB is greater than
a right angle ; [1. 16. C D
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and therefore the square on 4B is equal to the squares
on AC, OB, and twice the rectangle 39& CD. S&L 12,
To each of these equals add the square on BO,

Therefore the squares on 4B, BC are equal to the square
on AC, and twice the square on BC, and twice the rect-
angle BC, CD. {dziom 2,
But because BD is divided into two parts at C, the rect-
angle DB, BC is equal to the rectangle BC, CD and the
square on'.BC; [IL 8.
and the doubles of these are equal,

that is, twice the rectangle DB, BC is equal to twi
rectangle BC, CD o e th square o BC. bice the
Therefore the squares on 4B, BC are equal to the square
on AC, and twice the recta.ngie DB, Beg 3

that is, the square on 4 alone is less than the squares on
AB, BC by twice the rectangle DB, BC.

0 é@sﬂy, let the side .4 C be perpendicular

Then BC is the straight line between the
perpendicular and the acute angle at B;

and it is manifest, that the squares on

AB, BC are equal to the square on AC,

and twice the square on BC. [I. 47 and 4=.2. B

‘Wherefore, in every iriangle &c. QE.D.
PROPOSITION 14, PROBLEM.
To describe a square that-shall be equal to a given recti-
lineal figure. .
" Let A be the given rectilineal figure: it is required to
describe a square that shall be equal to 4.
Describe the rect-

angular parallelogram
BglgEfequaltothereo-
tilineal figure A. [I.45.
Then if the sides of it,
BE, ED are equal to
one another, it is a
square, and what was
required is now done,

©

o]
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But if they are not equal, produce one of them BE to F,
make EF equal

to ED, [L 8.

and bisect BF

at G; [L 10.

from the centre

@, at the distance B & b3
GB, or GF, de- )

scribe the semi- \ - C D

circle BHF, and

produce DEto H.

The square described on EH shall be equal to the given
rectilineal figure 4.

Join GH. Then, because the straight line BF is divided
into two equal parts at the point G, and into two unequal
parts at the point E, the rectangle .BE, EF, together with
the square on G'E, is equal to the square on G'F' [IL. 5.
But G'F is equal to GH.

Therefore the rectangle BE, EF, t«gether with the square
on GE, is equal to the square on GH.

Butthesquareon G Hisequal to thesquareson G-E, EH;[T.47.
therefore the rectangle BE, EF, together with the square
on GE, is equal to the squares on GE, EH.

Take away the square on G-Z, which is common to both ;
therefore the rectangle BE, EF is equal to the square on
EH. [Aziom 8.
Baut the rectangle contained by BE, EF is the parallelo-
gram BD,

because EF is equal to ED. . [Construction.
Therefore BD is equal to the square on EH.

But BD is equal to the rectilineal figure 4. [Construction.
Therefore the square on EH is equal to the rectilineal
figure 4.

‘Wherefore a square has been made equal to the given
g}c;ilin&lrﬁgura A, namely, the square described on
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DEFINITIONS.

1. EquaL circles are those of which the diameters are
equal, or from the centres of which the straight lines to
the circumferences are equal.

This is not a definition, but a theorem, the truth of
which is evident; for, if the circles be applied to one
another, so that their centres coincide, the circles must
likewise coincide, since the straight lines from the centres
are equal,

2. A straight line is
said to touch a circle,
when it meets the circle,
and being produced does
not cut it.

3. Circles are said
to touch one another,
which meet but do not
cut one another.

4. Btraight lines are said to
be equally distant from the centre
of a circle, when the perpendicu-
lars drawn to them from the centre
are equal.

- 5. And the straight line on
which the greater perpendicular
fall;,‘(i: said to be farther from the
cen
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6. A segment of a circle is the '
figure contained by a straight line
and the circumference it cuts off. @
7. The angle of a segment is that
which is contained by the straight
line and the circumference.
8. An angle in a segment is
the andg}: contained by two straight
lines drawn from any point in the
circumference of the. segment to
the extremities of the straight line
which is the base of the segment.
9. And an angle is said to in-
sist or stand on the circumference
intercepted between the straight
Tines which contain the angle.

_10. .A sector of a circle is the
figure contained by two straight
lines drawn from the centre, and
the circumference between them.,

11. Similar segments of -
circles are those in which
theanglesareequal,orwhich m
contain equal angles,

[Note. Inthe following propositions,-whenever the expression
¢“straight lines from the centre,” or “’drawn from the centre,’,
occurs, it is to be understood that the lines are drawn to the cir-.

cumference. “_
Any portion of the circumference is called an arc.] -~
. . ::.' Ll o] 0y

)

PROPOSITION 1. PROBLEM.
To find the centre of a given-circle.

Let ABC be the given circle : it is required to find its
centre. °
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Draw within it any straight
kne 4B, and Dbisect AB
at D; [I. 10.
from the point D draw DC
at right angles to 48;  [L. 11.
produce CD to meet the cir-
cumference at £,  and bisect

CE at F. [I. 10.-
The point.# shall be the centre
of the circle 4 BC. .

For if ¥ be not the centre,
if possible, let G be the centre ; and join G4,.GD, GB.
Then, because DA is equal to DB, [Construction,
and D@ is common to the two triangles A DG, BDG ;
the two sides 4D, DG are equal to the two sides BD, DG,
each to each; - oo
and the base G4 is equal to-the base G'B, because they are
drawn from the centre G ; [I. Definition 15.
therefore the angle 4.D@G is equal to the angle BDG. [I. 8.
But when a straight line, Standllilﬁ on another straight line,
makes the adjacent angles e to one another, each of
the angles is called a right arigle.; [1. Definition 10.
therefore the angle BD@G is a right angle.
But the angle BDF is also a right angle. [Construction.
Therefore the angle B DG is equal to the angle BDF, [Ax. 11.
the less to the greater ; which is impossible.
Therefore G is not thie cdentres of the circle ABC.
In the same manner it may be shewn that no other point

out-of thie line' CE is the centres =~ -
and since CE is bisected at ¥, any other point in CF
divides it into unequal parts; and cannot be the centre.
Therefore no point but # is the centre ;
that is, F' is the centre of.the circle ABC:
which was to be fownd. ot

" OororrarY. From this it is manifest, that if in a circle
a straight line bisect another at right angles, the centre of
the circle is in the straight line which bisects the other.
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PROPOSITION 2. THEOREM.

any two points be taken in the circumference of a
cirlcfl.e, the straight line which joins them shall fall within
ths circle.

Let ABC be a circle, and 4 and B any two points in

the circumference : the straight line drawn from 4 to B
shall fall within the circle.

For if it do not, let it fall, if
gosaible, without, as AEB. c

ind D the centre of the circle
ABC; [IIL 1.
and join DA, DB in the arc
A B take any point F, join DF,
and produce it to meet the A
straight line 4B at E. A SN
Then, because DA is equal A E &
to DB, [L. Definition 15.
the angle DA B is equal to the angle DBA. [L 5.
And because AE, a side of the triangle DAE, is pro-
duced to B, the exterior mgle DEB is greater than the
interior opposite angle DAE. [L 16.
But the angle D 4 Ewasshewn to beequal tothe angle DBE;
therefore the angle DEB is greater than the angle DBE.
But the greater angle is subtended by the greater side ; [T. 19,
therefore DB is greater than DE,
But DB is equal to DF'; [L. Definition 15.
therefore DF is greater than DE, the less than the greater ;
which is impossible. ‘
Therefore the straight line drawn from 4 te B does not
fall without the circle.

In the same manner it may be shewn that it does not
fall on the circumference.

Therefore it falls within the circle,

‘Wherefore, if any two points &c, Q.E.D.
PROPOSITION 8. THEOREM.
17 a straight line drawn through the centre of a circle,
bisect a strawght line vn it which does not pase through the



BOOK III. 3. 5

cenire, it shall cut it at right angles ; and f it cut it at
right angles 1t shall bisect it.

Let ABC be a circle; and let CD, a straight line drawn
through the centre, bisect any straight line 4.3, which does
not pass through the centre, at the point #': CD shall cut
A B at right angles. c

Take E the centre of the
circle; andjoin 4, EB. [IIL.1,

Then, because 4.F is equal

FB, [Hypothesis.
and FE is common to the two
triangles AFE, BFE ;
the two sides AF, FE are A B
equal to the two sides BF, FE,
each to each;
and the base £A4 is equal to the base £B; [L. Def. 15.
therefore the angle 4 F'X is equal to the angle BFE. [I. 8.
But when a straight line, standing on another straight line,
makes the adjacent angles equal to one another, each of
the angles is called a right angle ; [I. Definition 10,
therefore each of the angles A FE, BFE is a right angle.
Therefore the straight line CD, drawn through the centre,
bisecting another 4B which does not pass through the
ceuntre, also cuts it at right angles.

But let CD cut AB at right angles: CD shall also
bisect AB; that is, 47 shall be equal to #'B.

The same construction being made, because £4, EB,
drawn from the centre, are equal to one another, [I. Def. 15.
the angle EAF is equal to the angle EBF. [L 5.
And the right angle AFE is equal to the right angle BFE.
Therefore in the two triangles E4 F, EBF, there are two
angllles in the one equal to two angles in the other, each to
each ;
and the side EF, which is opl;losibe to one of the equal
angles in each, is common to both ; .
therefore their other sides are equal; [L. 26.
therefore 4 ¥ is equal to B,

‘Wherefore, i/ a straight line &c. Q.k.p,
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PROPOSITION 4. THEOREM.
. If in a circle two straight lines cut one another, which
do not pass through the centre, they do mot bisect one
another.,

Let ABCD be a circle, and AC, BD two straight lines
in it, which cut one another at the point E, and do not both
pass through the centre: AC, BD shall not bisect one
another. .

If one of the straight lines
pass through the centre it is plain
that it cannot be bisec by
the other which does not pass
through the centre. -
But if neither of them %ass
through the centre, if possible,
let AE be equal to £C, and BE
equal to ED.

Take F the centre of the circle . [IIL. 1.
and join EF.

Then, because F'E, a straight line drawn through the
centre, bisects another straight line 4 C which does not pass
through the centre ; [Hypothesis.
FE cuts AC at right angles ; [TIL 3.
therefore the angle FEA is a right angle.
Again, because the straight line FE bisects the straight
line BD, which does not pass through the centre, [Hyp.
FE cuts BD at right angles ; [IIL 8.
therefore the angle FEB is a right angle.
But the angle F’EA4 was shewn to be a right angle;
therefore the angle FEA is equal to the angle FEB, [4x. 11.
the less to the greater; which is impossible.
Therefore AC, BD do not bisect each other.

‘Wherefore, i/ in a circle &c. QE.D.

PROPOSITION 5. THEOREM.

If two circles cut one another, they shall not have the
same centre.

Let the two circles A BC, CDG cut one another at the .
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points B, C: they shall not have the same centre.
For, 1f it Be possible, let &
be their centre ; join £C, and

draw any straight line EFG :
meeting the clrcumferences at A
F and G.

Then, baca.use E is the cen-
tre of the circle ABC, EC is
equal to EF. [I Deﬁmtum 15,

Again, because Z is the centre 4

of the circle C.D@G, EC is equal

to EQ. [L. Definition 15.

But EC was shewn to be equal to Z# ;

therefore EF is equal to EG, [Aziom 1.

the less to the greater; which is impossible,
Therefore £ is not the centre of the circles 4 BC, CDG.
‘Wherefore, {f two circles &, QED,

PROPOSITION 6. THEOREM.

If two circles touch ome another internally, they shall
not have the same centre.

Let the two circles A BC, CDE touch one another inter-
nally at the point. C': they shall not have the same centre,

For, if it be possible, let
F be their centre; join FC,
and draw any stra.lght line
FEB, meeting the circum-
ferences at £ and B

Then, because F is the
centre of the circle ABO,
FCisequal to FB. [I. Def.15.
Again, becanse F is tho _
centre of the circle CDE, . )
FCis equal to FE. [L. Definition 15.

But FC was shewn to be equalto #B;
therefore FE is equal to 7B, ) [Aziom 1.

the less to the greater ; which is impossible.
Therefore F is not the centre of the circles 4BC, CDE.
" Wherefore, if two circles &. Q.ED.
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PROPOSITION 7. THEOREM.

If any point be taken in the diameter of a circle which
i8 not the centre, of all the straight lines which can be
drawn from this point to the circumference, the greatest
18 that tn whick the centre is, and the other part of the
diameter ts the least; and, of any others, that which is
nearer to the straight line which passes through the centre,
18 always greater than one more remote; and from the
same point there can be drawn to the circumference two
straight lines, and only two, which are equal to one ano-
ther, one on each side of the shortest line.

Let ABCD be a circle and 4D its diameter, in which
let any point F be taken which is not the centre ; let E be
the centre : of all the straight lines ¥'B, FC, FG, &c. that
can be drawn from F to the circumference, #.4, which
passes through E, shall be the test, and #'D, the other
part of the diameter A.D, sl be the least; and of the
others FB shall be greater than FC, and FC than FG.

Join BE, CE, GE.

Then, because any two sides
of a triangle are greater than the
third side, [I.20. C
therefore BE, EF are ter
than BF. o grew
But BE isequal to AE; [1.Def. 15,
therefore AE, EF are greater:
than BF, G
that is, 47 is greater than BF.

Again, because BE is equal to CE, [1. Definition 15.
and EF'is common to the two triangles BEF, CEF';

the two sides BE, EF are equal to the two sides CE, EF,
each to each;

but the angle BEF is greater than the angle CEF ;
therefore the base FB is greater than the base #C. [I. 24.

In the same manner it may be shewn that FC is greater
than F@.

Again, because GF, FE are greater than EG, ' [I. 20,
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and that E6 is equal to ED ; [L. Definition 1.
therefore G F, FE are greater than ED.
Take away the common FE, and the remainder GF is

greater than the remainder #'D.

Therefore F'4 is the greatest, and FD the least of all
the straight lines from #' to the circamference ; and F'B is
greater FC, and FC than FG,

Also, there can be drawn two equal straight lines from
the point K to the circumference, one on each side of the
shortest line #'D.

For, at the point £, in the straight line 7', make the
angle #'EH equal to the angle F EG, [I. 23.
and join FH.

Then, because EG is equal to EH, [I. Definition 15.
and EF is common to the two triangles GEF, HEF;
the two sides EG, EF are equal to the two sides EH, EF,
each to each ;
and the angle GEF is equal to the angle HEF;  [Constr.
therefore the base FG' is equal to the base FA. [L. 4.

But, besides FH, no other straight line can be drawn
from F to the circumference, equal to F'G.

For, if it be possible, let K be equal to FG.

Then, because FX isequal to F'G, [Hypothests.
and FH is also equal to G,
therefore F'H is equal to FK ; [4ziom 1.

that is, a line nearer to that which passes through the
centre is equal to a line which is more remote ;

which is impossible by what has been already shewn.
Wherefore, {f any point be taken &c. QE.D.

PROPOSITION 8. THEOREM.

If any point be taken without a circle, and straight
lines be drawn from it to the circumference, one of which
passes through the centre ; of those which Jall on the con-
cave circumference, the greatest is that which passes
through the centre, and of the rest, that which is nearer
to the one passing through the centre is always greater
than one more remots; but of those which fall on the
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convex circumference, the least is that between the point
without the circle and the diameter; and of the rest, that
which ts nearer to the least is always less than one more
remote; and from the same point there can be drawn to
the circumference two straight lines, and only two, which
are equal to one another, one on each side of the shortest line.
Let 4BC be a circle, and D any point without it, and
from D let the straight lines D4, s DF, DC be drawn
to thecircumference, of which D4 passes through the centre:
of those which fall on the concave circumference 4 EFC, the
greatest shall be DA which passes through the centre, and-
the nearer to it shall be greater than the more remote,
namely, DF greater than DF, and DF greater than DC';
but of those which fall on the convex circumference GKLH,
the least shall be DG between the point D and the dia-
meter 4G, and the nearer to it shall be less than the more
remote, namely, DK less than DL, and DL less than DH,
Take M, the centre of the
circle ABC, [IIL 1.
and join ME, MF, MC, MH,
ML, MK.
Then, because any two sides
of a triangle are greater than
the third side, . [L. 20.
therefore ZM, M D are greater
than ED. !

But EMis equal to A M;[1.Def 15,

therefore AM, MD are greater
than ED, & ¢

that is, 4D is greater than ED.
Again, because EM is equal
to FE y equ

D

y

E

and MDis common to the two A

triangles EMD, FMD ; o

the two sides EM, MD are equal to the two sides F M, M.D,

each to each ; :

but the angle EMD is greater than the angle FMD ;

therefore the base ZD is greater than the base FD. [I.24.
In the same manner it may be shewn that FD is

greater than CD,
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Therefore DA is the ggaatest, and DE greater than DF,
and DF greater than DC."

Again, because MK, KD are greater than MD, [I. 20.

and MK 18 equal to MG, [L. Definition 185. .
the remainder KD is greater than the remainder G.D,
that is, G.D is less than KXD.

And because MLD is a triangle, and from the points
M, D, the extremities of its side MD, the straight lines
MK, DK are drawn to the point X within the triangle,
therefore MK, KD are less than ML, LD ; [1. 21.
and MK is equal to ML ; [I. Definition 15.
therefore the remainder XD is less than the remainder Z.D.

In the same manner it may be shewn that LD is less
than HD.
Therefore D@ is the least, and DK less than DL, and DL
less than DH.

Also, there can be drawn two equal straight lines from
i‘.he p«l)int D to the circumference, one on each side of the
east line.

For, at the point M, in the straight line M D, make the
angle DM B equal to the angle DMK, [I. 23.
and join DB.

Then, because M X is equal to MB,
and MD is common to the two triangles XMD, BMD ;

the two sides XM, M D are equal to the two sides BM, M D,
each to each ;

and the angle DMK is equal to the angle DMB ; [Constr.
therefore the base DX is equal to the base DB. - [L 4

But, besides DB, no other straight line can be drawn
from D to the circumference, equal to DK,

For, if it be possible, let DN be equal to DX,
Then, because DN is equal to DK,
and DB is also equal to DX,
therefore DB is equal to DN'; [dziom 1.

that is, a line nearer to the lcast is equal to one which is
more remote ; '

which is impossible by what has been already shewn.
‘Wherefore, if any point be taken &c' o.E.D.
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'PROPOSITION 9. THEOREM.

If a point be taken within a circls, from which there
Jall more than two equal straight lines to the circum-
Jerence, that point is the centre of the circle.

Let the point D be taken within the circle 4 BC, from
which to the circumference there fall more than two equal
straight lines, namely DA, DB, DC': the point D shall be
the centre of the circle.

For, if not, let £ be the centre;

Jjoin DEand prcduce it both ways to
meet the circumference at, # and G ;
then G is & diameter of the circle. G

Then, because in G, a diameter
of the circle 4BC, the point D is.
taken, which is not the centre, DG . A
is the greatest straight line from D
to the circumference, and DC is greater than DB, and
DB greater than fo; [ILL 7.
but they are likewise equal, by hypothesis.;
which is impossible.

Therefore £ is not the centre of the circle 4. BC,

In the same manner it may be shewn that any other
point than D is not the centre ;
therefore D is the centre of the circle 4.8C,

‘Wherefore, if a point be taken &ec, q.E.D.

PROPOSITION 10. THEOREM,

One circumference of & circle cannot cut another at
more than two points.
If it be possible, let the circamference ABC cut the
circamference DEF at more
than two points, namely, at the

points B, @, F.
Take K, the centre of the
circle ABC, [1IL 1.

and join KB, KG, KF.
Then, because K is the
centre-of the circle 4 BC,
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therefore XB, K@, K Fare all equal to each other. [1.D¢f.15.
And because within the circle DEF, the point X is taken,
from which to the circumference DEF more than two
equal straight lines KB, KG, KF, therefore K is the
centre of the circle DEF. [111. 9.
But X is also the centre of the circle 4BC. [Construction.
Therefore the same point is the centre of two circles
which cut one another;

which is impossible. [IIT. 5.

‘Wherefore, one circumference &c. Q.E.D.

PROPOSITION 11. THEOREM.
If two circles touch one another internally, the straight
line which joins their centres, being produced, shall pass
through the point of contact.

Let the two circles A BC, ADE touch one another inter-
nally at the émint 4; and let F be the centre of the circle
ABC, and G the centre of the circle ADE: the straight
line which joins the centres #, &, being produced, shall
pass through the point 4.

" For, if not, let it pass otherwise,
if ;ossible, a8 FGDH, and join
A

" AG. .
Then, because AG, GF are
greater than A F, [1. 20.

and A4 F is equal to HF,[I. Def. 15.
therefore AG, GF, are greater
than HF.

Take away the common part G-F';
}hle&refore the remainder 4@ is greater than the remainder
But 4@ is equal to DG. ‘ [I. Definition 16.
Therefore DG is greater than H@, theless than the greater;
which is impossible,

Therefore the straight line which joins the points F, @,
being produced, cannot pass otherwise than through the
point 4, _— :

that is, it must pass through 4.

‘Wherefore, if two circles &c. Q.RB.D. 2
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PROPOSITION 12. THEOREM.

If two circles touch one another externally, the straight
line which joins their centres shall pass through the point
of contact. ’

Let the two circles 4BC, ADE touch one another ex-
ternally at the point 4 ; and let # be the centre of the
circle ABC, and G the centre of the circle ADE: the
straight line which joins the points #, G, shall pass through
the point 4.

Forilif not, }et it
pass otherwise, if pos-
sible, as FOD’G, and
Jjoin 4, AG.

Then, because F'is
the centre of the cir-
cle ABC, FA isequal
to FC; [L Def. 15.
and because G is the
centre of the circle ADE, G A is equal to GD;

therefore 74, AG are equal to ¥'C, DG. [Axiom 2.
Therefore the whole G is greater than 4, 4G,

But F'G is also less than F4, AG; [I. 20.
which is impossible.

Therefore the straight line which joins the points F, G,
cannot pass otherwige than through the point 4,
that is, it must pass through 4.

‘Wherefore, i/ two circles &c. QE.D.

PROPOSITION 13. THEOREM.

One circle cannot touch another at more points than
one, whether it touches it on the inside or outside.

For, if it be possible, let the circle EBF touch the
circle 4BC at more points than one; and first on the
inside, at the %oints B, D. Join BD, and draw G H bisect-
ing BD at right angles, , [L 1o, 11,

Then, because the two points B, D are in the circum-
ference of each of the circles, the straight line BD falld
within each of them ; {111 2.
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and therefore the centre of each circle is in the straight
line @H which bisects BD at right angles; [III. 1, C’o%ol.
therefore GH passes through the point of contact. [IIL. 11.
But GH does not pass through the point of con be-
cause the points B, D are out of the lg:)e GH,; et
which is absurd. :
Therefore one circle cannot touch another on the inside at
more points than one.

Nor can one circle touch an-
other on the outside at mor
points than one. -

For, if it be possible, let the '
circle ACK touch the circle 4 BC <
at the points 4, C. Join 4C,

Then, because the two points
A, C are in the circumference of
the circle 4CK, the straight line - B
AC which joins them, falls within
the circle ACK; [IIL. 2.
but the circle 4CK is without the circle 4.BC'; [Hypothesis.
therefore the straight line 4C is without the circle 4 BC.
But because the two gints 4, C are in the circumference
of the circle 4BC, the straight line AC falls within the

-

circle ABC; [11L. 2.
which is absurd.

Therefore one circle cannot touch another on the outside
at more points than one. '

And it has been shewn that one circle caunot touch
another on the inside at more points than.one.

Wherefore, one ¢ircle &c. QE.D.



86 EUCLID'S ELEMENTYS.

PROPOSITION 14. THEOREM,

Equal straight lines in a circle are equally distant from
the centre: and those which are equally distant from the
centre are equal to one another.

Let the straight lines AB, CD in the circle ABDC, be
equal to one another: they shall be equally distant from
the centre.

Take E, the centre of the C
circle ABDC; [IIL 1.
and from £ draw EF, EG per-
pendiculars to 4B, CD; [I. 12
and join E4, EC.

Then, because the straight D
line EF, passing through the
centre, cuts the straight line 4.8,
which does not pass through the R ’
centre, at right angles, it bisects it ; [1I1. 3.
therefore A.F is equal to #'B, and 4 B is double of AF.
For the like reason CD is double of CG.

But 4B is equal to CD; [Hypothesis.
therefore A F is equal to CG. [dziom 7.
And because 4 is equal to CE, [1. Definitéon 15.

the square on AE is equal to the square on CE.

But the squares on 4 F, FE are equal to the square on AE,
because the angle 4 FE is a right angle; [L 47.
and for the like reason the squares on CG, G E are equal to
the square on CE;

therefore the squares on AF, FE are equal to the squares
on CG, GE., [dziom 1.
But the square on AF is equal to the square on CG,
because 4 F is equal to CG';

therefore the remaining square on FE is equal to the re-
maining square on GE; ‘ [Axiom 8.
and therefore the straight line Z7 is equal to the straight
line £G.

But straight lines in a circle are said to be equally distant’
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from the centre, when the perpendiculars drawn to them
from the centre are equal ; [IIL. Definition 4.

therefore 4B, CD are equally distant from the centre.

Next, let the straight lines 4B, CD be equally distant
from the centre, that is, let EF be equal to £G : 4B shall
be equal to CD.

For, the same construction being made, it may be
shewn, as before, that 4 B is double of 4 F, and CD double
of CG, and that the squares on EF, F'4 are equal to the
squares on EG, GC;
but the s}uare on EF is equal to the square on EG,
because E4'is equal to EG ; [Hypothesis.
therefore the remaining square on #4 is equal to the re-
maining square on GC, [Axiom 8.
and therefore the straight line AF is-equal to the straight
line C@.

B‘fug éziB was shewn to be double of 4%, and CD double
of CG.
Therefore 4B is equal to CD. [4ziom 6.

‘Wherefore, equal straight lines &c. Q.E.D.

PROPOSITION 15. THEOREM.

The diameter is the greatesi straight line in a circle ;
and, of all others, that which ts nearer to the centre is
always greater than ome smore remote; and the greater
28 nearer to the centre than the less. ’

Let ABCD be a circle, of which 4D is a diameter, and
E the centre; and let BC be nearer to the centre than FG :
AD shall be greater than
~any straight line BC which
isnot a diameter, and B( shall
be greater than F@.
EHFr%.'kthe centale E draw
perpendiculars to
BC, FG, IL 12,
and join £B, EC, EF.
Then, because 4E is equal
to BE,and EDto EC,[1.Def 15.
therefore 4D is equal to BE, EC; .. . [Axiom 2.




88 EUCLID'S ELEMENTS.

but BE, EC are greater than BC; [L 20.
therefore also .A.D is greater than BC. :
And, because B( is nearer to
the centre than F'G, [Hypothesis. ¥
EH is less than EK. [IIL. Def.5.
Now it may be shewn, as in the
' p ing Pro sition, that BC
is double of BH, and G double
of FK, and that the squares on G

EH, HB areequal tothe squares ¢
on EXK, KF,

But the square on EH is less than the square on EK,
because ZH is less than EX ; :

the?fore the square on HB is greater than the square
on KF;

and therefore the straight line BH is greater than the
straight line FX ;

and therefore BC is greater than FG.

Next, let BC be greater than F'G:: BC shall be nearer
to the centre than F@, that is, the same construction
being made, ZH shall be less than EK.

For, because BC is greater than FG, BH is greater
than FK,

But the squares on BH, HE are equal to the squares on
FK,KE;

and the square on BH is greater than the square on FK,
because BH is greater than F K ;

therefore the s&uare on HE is less than the square on K ;
and therefore the straight line ZH is less than the straight
line EK.

‘Wherefore, the diameter &c. Q.E.D.

PROPOSITION 16, THEOREM.

The straight line drawn at right angles to the diameter
of a circle from the extremity of it, falls without the
circle; and mo straight line can be drawn from the
extremity, between that straight line and the circumfer-
ence, 80 as not to cut the circle,
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Let ABC be a circle, of which D is the centre and
AB a diameter: the straight line drawn at right angles to
AB, from its extremity 4, shall fall without the circle. -

For, if not, let it fall, if pos-
sible, within the circle, as 4G,
and draw DC to the point C,
where it meets the circumference. p A

Then, because D A4 is equal to
DC, [I. Definition 15.
the angle DAC is equal to the

- angle DCA. [I. 5.

But the angle DAC is a right angle; [Hypothesis.
therefore the angle DCA is a right angle ; )
and therefore the angles DAC, DCA are equal to two
right angles; which is impossible, [L 17.
Therefore the straight line drawn from 4 at right angles to
AB does not fall within the circle,

And in the same manner it may be shewn that it does
not fall on the circamference. .
Therefore it must fall without the circle, as AE.

Also between the straight line AF and the circumfer-
ence, no straight line can be drawn from the point 4, which
does not cut the circle,

For, if Xossible, let AF be between FE
them; and from the centre D draw
D@ perpendicular to 4F; [I. 12.

let DG meet the circumference at H.
Then, because the angle DG4 is a

right angle, [Construction. A
the angle DAG is less than a right
angle; [ 17.
therefore DA is greaterthan DG.[1.19.
But DA is equal to DH; [I. Definition 15.

therefore DH is ter than DG, the less than the greater;
which s impossible, ’ _ ’
Therefore no stm?ht line can be drawn from the point
p.| gletween AE and the circumference, so as not to cut the
circle,
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‘Wherefore, the straight line &c. QED.

CoroLLARY. From this it is manifest, that the straight
line which is drawn at right angles to the diameter of a
circle from the extremity of it, touches the circle ; [II1. Def.2,
and that it touches the circle at one point only,
because if it did meet the circle at two points it would fall
within it, [IIL. 2.
Also it is evident, that there can be but one straight line
which touches the circle at the same point.

PROPOSITION 17. PROBLEM.

To draw a straight line from a given point, either

without or in the circumference, which shall touch a given -

circle.

First, let the given point 4 be without the given circle
BCD: it is required to draw from 4 a straight line, which
shall touch the given circle.

Take E, the centre of the
circle, [IIL 1.
and join A E cutting the circum-
ference of the given circle at D
and from the centre E, at the
distance E4, describe the circle
AFG; from the point D draw
DF at right angles to £4, [1.11.
and join EF cutting the circum-
ference of the given circle at B;
Jjoin AB. ARB shall touch the circle BCD.

For, because Z is the centre of the circle AF@, E4 is

equal to EF. [L. Definition 15.
And because E is the centre of the circle BOD, EB is
equal to ED. [L. Definition 15.

Therefore the two sides 4X, EB are equal to the two sides
FE, ED, each to each;

and the angle at & is common to the two triangles 4 EB,
FED;

therefore the triangle 4 EB is equal to the triangle FED
and the other angles to the otigr angles, each to each, to
which the equal sides are opposite; [L 4,
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‘therefore the angle A BE is equal to the angle #DE.
But the angle FDE is a right angle; [Construction.
therefore the angle ABE is a right angle. [Axiom 1.
And EB is drawn from the centre; but the straight line
drawn at right angles to a diameter of a circle, from the
extremity of it, touches the circle; [I1I1. 16, Corollary.
therefore 4B touches the circle. ‘
And AB is drawn from the given point 4. Q.E.F.

But if the given point be in the circumference of the
circle, as the point D, draw DE to the centre £, and DF at
right angles to DE; then D F touches the circle, [IIL 16, Cor.

. PROPOSITION 18, THEOREM.

If a stratght line touch a circle the straight line drawn
Srom the centre to the point of contact shall be perpen-
dicular to the line touching the circle.

Let the straight line DE touch the circle ABC at the
point C; take Z) the centre of the circle 480, and draw
the straight line #C: FC shall be perpendicular to DE.

For if not, let G be drawn from the point # perpen-
dicular to DE, meeting the cir- A

cumference at B.
Then, because FG'C is aright
angle, [Hypothesis.

FCG is an acute angle; [I. 17.
and the greater angle of every -
triangle is subtended by the
greater side ; [L. 19.
therefore #C is greater than F@&,
But #Cis equal to F'B; [I. Definition 15,
therefore FB is greater than FG, the less than the greater;
which is impossible.
Therefore F'& is not perpendicular to DE.

In the same manner it may be shewn that no other
straight line from F is perpendicular to DE, but FC;
therefore #'C is perpendicular to DE.

‘Wherefore, if a straight line &c. Q.E.D.




92 EUCLID'S ELEMENTS.

PROPOSITION 19. THEOREM.

If a straight line touch a circle, and from the point of
contact a straight line be drawn at right angles to the
touching line, the centre of the circle shall be in that line.

Let the straight line DE touch the circle 4BC at C,
and from € let C4 be drawn at right angles to DE: the
centre of the circle shall be in CA.

For, if not, if possible, let 7' be
the centre, and join CF.

Then, because DE touches the circle

ABC, and FC is drawn from the

centre to the point of contact, F'C

is perpendicular to DE; [III. 18.

thereforetheangle #C Eisarightangle,

But -the angle ACE is also a right

angle; [Construction.

therefore the angle FCE is equal to the anfle ACE, [Az. 11.
the less to the greater; which is impossible.

Therefore F' is not the centre of the circle 4 BC,

In the same manner it may be shewn that no other point,
out of CA4 is the centre ; therefore the centre is in CA.

Wherefore, tf° a straight line &c. Q.ED.

PROPOSITION 20. THEOREM.

The angle at the centre of a circle is double of the angle
at the circumference on the same base, that is, on the same
arc.

Let ABC be a circle, and BEC an angle at the centre,
and BAC an angle at the circumference, which have the
same arc, BC, for their basc: the angle BEC shall be
double of the angle BAC.

Join A E, and produce it to F'

First let the centre of the circle
be within the angle BAC.

Then, becausé EA4 is equal to
EB, the angle EAB is equal to the
angie EBA; [1. 5.
therefore the angles EAB, EBA
are double of the angle EA B,
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But the angle BEF'is equal to the angles 4B, EBA;[1.32.
therefore the angle BEF is double of the angle 4 B.

For the same reason the angle #’EC is double of the
angle EAC.
Therefore the whole angle BEC is double of the whole
angle BAC.

Next, let the centre of the circle
be without the angle BAC.

Then it maybeshewn, as inthefirst

case, that the angle FEC is double of

the angle FAC, and that the angle

FEB,a part of the first,is double of

the angle #'4 B, a part of the other;

therefore the remaining angle BEC is ¥ (%

double of the remaining angle BAC. B
‘Wherefore, the angle at the centre &c. QE.D.

PROPOSITION 21, THEOREM.
The angles in the same segment of a circle are equal to
one another.

Let ABCD be a circle, and BAD, BED angles in the
same segment BAED: the angles BAD, BED shall be

equal to one another.

Take F the centre of the circle
ABCD. [IIL 1.

First let the segment RAED be
greater than a semicircle.

Join BF, DF.

* Then, because the angle BFD is
at the centre, and the angle B4 D is
at the circumference, and that they
have the same arc for their base,
namely, BCD; .
therefore the angle BFD isdoubleof theangle BAD.[1I1.20.

%% ztihe same reason the angle BFD is double of the angle
Therefore the'angle BAD isequal to the angle BED. [4=.7.
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Nextl, let the segment BAED be not greater than a

semicircle.
Draw AF to the centre, and pro- E

duce it to meet the circumference at :

O, and join CE. D
Then the segment BAEC is

greater than a semicircle, and there-

fore the angles BAC, BEC in it, are

equal, by the first case.

For the same reason, because the

segment CAED is greater than a

semicircle, the angles C4.D, CED are equal.

Therefore the whole angle BAD is equal to the whole

angle BED. [Axiom 2.
Wherefore, the angles in the same segment &c. QE.D.

PROPOSITION 22. THEOREM.

The opposite angles of any quadrilateral_figure tn-
scribed wm a cirele are together equal to two right angles.

Let ABCD be a quadrilateral figure inscribed in the
circle ABCD: any two of its opposite angles shall be toge-
ther equal to two right angles.

Join AC, BD.

Then, because the three angles
of every triangle are together
equal to two right angles, [I. 82.
the three angles of the triangle
CA B, namely, CAB, ACB, ABC
are together equal to two right
angles.

But the angle CAB is equal to the angle ODB, because
“they are in the same segment CDAB; [IIL 21.
and the angle ACB is equal to the angle A DB, because
they are in the same segment ADCB;

therefore the two angles CAB, ACB th

to the whole angle 450. ’ are toge [?mie«gr? ;.1

To each of these equals add the angle 4BC;

c
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therefore the three angles CAB, ACB, ABC, are equal to
the two angles ABC, ADC. N

But the angles CAB, ACB, ABC are together equal
two right angles ; [I 82.
therefore also the angles 4BC, 4.DC are together equal to
two right angles.

In the same manner it may be shewn that the angles
BA D, BCD are together equal to two right angles.

‘Wherefore, the opposite angles &c. QE.D.

PROPOSITION 23. THEOREM.

On the same straight line, and on the same side of it,
there cannot be two similar segments of circles, not coin-
ciding with one another.

If it be gouib]e, on the same straight line 4B, and on

the same side of it, let there be two similar ents of

circles ACB, ADB, not coinciding with one another.
Then, because the circle ACB :

cuts the circle ADB at the two D

points 4, B, they cannot cut one
another at any other point; [III.10.

therefore one of the segments
must fall within the other; let
ACB fall within ADB; draw the
straight line BCD, and join AC, 4D.

Then, because ACB, ADB are, by hypothesis, similar
segments of circles, and that similar segments of circles
contain equal angles, [IIL. Definition 11.
therefore the angle ACB is equal to the angle ADB ;
that is, the exterior angle of the triangle 4CD is equal to
the interior and opposite angle ;
which is impossible. [1. 16.

" Wherefore, on the same straight line &c. QE.D.
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PROPOSITION 24. THEOREM.
Similar segments of circles on equal straight lines are
equal to one another,
Let AEB, CFD be similar segments of circles on the
equal straight lines 4B, CD: the segment 4 EB shall be
equal to the segment C#D.

AEFg)rt‘)xf; theseig:&ent E )

applied to

the segment CFD, /_\ ,

80 that the point 4 A B C D

may be on the point

C, and the straight line 4B on the straight line 0D, the
point B will coincide with the point D, because 4B is
equal to CD.

Therefore, the straight line 4 B coinciding with the straight
line CD, the segment AEB must coincide with the seg-
ment CFD; . [1IL. 23.

and is therefore equal to it.
‘Wherefore, similar segments &c. QE.D.
PROPOSITION 25. PROBLEM.
A segment of a circle being given, to describe the circle
of which it is a segment.
Let ABCbe the givensegment of a circle: it is required
to describe the circle of which it is a segment.

ANY= /N

Bisect ACat D; 1. 10.
from the point D draw DB at right angles to 4C; [I.11.
and join 4B. :

First, let the angles A BD, BA D, be equal toone another.
Then DB is equal to D4 ; [L 6.
but DA is equal to DC; [Construction.
therefore DB is equal to DC. [Aziom 1.
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Thereforethe three straight lines D4, DB, DCare allequal ;
and therefore D is the centre of the circle. [IIL. 9.

From the centre D, at the distance of any of the three
DA, DB, DC, describe a circle; this will pass through
the other points, and the circle of which 4 BC is a segment
i8 described.

And because the centre D is in AC, the segment 4 BC
is a semicircle. )

Next, let the angles .4BD, BAD be not equal to one
another.
At the point 4, in the straight line 4.8, make the angle
BAE equal to the angle ABD; [1. 23.
produce BD, if necessary, to E, and join EC,

Then, because the angle BAE is equal to the angle

ABE, [Construction.
EA is equal to EB. [I. 6.
And because 4.D is equal to CD, [Construction.

and DE is common to the two triangles ADE, CDE;

the two sides 4D, DE are equal to the two sides CD, DE,

each to each;

and the angle A DE is equal to the angle CDE, for each of

them is a right angle ; [Construction.

therefore the base £4 is equal to the base EC, [L 4.
But £4 was shewn to be equal to £B;

therefore EB is equal to EC. [Aziom 1.
Therefore the three straight lines £4, EB, EC are all equal ;
and therefore £ is the centre of the circle. [IIL. 9.

From the centre Z, at the distance of any of the three
EA4, EB, EC, describe a circle ; this will through the
other Egmts, and the circle of which 4B(C is a segment is
described.

And it is evident, that if the angle ABD be greater
than the angle BA D, the centre E falls without the seg-
ment 4BC, which is therefore less than a semicircle ; but
if the angle 4 BD be less than the angle BA.D, the centre
E falls within the segment .4 BC, which is therefore greater
than a semicircle.

‘Wherefore, a ssgment of a circle being given, the circle
has been described of which it is a segment. QEF.

4
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~ PROPOSITION 26, THEOREM.
In equal circles, equal angles stand on equal arcs,
whether they be at the centres or circumferences.

Let ABC, DEF be equal circles ; and let BGC, EHF
be ﬁu&l angies in them at their centres, and BAC, EDF
equal angles at their circumferences: the arc BKC shall
be equal to the arc ELF.

B C E F
K

Join BC, EF.
Then, because the circles 4 BC, DEF are equal, [Hyp.
the straight lines from their centres are equal ; [IIL. Def. 1.

therefore the two sides BG, GC are eqnal to the two sides
EH, HF, each to each ;

and the angle at & is equal to the angle at H ; [Hypothesis.
therefore the base BC is equal to the base EF. [L 4.

Andbecausethe angleat A isequalto the angle at D[ Hyp.
thesegment BA Cissimilar tothe segment EDF; [II1.Def.11.
and they are on equal straight lines BC, EF,

But similar segments of circles on equal straight lines are
equal to one another; [II1. 24.

therefore the segment BAC is equal to the segment EDF.
But the whole circle ABC is equal to the whole circle

DEF; [Hypothesis.
therefore the remaining segment BKC is equal to the re-
maining segment ELF ; [4xiom 3.

therefore the arc BKC is equal to the arc ELF.
‘Wherefore, in equal circles &c. qQ.e.D.
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PROPOSITION 27. THEOREM.

In equal circles, the angles which stand on equal arcs
are equal to one another, whether they be at the centres or
circumferences.

Let ABC, DEF be equal circles, and let the angles
BGQC, EHF at their centres, and the angles BAC, EDF
at their circumferences, stand on equal arcs BC, EF: the
angle BGC shall be equal to the angle ZHF, and the angle
BAC equal to the angle EDF.

If the angle BGC be ?ual to the angle EHF, it is
manifest that the angle BAC is also equal to the angle
EDF. [IIL. 20, Awiom 7.
But, if not, one of them must be the greater. Let BGC be
the greater, and at the point @, in the straight line BG,
make the angle BGX equal to the angle EHF. [1. 23.

- Then, because the angle BG X is equal to the angle EHF,
and that in equal circles equal angles stand on equal arcs,

when they are at the centres, : [I1I. 26.
therefore the arc BK is equal to the arc EF.,
"But the arc EF'is equal to the arc BC; [Hypothesis.

therefore the arc BK is equal to the arc BC, [Axiom 1.
the less to the greater; which is impossible.
Therefore the angle BGC is not unequal to the angle EHF,
that is, it is equﬁ to it.

And the angle at 4 is half of the angle BGC, and the
angle at D is half of the angle EHF; [III. 20.
therefore the angle at A is equal to the angle at D. [4z. 7.

‘Wherefore, in equal circles &c. QE.D.

—%
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PROPOSITION 28. THEOREM.

In equal circles, equal straight lines cut off equal arcs,
;ha greater equal to the greater, and the less equal to the
e838,

Let ABC, DEF be equal circles, and BC, EF equal
straight lines in them, which cut off the two greater arcs
BAC, EDF, and the two less arcs BGC, EHF: the
greater arc BAC shall be equal to the greater arc EDF,
and the less arc BG'C equal to the less arc ZHF.

A D
70
G H
Take K, L, the centres of the circles, [II1. 1.
and join BK, KC, EL, LF.
Then, because the circles are equal, [Hypothesis.

the straight lines from their centres are equal; [III. Def. 1.
therefore the two sides BK, KC are equal to the two sides
EL, LF, each to each ;

and the base BC is equal to the base EF'; [Aypothesis.
therefore the angle BXC is equal to the angle EZLF. [I. 8,

But in equal circles equal angles stand on equal arcs, when
they are at the centres, [11I. 26.

therefore the arc BG'C is equal to the arc EHF.
But the circumference 4 BGC is equal to the circum-

ference DEHLF; [Hypotkesis.
therefore the remaining arc BAC is equal to the remaining
arc EDF, [dxiom 8.

Wherefore, 14 equal circles &c. QE.D.
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PROPOSITION 29. THEOREM.

In equal circles, equal arcs are subtended by equal
straight lines. .

Let ABC, DEF be equal circles, and let BGC, EHF
be equal arcs in them, and join BC, EF': the straight line
B(C shall be equal to the straight line ZF.

A
K
B C E F
Take K, L, the centres of the circles, [IIL 1.

and join BK, KC, EL, LF.

Then, because the arc BGC is equal to the arc
F, [Hypothesis.

the angle BKC is equal to the angle ELF. [IIL 27.
And because the circles 4 BC, DEF are equal, [Hypothesis.
the straight lines from their centres are equal; [IIL. Def. 1.
therefore the two sides BX, K( are equal to the two sides
EL, LF,each toeach; .

and they contain equal angles;

therefore the base BC is equal to the base EF. (L 4

‘Wherefore, in equal circles &c. Q.E.D.

PROPOSITION 30. PROBLEM.

To bisect a given arc, that is, to divide it into two equal
parts.
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Let ADB be the given arc: it is required to bisect it.

Join AB; :
bisect it at C'; [1. 10. D
from the point C' draw CD at
right angles to 4B meeting
the arc at D. [L 11 Fy C
The arc 4D B shall be bisected
at the point D.
Join 4D, DB.
Then, because AC is equal to CB, [Construction.

and CD is common to the two triangles ACD, BCD;

the two sides AC, CD are equal to the two sides BC, CD,
cach to each ; :

* and the angle ACD is equal to the angle BOD, because
each of them is a- right angle ; [Construction.

therefore the base 4D is equal to the base BD. (L 4.

But equal straight lines cut off equal arcs, the greater
equal to the greater, and the less equal to theless ; [III. 28.

and each of the arcs 4D, DB is less than a semi-circum-
ference, because DC, if produced, is a diameter ; [III. 1. Cor.

therefore the arc A.D is equal to the arc DB.
‘Wherefore the given arc is bisected at D, Q.E.F.

PROPOSITION 31. THEOREM.

In a circle the angle in a semicircle vs a right angle;
but the angle in a segment greater than a semicircle 18 less °
than a right angle ; and the angle in a segment less than
a semicircle is greater than a right angle.

Let ABCD be a circle, of which BC is a diameter
and E the centre; and draw C4, dividing the circle into
the segments ABC, ADC, and join BA, AD, DC: the
angle In the semicircle BAC shall be a right angle; but
the angle in the segment 4.BC, which is greater than a



BOOK III. 31. 103

semicircle, shall be less than a ¥
right angle; and the angle in
the segment ADC, which 18 less
than & semicircle, shall be greater
than a right angle.
Join 4 E,and produce B4 to F.

Then, because EA is equal to B
EB, [L. Definition 15.
the angle EAB is equal to the
angle £BA; [L 5.
and, because EA4 is equal to EC,
the angle EAC is equal to the angle ECA;

therefore the whole angle BAC is equal to the two angles,

ABC, ACB. [Aziom 2.
But FAC, the exterior angle of the triangle 4 BC, is equal
to the two angles ABC, ACB; [1. 32.

therefore the angle BAC isequal to the angle FAC, [4z. 1.
and therefore each of them is a right angle. [T. Def. 10.
Therefore the angle in a semicircle BAC is a right angle.

And because the two angles A BC, BAC, of the triangle
A BC, are together less than two nght a.ngles, [L 17.
and that BAC has been shewn to be a right angle,
therefore the angle 4 BC is less than a right angle.
Therefore the angle in a segment 4BC, greater than a
semicircle, is less than a right angle.

And because 4 BOD is a quadrilateral figure in a circle,
any two of its opposite angles are together equal to two
right angles; [1I1.22.
therefore the angles ABC, ADC are together equal to two
right angles,

But the angle 4 BC has been shewn to be less than a right
angle;

therefore the angle .4 DC is greater than a right angle.
Therefore the angle in a segment 4. DC, less than a semi-
circle, is greater than a right angle.

‘Wherefore, the angle &c. Q.E.D.
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CoroLLARY. From the demonstration it is manifest
that if one angle of a triangle be equal to the other two, it
is a right angle.

For the angle adjacent to it is equal to the same two

angles; . [L 32.
and when the adjacent angles are equal, they are right
angles, [I. Definition 10.

PROPOSITION 82. THEOREM.

If a straight line touch a circle, and from the point of
contact a straight line be drawn cutting the circle, the
angles which this line makes with the line touching the
circle shall be equal to the angles which are in the alternate
segments of the circle. .

Let the straight line EF touch the circle ABCD at
the point B, and from the Foint B let the straight line BD
be drawn, cutting the circle: the angles which B.D makes
with the touching line EF, shall be equal to the angles in
the alternate segments of the circle; that is, the angle
DBF shall be e%ual to the angle in the segment BAD,
and the angle DBE shall be equal to the angle in the seg-
ment BCD,

From the pointBdraw BA
at right angles to £F, [I.11.
and take any point C in the
arc BD, and join 4D, .DC,

CB.

. Then, because the straight
line EF touches the circle
ABCD at the point B, [Hyp.

and BA is drawn at right E b F
angles to the touching line

from the point of contact B, [Construction.
therefore the centre of the circle is in BA. [I11. 19.
Therefore the angle 4.D B, being in a semicircle, is a right
angle. [IIL 31.
Therefore the other two angles BAD, ABD are equal to a
right angle. [L. 32.

But ABF is also a right angle. [Construction.
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Th;refore the angle ABF is equal to the angles BAD,
ABD.

Frglz each of these equals take away the common angle
ABD;

therefore the remaining angle DBF is equal to the remain-
ing angle BA D, [Axiom 3.
which is in the alternate segment of the circle.

And because A BCD is a quadrilateral figure in a circle,
the opposite angles BA.D, BCD are together equal to two

right angles, [IIL 22.
But the angles DBF, DBE are together equal to two
right angles. [L. 13.

Therefore th les DBF, DBE are together equal to th
angles BADe, %D. ’ “8 o °
%rj{dpthe angle DBF has been shewn equal to the angle
therefore the remaining angle DBE is equal to the re-
maining angle BCD, [4ztom 8.
which is in the alternate segment of the circle.

‘Wherefore, if a straight line &c. Q.E.D.

PROPOSITION 83. PROBLEM.

On a given straight line to describe a segment of a
circf:, containing an angle equal to a given rectilineal
angle.

Let AB be the given straight line, and C the given
rectilineal angle: it is required to describe, on the given
straight line 4B, a segment of a circle containing an angle
equal to the angle C.

First, let the angle C
be a Tight angle. C
Bisect AB at F, [L 10.

and from the centre 7, at
the distance B, describe A
the semicircle 4 HB.

Then the angle AHB
in a semicircle is equal to the right angle C. [I11. 81.
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But if the angle C' be
not a right angle, at the
point 4, in the straight line B
AB, mako the angle BAD
equal to the angle C;[I. 23. G
from the point 4,draw A&

at right angles to A.D;[L.11. C ¥ 7
bisect AB at F;  [L. 10. \ v
from the point ¥, draw FG'
at right angles to 4.5;[1.11. )
and join GB.

Then, because AF is

equal to BF, [Const.

and FG is common to the
two triangles 4 FG, BFG;

the two sides 4 F, FG are
equal to the two sides
BF, F@, each to each;

and the angle AFG is
equal to the angle BFG ; [I. Definition 10.
therefore the base 4G is equal to the base BG; [I. 4.

and therefore the circle described from the centre G, at the
distance G4, will pass through the point B.

Let this circle be described; and let it be AHB.
The segment AHB shall contain an angle equal to the
given rectilineal angle C. ’

Because from the point 4, the extremity of the diameter
AE, AD is drawn at right angles to 4AE, [Construction.
therefore 4.D touches the circle. [III. 16. Corollary.
And because AB is drawn from the point of contact A4,
the angle DAB is equal to the angle in the alternate

segment 4 HB. [IIL 82.
But the angle DA B is equal to the angle C. [Constr.
Therefore the angle in the segment 4 HB is equal to the
angle C. [Aziom 1.

Wherefore, on the given straight line AB, the segment
AHB of a circle has been described, containing an angle
equal to the given angle C. Q.E.F.
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PROPOSITION 34. PROBLEM.

From a given circle to cut off a segment containing an
angle equal to a given rectilineal angle.

Let ABC be the given circle, and D the given reoti-
lineal angle : it is required to cut off from the circle ABC
a segment containing an angle equal to the angle D.

Draw the straight
line EF touching the

circle ABC at the

point B; [IIL. 17.

and at the point B,inthe Cc
straight line B ¥, make

the angle FBC equal

to the angle D. [I.23.

Thesegment BA Cshall E B F

contain an angle equal
to the angle D,

Because the straight line £F touches the circle 4 BC,
and BCis drawn from the point of contact B, [Constr.
therefore the angle #BC is equal to the angle in the
alternate segment BAC of the circle. [IIL. 82.

But the angle FB( is equal to the angle D. [Construction.
Therefore the angle in the segment BAC is equal to the
angle D. [4ziom 1.

‘Wherefore, from the given circle ABC, the segment
BAC has been cut off, containing an angle equal to the
given angle D, Q.E.F. -

PROPOSITION 85. THEOREM.

If two straight lines cut one another within a circle,
the rectangle contained by the segments of one of them
shall be equal to the rectangle contained by the segments
of the other.
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Let the two straight lines AC, BD cut one another at
the point E, within the circle ABCD : the rectangle con-
tained by 4 E, EC shall be equal to
therectangle contained by BE, ED. )

If ACand BDboth passthrough
the centre, 8o that £ is the centre,
it is evident, since E4, EB, EC,

ED are all equal, that the rect- B
angle AE, EC is equal to the rect-
angle BE, ED.

But let one of them, BD, pass through the centre, and
cut the other 4C, which does not pass through the centre,
at right angles, at the point E.

Then, if BD be bisected at F, F D
is the centre of the circle A BCD;
Jjoin AF.

Then, because the straight
line BD which passes through
the centre, cuts the straight line
AC, which does not pass through A E C
the centre, at right angles at the
point £, [Hypothesis. . B
ALE is equal to EC. [II1. 8.

And because the straight line BD is divided into two
equal parts at the point #, and into two unequal parts at
the point E, the rectangle BE, ED, together with the
square on EF) is equal to the square on ¥, [I1. 5.
that is, to the square on A 7.

But the square on 4 Fisequal tothe squares on 4 E, EF[L.47.

Therefore the rectangle BE, ED, together with the square
on EF, is equal to the squares on 4 E, EF. [Aziom 1.
Take away the common square on EF; .

then the remaining rectangle BE, ED, is equal to the
remaining square on AE,

that is, to the rectangle AE, EC.

Next, let BD, which passes through the centre, cut
the other 40, which does not pass through the centre,
at the point £, but not at riggt angles. Then, if BD
be bisected at F, F is the centre of the circle ABCD;
join AF, and from ¥ draw F@G perpendicular to AC, [I. 12.
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Then AG is equal to GC; [IIL 3,

therefore the rectangle AE, EC,

together with the squareon £G,is  p

equal to the square on 4G. [II. 5.

To each of these equals add the

square on G-F';

then the rectangle AE, EC, to-

gether with the squares on EG,

GPF, is equal to the squares on

AG, GF.  [Aziom 2,

g}t' the squares on EG, GF are equal to the square on
and the squares on 4@, GF are equal to the square on
AF. [L 47.
Therefore the rectangle 4 E, EC, together with the square
on EF, is equal to the square on A F,

that is, to the square on FB,
But the square on FB is equal to the rectangle BE, ED,
together with the square on EF. [IL. 5.

Therefore the rectangle A E, EC, to%ather with the square
on EF, is equal to the rectangle BE, ED, together with
the square on EF.

Take away the common square on EF;

then the remaining rectangle 4E, EC is equal to the

remaining rectangle BE, ED. [Aziom 8.
Lastly, let neither of the straight lines AC, BD pass
through the centre.

Take the centre 7, [IIL 1.
and through £, the intersection
of the straight lines AC, BD, D
draw the diameter GEFH,
Then, as has been shewn,

the rectangle GE, EH is equal A

to the rectangle AE, EC, and G
algo to the rectangle BE, ED; B
therefore the rectangle A E, EC

is equal to the rectangle BE, ED, [Aziom 1.

Wherefore, if two straight lines &c. Q.u.p.

s e
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PROPOSITION 36. THEOREM.

If from any point without a circle two straight lines
be drawn, ons of which cuts the circle, and the other
touches it; the rectangle contained by the whole line which
cuts the circle, and the part of it without the circle, shall
be equal to the square on the line which touches it.

Let D be any point without the circle ABC, and let
DCA, DB be two straight lines drawn from it, of which
"DCA cuts the circle and DB touches it: the rectangle
AD, DC shall be equal to the square on DB,

First, let DCA pass through
the centre E, and join EB. 7
Then EBD is a right angle. [TIL 18,
And because the straight line AC
is bisected at E, and produced to
D, the rectangle 4D, DC together
with the square on EC is equal to
the square on ED. [1I. 6.
But EC is equal to £B; . FE
therefore the rectangle 4D, DC
together with the square on £B is
oqual to the square on ED.
But the squareon £D is equal to the -
squares on £B, BD,because EBD is a right angle. [I. 47.
Therefore the rectangle 4D, DC, together with the square
on EB is equal to the squares on EB, BD.

Take away the common square on EB;
then the remaining rectangle 4D, DC is equal to the

square on DAB. [4xiom 8.

Next let DCA not pass through the centre of the circle
ABC; take the centre E; [1IL 1.
from £ draw EF perpendicular to AC'; [T.12.

and join EB, EC, ED.

Then, because the straight line EF which passes through
the centre, cuts the straight line 4C, which does not pass
through the centre, at right angles, it also bisects it ; [IIL. 3.
therefore 4 F is equal to F'C.
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And because the straight line AC is bisected at F, and
produced to D, the rectangle 4D, DC, together with the
square on F'C, is equal to the square on FD. [1L. 6.
To each of these equals add the square on FE,

Therefore the rectangle AD, DC

together with the squares on D

CF, FE, is equal to the squares
on DF, FE. [Aziom 2.
But the squares on CF, FE are
equal to the square on CE, be-
cause CFE is a right angle ; [I. 47.
and the squares on DF, FE are
equal to the square on DE.
Therefore the rectangle 4D, DC,
together with the square on CE,
is equal to the square on DE.
But CE is equal to- BE;
therefore the rectangle 4D, DC, toﬁther with the square
on BE, is equal to the square on DE.

But the square on DE is equal to the squares on DB,
BE, because £BD is a right angle. [L 47.
Therefore the rectangle 4D, DC, together with the square
on BE, is equal to the squares on DB, BE.

Take away the common square on BE ;

then the remaining rectangle 4D, DC is equal to the
square on DB, [4ziom 3.

‘Wherefore, {f.from any point &c. Q.E.D.

CoroLLARY. If from any point
without a circle, there be drawn
two straight lines cutting it, as
AB, AC, the rectangles contained
bg the whole lines and the parts E
of them without the circles are
equal to one another; namely, the
rectangle BA, AE is equal to the
rectangle CA4, AF; for each of
them is equal to the square on the
straight line 4D, which touches
the circle.
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PROPOSITION 87. THEOREM.

If from any point without a circle there be drawn two
straight lines, one of which cuts the circle, and the other
meets it, and if the rectangle contained by the whole line
which cuts the circle, and the part of it without the circle, ,
be equal to the square on the line which meets the circle,
the line which meets the circle shall touch it.

Let any point D be taken without the circle ABC,
and from 1t let two straight lines DCA, DB be drawn,
of which DCA cuts the circle, and DB meets it; and let
the rectangle 4D, DC be equal to the square on DB:
DB shall touch the circle.

Draw the stra.ight line DE,
touching the circle ABC; [111. 17. -
find # the centro, [I1L 1.
and join #B, FD, FE. .

Then the angle FED is a
right angle. [IIL. 18.

And because DE touches the

circle . ABC, and DCA cuts it,

the rectangle 4D, DC is equal

to the square on DE. [IIIL 36.

But the rectangle A.D, DC is

equal to the square on DB. [Hyp. :

Therefore thesquare on D Eisequaltothe squareon D B;{4=.1.
ch%refore the straight line DE is equal to the straight line

And EF is equal to BF; [I. Definition 15.
therefore the two sides DE, EF are equal to the two sides
DB, BF each to each;

and the base D F'is common to the two triangles DEF, DBF';
therefore the angle DEF is equal to the angle DBF. [L 8.
But DEF is a right angle ; [Construction.
therefore also DBF is a right angle.

And BF, if produced, is a diameter ; and the straight line
which is drawn at right angles to a diameter from the
extremity of it touches the circle; [I1IL 18. Corollary.
therefore DB touches the circle A BC.

Wherefore, {f.from a point &e. Q.E.D.
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DEFINITIONS,

1. A RECTILINEAL figure is said
to be inscribed in another rectilineal
figure, when all the angles of the in-
scribed figure are on the sides of the
ﬁg\ge in which it is inscribed, each on
eac

2. In like manner, a figure is said
to be described about another figure,
when all th:;:«:es ltl)f {.lhe circumscribed

re pass ugh the an, ints
gguthe figure about which it 11:) de-
scribed, each through each.

3. A rectilineal figure is said to
be inscribed in a circle, when all the
angles of the inscribed figure are on
the circumference of the circle.

4. A rectilineal figure is said to be
described about a circle, when each
side of the circumscribed figure touches
- the circumference of the circle.

5. In like manner, a circlé is said
to be inscribed in a rectilineal figure,
when the circumference of the circle
touches each side of the figure,

7
AN

B

N
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6. A circle is said to be described
about a rectilineal figure, when the cir-
cum{erence l(;:" the circlfe ﬁses thmblzgh
all the angular points of the figure about
which it 18 described.

7. A straight line is said to be
placed in a circle, when the extremities
of i}; are in the circumference of the
circle,

PROPOSITION 1. PROBLEM,

In a given circle, to place a straight line, equal to a
given straight line, which s not greater than the diameter
of the circle.

Let ABC be the given circle, and D the given straight
line, not greater than the diameter of the circle: it is
req;u'ed to place in the circle 4BC, a straight line ‘equal
to D.

Draw BC, a diameter of
the circle ABC.

Then, if BC is equal to D,

the thing required is done ; for B
in the circle 4 BC, a straight

line is placed equal to D.

But, if it is not, BC is greater - D
than D. [Hypothesis.

Make CE equal to D, [L. 3.
and from the centre C, at the distance CE, describe the
circle AEF, and join CA.

Then, because C is the centre of the circle AEF,

C4 is equal to CE; [I. Definition 15.
but CE is equal to D; : [Construction.
therefore C4 is equal to .D. [Aaxiom 1.

Wherefore, in the circle ABC, a straight line CA 1is
placed equal to the given straight line D, which is not
greater than the diameter of the circle. QE.F.
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PROPOSITION 2.  PROBLEM.

In a given circle, to inscribe a triangle equiangular to
a given triangle.

Let ABC be the given circle, and DEF the
triangle: it is required to inscribe in the circle 4 0 a
triangle equiangular to the tnangle DEF.,

Draw the straight
line GAH touchin,

p .
the circle at the point

A4; [ILL. 17. ~
at the point 4, in the D “H
straight line .AH make

theangleHACe ual to 7\

the angle DEF;[1.23. E F (o]
and, at the point 4, in

the straight line AG

make the angle GAB .

equal to the angle DFE;

and join BC. ABC shall be the triangle required.

" Because GAH touches the circle ABC, and AC is

drawn from the point of contact 4, [Construction.
therefore the angle . AC is equal to the angle A BC in the
alternate segment of the circle. [II1. 32.

But the angle HAC is equal to the angle DEF.  [Constr.

Therefore the angle 4 BC is equal to the angle DEF. [4z. 1.
For the same reason the angle 4CB is equal to the

angle DFE.

Therefore the remaining angle BAC is equal to the re-

maining angle EDF. [1. 82, Axioms 11 and 3.

‘Wherefore the triangle ABC ts equiangular to the tri-
“angle DEF, and it i8 inscribed in the circle ABC. QE.F.

PROPOSITION 3. PROBLEM.

About a given circle, to describe a tmngle equiangular
to a given triangle.
8—2
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Let ABC be the given circle, and DEF the given tri-
mgle: it is required to describe a triangle about the circle
A BC, equiangular to the triangle DEF.

Produce EF both T
ways to the points D

G, H; take the
centre of the circle
ABC; [IIL 1.

from K draw any G E r H
radius KB;

at the point KX, in
the straight line KB,
make the angle BK.A N B N
equal to the angle

DEQG, and the angle BXC equal to the angle DFH ; [L 23.
and through the points 4, B, C, draw the straight lines
LAM, MBN, NCL, touching the circle ABC.  [IIL 17.

LMN shall be the triangle required.
Because LM, MN, NL touch the circle ABC at the
points 4, B, C, . [Construction.

to which from the centre are drawn K4, KB, KC,
therefore theangles atthepoints4,B,Carerightangles.[1I1.18.

And because the four angles of the quadrilateral figure
AMBK are together equal to four right angles,

for it can be divided into two triangles,
and that two of them KA M, KBM are right angles,
therefore the other two AKB, AMB are together equal

to two right angles. [Aziom 3.
But the angles DEG, DEF are together equal to two
right angles. [IL. 13.

Therefore the angles A KB, AMB are equal to the angles

DEG, DEF;

-of which the angle 4 KB is equal to the angle DEG ; [Constr.

therefore the remaining angle 4AMB is equal to the re-

maining angle DEF. [Axiom 8.
In the same manner the angle ZNM may be shewn to be

equal to the angle DFE, ‘

Therefore the remaining angle MZN is equal to the
remaining angle EDF, [I. 82, Azioms 11 and 3.
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‘Wherefore the triangle LMN is equiangular to the tri-
angle DEF, and it is described about the circle A BC. Q.E.¥,

PROPOSITION 4. PROBLEM.
To tnscribe a circle in a given triangle.

Let ABC be the given triangle: it is required to inscribe
a circle in the triangle 4 BC. red
Bisect the angles 4BC, ACB,
by the straight lines BD, CD, A
xln)eeting one another at the point
H [1. 9.
andfrom Ddraw DE, DF, DG per-
pendiculars to 4B, BC, CA. [I. 12. (o]
auelts the. aagte S5 for
is equal to the angle or
the angle ABC is bisected by
D, ' [Construction.
and that the right angle BEDis B 3
equal to the right angle BFD; . [Aziom 11.
therefore the two triangles £BD, FBD have two angles
of the one equal to two angles of the other, each to each;
and the side BD, which is opposite to one of the equal
angles in each, is common to both;

therefore their other sides are equal ; [1. 26.
therefore DE is equal to DF'

For the same reason D@ is equal to DF,
Therefore DE is equal to DG- [Aziom 1.

Therefore the three straight lines DE, DF, DG are equal
-to one another, and the circle described from the centre D,
at the distance of any one of them, will pass through the
extremities of the other two;
and it will touch the straight lines 4.8, BC, CA4, because
the angles at the points E, £, G are right angles, and the
straight line which is drawn from the extremity of a dia-
. meter, at right angles to it, touches the circle. [1I1. 16. Cor.
Therefore the straight lines 4B, BC, CA do each of them
touch the circle, and therefore the circle is inscribed in the
triangle ABC.

Wherefore a circle has been inscribed tn the given
triangle. QX.F.



118 EUCLID'S ELEMENTS.

PROPOSITION 5. PROBLEM.
To describe a circle about a given triangle.

Let ABC be the given triangle: it is required to d
scribe a circle about EBC’. & } * e—

NN
\___"

Bisect 4B, AC at the points D, E'; [I. 10.
from these points draw DF, EF, at right angles to
AB, AC; . [I. 11
DF, EF, produced, will meet one another;
for if they do not meet they are parallel, :
therefore A B, AC, which are at right angles to them are
parallel ; which is absurd:
let them meet at F, and join F'4; also if the point # be
not in BC, join BF, CF.

Then, because 4D is equal to BD, [Construction.

and DF is common, and at right angles to 4B,
therefore the base #4 is equal to the base FB. [T. 4,
In the same manner it may be shewn that #C is equal to #4.
Therefore FB is equal to FC'; [Aziom 1.
and F'4, FB, F(C are equal to one another.
Therefore the circle described from the centre F, at the
distance of any one of them, will ﬁs through the extre-
mities of the other two, and will be described about the
triangle 4 BC.

Wherefore @ circle has been described about the
given triangle. QE.P.

CoroLrARY. And it is manifest, that when the centre
of the circle falls within the triangle, each of its angles is
less than a right angle, each of them being in a segment
greater than a semicircle ; and when the centre is In one
of the sides of the triangle, the angle opposite to this side,
being in & semicircle, is a right angle; a.nso:vhen the centre



BOOK IV. 5,6 119

falls without the triangle, the angle oplioaite to the side
beyond which it is, being in a segment less than a semi-
circle, is greater than a right angle, [II1. 31.

Therefore, conversely, if the given tridngle be acute-
an%led, the centre of the circle falls within it; if it be a
right-angled triangle, the centre is in the side opposite to
the right angle; and if it be an obtuse-angled triangle, the
centre falls without the triangle, beyond the side opposite
to the obtuse angle.

PROPOSITION 6. PROBLEM.
To inscribe a square in a given circle.

Let ABCD be the given circle: it is required to in-
scribe a square in A BCD.

Draw two diameters AC, BD
of the circle A.BCD, at right an-
gles to one another ; [II1.1, I. 11.
and goin AB, BC, CD, DA.
The figure ABCD shall be the
square required. B| D

Because BE is equal to DE,
for E is the centre;
and that £4 is common, and at C
right angles to BD;
therefore the base BA is equal to the base DA. [L 4.
And for the same reason BC, DC are each of them equal
to BA, or DA.
Therefore the quadrilateral figure 4 BCD is equilateral.

It is also rectangular,

For the straight line BD being a diameter of the circle
ABCD, BAD is a semicircle; [Construction.

therefore the angle BA.D is a right angle. [TIL 31.
For the same reason each of the angles 480, BCD, CDA
is a right angle;
therefore the quadrilateral figure 4 BCD is rectangular.
And it has been shewn to be equilateral ; therefore it is
a square.
‘Wherefore a square has been inscribed in the given
circle. QE.F.



120 EUCLID'S ELEMENTS.

’ PROPOSiTION 7. PROBLEM.
To describe a square about a given circla.\
Let ABOD be the given circle: it is required to
describe a square about it.

Draw two diameters AC, BD ¢ B —F
of the circle A BCD, at right an- /
E

gles to one another; [IIL 1, L 11.

and through the points 4, B, C, D, B

draw FG-GH HE, KFtonching

the circle, - [IIL 17.

The figure GHKF shall bo the N
square required.

Because #G touches the circle 4 BCD, and E4 is drawn
from the centre £ to the point of contact 4, [Construction..

therefore the angles at A4 are right angles, [IIL 18,
-For the same reason the angles at the points B, C, D are
right angles.
And because the angle A EB is a right angle, [Construction.
and also the angle £B@ is a right angle, .
therefore GH is parallel to AC. [T. 28.
For the same reason AC is parallel to FK, ‘
In the same manner it may be shewn that each of the
lines G ¥, HK is parallel to BD. »
Therefore the figures GK, GC, OF, FB, BK are parallelo-

grams; .
and therefore GF is equal to HK, and GH to FK. [L 34,
And because 4C is equal to BD,
and that 4C is equal to each of the two GH, FK,
and that BD is equal to each of the two GF, HK,
therefore GH, FK are each of them equal to GF, or HK ;
therefore the quadrilateral figure FGHK is equilateral.
It is also rectangular.
For since 4 EBQG is a parallelogram, and 4 E B a right angle,
therefore AG-B is also a right angle. [1. 84.

In the same manner it may be shewn that the angles at
H, K, F are right angles;
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therefore the quadrilateral figure FGHK is rectangular.
. And it has been shewn to be equilateral ; therefore it
is a square. .

‘Wherefore a square has been described about the given
¢ircle. Q.E.F. :

PROPOSITION 8. PROBLEM.
To inscribe a circle in a given square. .
Let ABCD be the given square: it is required to in-
scribe a circle in 4 BCD.

Bisect each of the sides 45, A E
AD at the points F, E; [I 10.
through £ draw EH parallel to
AB or DC, and through ¥ draw F
FK parallel to 4D or BC. [I. 31.

" Then each of the figures AK, -\

KB, AH,HD, AG,GC,BG,GD

is a right-angled paralleiogram 3 B H [3)
and their opposite sides are equal, [I. 84.
And because 4D is equal to 4B, [I. Definition 80.
and that 4 Z is half of 4D, and AF half of AB, [Constr.
therefore 4 E is equal to AF. [daiom 7.

Therefore the sides opposite to these are equal, namel
PG equal to GE. o ML e
- In the same manner it may be shewn that the straight

lines GH, GK are each of them equal to G or GE.
Therefore the four straight lines GE, GF, GH, GK are
equal to one another, and the circle described from the
centre @, at the distance of any one of them, will pass
through the extremities of the other three;
and it will touch the straight lines 4B, BC, CD, DA,
because the angles at the points E, F, H, K are right
angles, and the straight line which is drawn from the
extremity of a diameter, at right angles to it, touches
the circle. [1IL 16. Corollary.

Therefore the straight lines 4B, BC, CD, DA do each
of them touch the circle.

‘Wherefore a circle has beon inscribed in the given
square. Q.EF. -
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PROPOSITION 9. PROBLEM.
To describe a circle about a given square.
Let ABCD be the given square: it is required to
describe a circle about 4 BCD.

Join AC, BD, cutting one an-
other at F. A D

Then, because 4B is equal to

$]
and AC is common to the two tri-
angles BAC, DAC;

the two sides BA, 4C are equal to V

the twosides DA, ACeachto each;

and the base BC is equal to the base DC';
therefore the angle BAC is equal to the angle DAC, [I. 8.
and the angle BAD is bisected by the straight line AC.

In the sgme manner it may be shewn that the angles
ABC, BCD, CDA are severally bisected by the straight
lines BD, AC.

Then, because the angle DA B is equal to the angle 4.BC,
and that the angle £4 B is half the angle DAB,
and the angle £BA is half the angle 4BC,
therefore the angle E4 B is equal to the angle EBA ; [4x.7.-
and therefore the side £4 is equal to the side EB. [ 6.

In the same manner it may be shewn that the straight
lines EC, ED are each of them equal to £4 or EB.

‘Wherefore the four straight lines £4, EB, EC, ED are
equal to one another, and the circle described from the
centre F, at the distance of any one of them, will
through the extremities of the other three, and will be
described about the square 4 BCD.

‘Whercfore a circle has been described about the given
square. QE.F.

PROPOSITION 10. PROBLEM.

To describe an isosceles triangle, having each of the
angles at the base double of the third angle.
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Take any straight line
AB, and divide it at the
point C, so-that the rectan-
gle AB, BC may be equal
tothe square on 4 C; [II.11.

from the centre A, at the
distance 4B, describe the
circle BDE, in which place
the straight line BD equal
to AC, which is not greater
than the diameter of the
circle BDE, [IV. 1.
and }';)in DA. The triangle
ABD shall be such as is re-
uired ; that is, each of the angles ABD, ADB shall be
ouble of the third angle BAD. -

Join DC'; and about the triangle 4CD describe the

circle ACD. [IV. 5.

Then, because the rectangle AB, BC is equal to the
square on AC, . . [Construction.
and that 4C is equal to BD, [Construetion.

therefore the rectangle 4B, BC is equal to the square
on BD.

And, because from the point B, without the circle ACD,
two straight lines BC A, BD are drawn to the circumference,
one of which cuts the circle, and the other meets it,

and that the rectangle 4B, BC, contained by the whole of
the cutting line, and the part of it without the circle, is
equal to the square on BD which meets it ;
thereforethestraightline B.D touchesthe circle A CD.[II11.87.
And, because BD touches the circle 4CD, and DC is
drawn from the point of contact D,
therefore the angle BDC is equal to the angle DAC in the
alternate segment of the circle. [IIIL. 82.
To each of these add the angle CDA4;
therefore the whole angle BDA is equal to the two angles
CDA, DAC. [Aziom 2.
But the exterior angle BCD is equal to the angles CD4,
DAC. [1. 32.
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Therefore the (m%le BDA is
equaltotheangle BCD. [4z.1.
But the angle BDA is equal _
to the angle DBA, [L 6.
because 4D is equal to 4.58.
Therefore each of the angles
BDA, DBA, is equal to the
angle BCD. [dxiom 6.
And, because the angle
DBC is equal to the angle
BCD, the side DB is equal

to the side .DC; [L 6. B D
but DB was made equal to C4 ;
therefore C4 is equal to CD, [Aziom 6.

and therefore the angle CA4 D is equal to the angle CDA.[1.5.
Therefore the angles CAD, CDA are together double of
the angle CAD. .

But the angle BCD is equal to the angles CAD,CDA.[I.32.
Therefore the angle BCD is double of the angle CAD.
And the angle BCD has been shewn to be equal to each
of the angles BDA, DBA;

therefore each of the angles BDA, DBA is double of the
angle BAD.

Wherefore an tsosceles triangle has been described,
having each of the angles at the base double of the third
angle. QE.P.

PROPOSITION 11. PROBLEM.

To inscribe an equilateral and equiangular pentagon
in a given circle.
. L%te ABC’Dﬁ' bera.lthe dgiven circle: it is requiredthto
inscribe an equilateral and equiangular pentagon in the
circle ABC'D%. ’ quisngular pentage
- Describe an isosceles tria.nile. FGH, having each of
the angles at @, H, double of the angle at F'; [IV. 10.
in the circle A BCDE, inscribe the triangle 40D, equian-
gular to the triangle F'GH, so that the angle C4.D may
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to the angle at 7, and each of the angles 40D,

ADeZ' equal to the angle at '@ or H;. [xv. 2

and therefore each of
the angles ACD, ADC is
double of the angle CAD;
bisect the angles AC’D
ADC by the stranght

B‘ ‘
lines CE, DB; [Lo.

and join AB BC, AE,

o <Y
ABCDE shall be the

pentagon required.

For because each of
the angles 4CD, ADC is double of the angle C4D,
and that they are bisected by the stmght lines CE DB,
therefore the five angles 4.DB, BDC, CAD, DCE, ECA
are equal to one another.

But equal angles stand on equal arcs; [IIL. 26.

therefore the five arcs 4B, BC, CD, DE, EA are equal to
one another.

And equal arcs aresubtended byequal straight lines ; [T11.29.

therefore the five straight lines 4B, BC, CD, DE, EA are
equal to one another ;

and therefore the pentagon 4 BCDE is equilateral
It is also equiangular.

For, the arc 4B is equal to the arc DE;

to each of these add the arc BCD;

therefore the whole arc ABCD is equal to the whole
arc BCDE. [Aziom 2.

And the angle AED stands on the arc 4 BCD, and the
angle BAE on the arc BCD

Therefore the angle A ED is equal to the angle BA E. [I1I.27.

For the same reason each of the an, les ABC, BCD,
CDE is equal to the angle 4 ED or BA

therefore the pentagon A BCDE is equmng'ular.
And it has been shewn to be equilateral.

‘Wherefore an equilateral and equiangular pentagon
has been inscribed vn the given circle. Q.E.».

-
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PROPOSITION 12. PROBLEM.

To describe an equilateral and equiangular pentagon
about a given circle.

a Le{;e ABC’Dflh be r:lhe %ven circle: it is tr;eélmrego to
escribe an e teral and equiangular pentagon about
the circle ABCDE, 4 pe

Let the angles of a pen-
tagon, inscribed in the circle,
by the last proposition, be H
at the points 4, B, C, D, E, M
so that the arcs AB BO’
CD, DE, EA are equn.l B D
and through the pomts A,
B, C, D, 5 draw G H, K
KL, LM, MG, touching the K- ¢ L
CIrcle. [1I1. 17.

The figure GHK LM shall be the pentagon required.
Take the centre Z, and join ¥B, FK, FC, FL, FD.

Then, because the straight line KZ touches the circle
ABCDE at the point C to which FC is drawn from the
centre,
therefore #'C is perpendicular to XZ, [IIL 18.
therefore ea’ch of the angles at C is a right angle.
For the same reason the angles at the points B, D are
right angles.

And because the angle FCK is a right angle, the square
on FK is equal to the squares on #C, CK. [L. 47.
For the same reason the square on FX is equal to the
squares on FB, BK.
Therefore the squares on #'C, CK are equal to the squares
on FB, BK ; [Axiom 1.
of which the square on F(C is equal to the square on FB;
therefore the remaining square on CK is equal to the
remaining square on BK, [A=ziom 8.

and therefore the strmght line CK is equal to the straight
line BX.
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And because #B is equal to FC,
and FK is common to the two triangles BFK, CFK ;

the two sides BF, FK are equal to the two sides CF, FK,
each to each; .

and the base BK was shewn equal to the base CK ;
therefore the angle BFK is equal to the angle CFK, [L. 8.
and the angle BKF to the angle CKF. [I. 4.
Therefore the angle BFC is double of the angle CFK,
and the angle BXC is double of the angle CKF.,
For the same reason the angle CFD is double of the
angle CFL, and the angle CLD is double of the angle CLF.
And because the arc BC is equal to the arc CD,
the angle BFC is equal to the angle CFD; [I1L. 27.
and the angle BFC is double of the angle CFK, and the
angle CFD is double of the angle CFL;
therefore the angle CFX is equal to the angle CFL. [4x.7.
And the right angle X is equal to the right angle #CL.

Therefore in the two triangles #CK, FCL, there are two
angles of the one equal to two angles of the other, each to

and the side #'C, which is adjacent to the equal angles in
each, is common to both;

therefore their other sides are equal, each to each, and the
third angle of the one equal to the third angle of the other;

therefore the straight line CX is equal to the straight line
CL, and the angle FKC to the angle FLC. [L 26.

And because CK is equal to CL, LK is double of CK.

In the same manner it may be shewn that HK is
double of BK,

And because BX is equal to CK, as was shewn,
and that 2 K=s double of BK, and LK double of CK,
therefore HK is equal to LK. [Aziom 6.

In the same manner it may be shewn that GH,
GM, ML are each of them equal to HK or LK ;
therefore the pentagon GHK LM is equilateral.

It is also equiangular. .



128 EUCLIDS ELEMENTS.

For, since the angle FKC is equal to the angle FL(, .
and that the angle HKL is double G
of the angle FXC, and the angle
KLM double of the angle FLC,
as was shewn,
therefore the anslle HKL is equal
to the angle XL M, [Aziom 6.

In the same manner it may be B
shewn that each of the les
KHG, HGM, GML is equal to ~ y7~¢
the angle HKZ or KLM ;
.therefore the pentagon G ZK LM is equiangular.
And it has been shewn to be equilateral.
. Wherefore an equilateral and equiangular pentagon
has been dnoh'bad%ul the given circle. QE.F.

.

PROPOSITION 13. PROBLEM.

To inscribe a circle in a given equilateral and equi- |
angular pentagon.

Let ABCDE be the given equilateral and equiangular
pentagon : it is required to inscribe a circle in the pen-
tagon ABCDE.

Bisect the angles BCD,

CDE by the straight lines

CF, DF'; (1. 9. A
and from the point F, at G
which they meet, draw the

straight lines #B, FA, FE. B

Then, because BC is equal
to DC, [Hypothesis.
and CF is common to the two
triangles BOF, DCF ;
the two sides BC, CF are
equal to the two sides DC, CF,
each to each;
and the angle BCF is equal to the angle DCF;  [Constr.
therefore the base BF is equal to the base DF, and the
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other angles to the other angles to which the equal sides
are opposite ; . 1. 4
therefore the angle CBF is equal to the angle CDF.,

And because the angle CDE is double of the angle
CDF, and that the angle CDE is equal to the angle CBA,
and the angle CDF is equal to the angle CBF,
therefore the angle CBA is double of the angle CBF;
therefore the angle 4 BF is equal to the angle CBF;
therefore the angle 4. BC is bisected by the straight line BF.

In the same manner it may be shewn that the angles
BAE, AED are bisected by the straight lines A7} EF.
From the point F draw F@, FH, FK, FL, FM perpen-
diculars to the straight lines 4B, BC, CD, DE, EA. [L 12.
s Then, because the angle FCH is equal to the angle
CK, . :
and the right angle FHC equal to the right angle FKC;

therefore in the two triangles FHG, FKC, there are twe
:chg}es of the one equal to two angles of the other, each to

; .
and the side #C, which is opposite to one of the equal
angles in each, is common to both;
therefore their ether sides are equal, each to each, and
therefore the perpendicular FH 18 equal to the perpen-
dicular FK, [I. 26.

Iy the same manner it may be shewn that FL, FM, FG
are each of them equal to FH or FK. ,
Therefore the five straight lines G, FH, FK, FL, FM are
equal to one another, and the circle_descri{)ed from the
centre F, at the distance of any one of them will pass
through the extremities of the other four;
and it will touch the straight lines 4B, BO, CD, DE, EA
because the angles at the points @, H; K, L, M sre righi
angles, - [Construction.
and the straight line drawn from the extremity of a dia-
meter, at right angles to it, touches the circle;  [IIL. 16.
Therefore each of the straight lines 4B, BC, CD, DE, EA
touchies the circle, - - ,

Wherefore a circle has been inscribed in the givén
equilateral and equiangular pentagon. QEP, . .
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" PROPOSITION 14 PROBLEM.

T describe a circle about a given equtiateral and equi-
angular pentagon. :

Let ABCDE be the given equilateral and equiangular
pentegon : it is required to describe a circle about it. . -,
Bisect the angles BCD, CDE
by the straightTines CF, DF; [L9, A
and from the point F, at which
they meet, draw the straight lines T .
¥#B, FA, FE.
- Then it may be shewn, as in
the preceding proposition, that

the angles CBA, BAE, AED are /
bisected by the straight lines B, c D
AF, EF. S

‘And, because the anglo BCD is equal to the angle CDE, -
and that the angle #CD is half of the angle BCD,

and the angle #D(C is half of the angle CDE,

therefore the angle FCD is equal to the angle FDC; [4z. 7.
therefore the side (' is equal to the side #'D. "L 6.
*In the same manner it may be shewn that B, F4, FE
are each of them equal to #C or FD;

therefore the five straight lines ¥4, FB, FC, FD, FE are
équal to -one another, and the circle described from the
centre F, at the distance of any one of them, will pass
ihrp&:,:ih tll])g e:ti;rlfmiti?ﬂ o{ l;t;els otl:iar four, ;:nliin:ill b:aéloe-
scri about the ateral an uian ntagon -
‘ABCDE. “ o : penae -
. Wherefore a circle has been described about the given
equilateral and equiangular pentagon. Q.E.F. :

. : P
-PROPOSITION 15. PROBLEM,
.. To inscribe an equilateral and cquiangular hexagon
in a given circle. ) ) :
Let ABCDEF be the given circle: it is required to in+
geribe an equilateral and equisngular-hexagon in it.
Find' ‘tho centre @ of the circle ABCDEF, [IIL 1.
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and draw the diameter 4GD;

from the centre D, at the dis-
tance D@, describe the circle
FGCH; )

Join EG, CG,and produce them
to thepoints B, F'; and join 4 B,
BC, CD, DE, EF, FA.

The hexagon ABCDEF shall
be equilateral and equiangular.

For, because (7 is the centra
of the circle ABCDEF, GE is
equal to GD;

and because D is the centre
of the circle EGCH, DE is
equal to DG ;

therefore GE is equal to DE, [dziom 1.
and the triangle ZG D is equilateral ; ’

therefore the three angles EG.D, GDE, DEG are equal to
one another. [L. 5. Corollary.

But the three angles of a triangle are together equal to
two right angles; [I. 82.
therefore the angle EGD is the third part of two right
angles. :

In the same manner it may be shewn, that the angle
DGC'is the third part of two right angles.

And because the straight line GC makes with the
straight line £B the adjacent angles EGC, CGB together
equal to two right angles, [L 18.

therefore the remaining angle CGB is the third part of two
right angles;

therefore the angles ZG.D, DGC, CGB are equal to one
another. -

And to these are equal the vertical opposite angles
BGA, AGF, FGE, [L.15.

Therefore the six angles £GD, DGC, CGB, BGA, AGF,
FGE are equal to one another.

0—2
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But equal angles stand on equal arcs; - [III. 26.

therefore the six arcs 4B, BC, CD, DE, EF, FA are
equal to one another.

And equal arcs are subtended by equal straight lines ; [T11.29.

therefore the six straight lines are equal to one another,
and the hexagon is equilateral.

1t is also equiangular.

For, the arc 4 F' is equal to A
the arc ED;

to each of these add the
arc ABCD;

therefore the whole arc
FABCD is equal to the
whole arc ABCDE;

" and the angle FED stands
en the arc FABCD,
and the angle 4 FE stands
on the arc ABCDE;

therefore the angle FED is

equal to the angle AFE. . [IIL 27.
In the saime manner it may be shewn that the other

angles of the hexagon A BCDEF arc each of them equal

to the angle A¥E or FED;

therefore the hexagon is equmngular

And it has been shewn to be equilateral ; and it is mscnbed

in the circle ABCDEF. -

- Wherefore an equilateral and cquiangular he:ugon
ha: been inscribed in the given circle. QEF.

_ CoroLLARY. From this it is manifest that the side of
the hexagon is equal to the straight line from the centre
that is, to the semidiameter of the circle.

Also,if through the ;;gmts A, B, C, D, E, F, there be
drawn straight lines touching the clrcle, an eqmlateml and
equiangular hexagon will be described about the circle,
18 may be.shewn from what was said of the pentagon; and
a cirele may be inscribed in a given equilateral and equi-
angular hexagon, and circumscribed about 1t, by a method
like that for the pentagon. :

H
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PROPOSITION 16. PROBLEM.

To inscribe an equilateral andequiangular quindecagon
tn a given circle.

Let ABCD be the given circle: it is required to in-
scribe an equilateral and equiangular quindecagon in the
circle ABCD.

Let AC be the side of an 2

equilateral triangle inscribed

in the circle; [IV. 2.

and let 4B be the side of an

equilateral and _equiangular

pentagon inscri in the

cu-ce [Iv. 11. D -
en, of such equal parts

tho whole circumference -

ABCDF contains fifteen, the arc .4 BC, which is the thnrd
part of the whole contains five, and the arc AB, which is
the fifth part of fle whole, contains three ;

therefore their difference, the arc BC, contains two of the
same parts. .

Bisect the arc BC at E; [III1. 80.

therefore each of the arcs BE, EC is the fifteenth part of
the whole circumference 4 BCDF.

" Therefore if the straight lines BE, EC be drawn, and
straight lines equal to them be plmced round in the whole
circle, - [Iv. 1.

an equilateral and equiangular quindecagon will be in
scribed in it. Q.E.F.

And, in the same manner as was done for the pentagon,
if through the points of division made by inscribing the
quindecagon, straight lines be drawn touching the clrcle,
an equilateral an uiangular quindecagon will be de-
acribed about it; a.mil also, as for the pentagonm, a circle
may be inscribed in & given equilateral and eq .
- quindecagon, and circumscribed about it.



BOOK V.
DEFIN ITiONS.

1. A LEss magnitude is said to be a part of a greater
magnitude, when the less measures the greater; that is,
when the less is contained a certain number of times ex-
actly in the greater.

2. A greater magnitude is said to be a multiple of a
_ less, when the greater is measured by the less; that is,

when the greater contains the less a certain number of
times exactly.

3. Ratio is a mutual relation of two magnitudes of the
same kind to one another in respect of quantity.

4. Magnitudes are said to have a ratio to one another,
when the less can be multiplied so as to exceed the other,

5. The first of four magnitudes is said to have the
same ratio to the second, that the third has to the t'om-t;‘l:i
when any equimultiples whatever of the first and the thi
being taken, and any equimultiples whatever of the second
and the fourth, if the multiple of the first be less than that
of the second, the multiple of the third is also less than that
of the fourth, and if the multiple of the first be equal to
that of the second, the multiple of the third is also equal to
that of the fourth, and if the multiple of the first be greater
than that of the second, the multiple of the third is also
greater than that of the fourth. :

6. Magnitudes which have the same ratio are called
proportionals,
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When four magnitudes are proportionals it is usually
expressed by saying, the first is to the second as the third
is to the fourth. . .
* ° 7. When of the equimultiples of four magnitudes, taken
as in the fifth definition, the multiple of the first is greater
thun the multiple of the second, but the multiple of the
third is not greater than the multiple of the fourth, then
the first is said to have to the second a greater ratio than
the third has to the fourth; and the third is said to have
to the fourth a-less ratio than the first has tq the second. " ~

.- 8. Analogy, or proportion, is the sir_ni_lltﬁde‘ of ratjos.
" '9. Proportion consists in three terms af Jeast.

- 10, ‘When three magnitudes are proportienals, the first
1s said to have to the third the duplicate ratio of thaf
which it has to the second. .- '
[The second magnitude is said to be a mean propor-
tional between, the firat and the third.] - P

11. When four mé,gnitudes are continued proportionals;

" the first is said to have to the fourth, the triplicate ratio of

that which it bas to the second, and so on, quadruplicate,
&c. increasing the denomination still by unit , in any pum-
ber of proportionals, = ’

Definition of compound ratio. When there arp any
number of magnitudes of the same kind, the first is said to
have to the last of them, the ratio which is compounded of
the ratio which the first has to the second, and of the ratio
which the second has to the third, and of the ratio which
the :;lhird has to the fourth, and so on unto the last mag-
nitude.

For example, if 4, B, C, D be four magnitudes of the
same kind, the first 4 is said to have to the last D, the
ratio compounded of the ratio of 4 to B, and of the ratio
of B to C, and of the ratio of C to D; or, the ratig of 4 to
D is said to be compounded of the ratios of 4 to B, B to
C, and C to D. ‘ '

And if 4 has to B the same ratio that £ hag to F';
and B to C the same ratio that & has to H; and 0 to D
the same ratio that X has to L ; then, by this defjpition,
A is said to have to D the ratio compounded of ratios which
are the same with the ratios of £ to 7, G to H, and X to L.
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And the same thing is to be understood when it is more
briefly expressed by saying, 4 has to D the ratio com-
pounded of the ratios of E to F, G to H, and X to L. :

In like manner, the same things being supposed, if M
has to IV the same ratio that 4 has to D; then, for the
sake of shortness, M is said to have to N the ratio com-
pounded of the ratios of E to ¥, G to H, and K to L.

. 12. . In proportionals, the antecedent terms are said to
be homologous to one another; as also the consequents to
one another,

Geometers make use of the following technical words,
to signify certain ways of changing either the order or the
magnitude of proportionals, so that they continue still to be
proportionals. » :

"13. Permutando, or alternando, by permutation or
alternately; when there are four proportionals, and it is
inferred that the first is to the third, as the second is to
the fourth. V.16, :

14. Invertendo, by inversion; when there are four
proportionals, and it is inferred, that the second is to the
first as the fourth is to the third, V. B.

15. Componendo, by composition ; when there are four
proportionals, and it is inferred, that the first together
with the second, is to the second, as the third together
with the fourth, is to the fourth, V.18,

16. Dividendo, by division; when there are four pro-
portionals, and it is inferred, that the excess of the first
above the second, is to the second, as the excess of the.
third above the fourth, is to the fourth, V. 17,

17. Convertendo, by conversion; when there are four
proportionals, and it is inferred, that the first is to its
excess above the second, as the third is to its excess above
the fourth. V. E.

18. [Ex quali distantia, or ez @quo, from equality of
distance; when there is any number of magnitudes more
than two, and as many others, such that they are propor-
tionals when taken two and two of each rank, and it is
inferred, that tho first is to the last of the first rank of
magnitudes, as the first is to the last of the others,

~
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Of this there are the two following kinds, which arice
from the different order in which the magnitudes are taken,
two and two.

19. Ez wquali. This term is used simply by itself,
when the first magnitude is to the seccnd of the first rank,
as the first is to the second of'the other rank; and the
secornd is to the third of the first rank, as the second is to
the third of the other; and 20 on in order ; and the inferenco
is that mentioned in the preceding definition. V. 22,

20, Ex cequali in progortione perturbald seuinordinata,
from equality in perturbate or disorderly proportion. This
term is used when the first magnitude is to the second of
the first rank, as the last but one is to the last of the second -
rank ; and the second is to the third of the first rank, as the
last ‘but two is to the last but one of the second rank; and
the third is to the fourth of the first rank, as the last but
three is to the last but two of the second rank; and so on
in a cross order; and the inference is that mentioned in the
eighteenth definition. V. 23.

AXIOMS.

1. Equimultiples of the same, or of equal magnitudes,
are equal to one another. :

2. Those magnitudes, of which the same or equal mag-
nitudes are equimultiples, are equal to one another, i

3. A multiple of a greater magnitude is greater than
the same multiple of a less,

4. That magnitude, of which a multiple is greater than
the same multiple of another, is greater than that other
‘magnitude,
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PROPOSITION 1. THEOREM,

If any number of magnitudes be equimultiples of as
many, each of each ; whatever multiple-any one of them is
of its part, the same multiple shall all the first magni-
tudes be of all the other.

Let any number of magnitudes 4B, CD be equimul-
tiples of as many others E, F, each of each: whatever
multiple 4B is of E, the same multiple shall 4B and CD
together, be of E and F together. . :

For, because 4B is the same multiple of E, that CD is
of F, as many magnitudes as there are in
AB equal to E, 80 many are there in CD A
equal to 7.

Divide AB into the itudes AG, GB, G

each equal to £; and CD into the magni-
tudes CH, HD, each equal to F.
Therefore the number of the magnitudes
CH, HD, will be equal to the number of
the magnitudes 4G, GB.

And, because 4G is equal to Z, and
CH equal to F, therefore AG and CH
together are equal to £ and F together ;
and because G'B is equal to E, and HD
equal to ) therefore GB and HD together
are equal to £ and F together. [Axiom 2.
Therefore as many magnitudes as there are in 4.8 equal to
E, 80 many are there in 4B and CD together equal to £
and F together.

Therefore whatever multiple 4 B is of E, the same multiple
is AB and CD together, of £ and F together.

Wherefore, {f any number of magnitudes &c. Q.E.D.

Q
o

PROPOSITION 2. THEOREM.

"If the first be the same multiple of the second that the
third is of the fourth, and the fifth the same multiple of
the second that the sixth is of the fourth; the first toge-
ther with the fifth shall be the same multiple of the second,
that the third together with the sixth is Qf the fourth.
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Let AB the first be the same multiple of ' the second,
that DE the third is of # the fourth, and let BG the fifth
be the same. multiple of ¢ the  second, that £H the sixth
is of ¥ the fourth: 4G, the first together with the fifth,
shall be the same multiple of C' the second, that DH, the

‘third together with the sixth, is of # the fourth.

For, because AB is the same multiple of C' that DE
is of ¥, a8 many magnitudes as
there are in 4B equal to C, so
many are there in DE equal to 7.
For the same reason, as many 4
magnitudes as there are in BG
?ua.l to C, so many are there in . E
‘H equal to F. B
Therefore as many magnitudes
as there are in the whole 4G
ual to C, so many are there in G Cl H l’]
the whole DH equal to 7.
Therefore AG is the same multi-
ple of C that DH is of F.
Wherefore, if the first be the D,
same multiple &c. QE.D.

CoroLLARY. From this it is E
plain, that if any number of mag-
nitudes AB, BG, GH be multi-
ples of another C; and as many
DE, EK, KL bo the same mul-
tiples of ¥, each of each; then
the whole of the first, namely,

. AH, is the same multiple of C, | l

that the whole of the last, namely, H C
DL is of F. . ’ ¢c L F

PROPOSITION 8. THEOREM.

If the first be the same multiple of the second that the
third is of the fourth, and if of the first and the third
there be taken equimultiples, these shall be equimultiples,
the one of the second, and the other of the fourth.
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Let A4 the first bo the same multiple of B the second,
‘that C the third is of D the fourth; and of 4 and C let
the equimultiples £F and GH be taken: EF shall be
tho same multiple of B that GH is of D.

For, because EF is the same multiple of 4 that GH is
of C, [Hypothesis.
as many magnitudes as B "
there are in EF equal
to A4, so manhy arc there
in GH equal to C.
Divide EF into the

itudes EK, KF, K i

each equal to 4; and
GH into the magni-

tudes GL, LH, each

equal to C.

Therefore the number-of h B b ¢ D
themagnitudes EX, K'F, ! G

will be equal to the number of the magnitudes GZ, LH.
And because 4 is the same multiple of B that C is
of D, [ Hypothesis.
and that EK is equal to 4, and G.L is equal to C'; [Constr.
therefore EK is the same multiple of B that G'L is of D.
For the same reasen X7 is the same multiple of B that
LH is of D.
Therefore because EK the first is the same multiple
of B the second, that G L the third is of D the fourth,
and that X7 the fifth is the same multiple of B the second,
that ZH the sixth is of D the fourth;
EF the first together with the fifth, is the same multiple
of B the second, that GH the third together with the
sixth, is of D the fourth. [v. 2.
In the same manner, if there be more parts in £F equal
to 4 and in GH equal to C, it may be shewn that EF is
the same multiple of B that GH is of D. [V. 2, Cor,
Wherefore, if the first &c. Q.E.D.

PROPOSITION 4. THEOREM.

If the first have the same ratio to the second that the
third hag to the fourth, and if there be taken any equi-
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multiples whatever of the first and the third, and also
any equimultiples whatever of the second and the fourth,
then the multiple of the first shall have the same ratio to
the multiple of the second, that the multiple of the third
has to the multiple of the fourth.

Let A the first have to B the second, the same ratio
that C the third has to D the fourth; and of 4 and C' let
there be taken any equimultiples whatever £ and F, and
of B and D any equimultiples whatever G and H: E shall
have the same ratio to @ that F has to 4. g

Take of & and F any equi- :
multiples whatever K and Z,
and of G and H any equimul-
tiples whatever 21 and V.

Then, because £ is the same

. For the same reason, M is the
same multiple of B that V is of .D.
And because 4 is to B.as C
isto D, ) [Hypothesis.
and of 4 and C have been taken
certain equimultiples X and Z,
and of B and D have been taken
certain equimultiples M and V;
therefore if K he greater than:
M, L is greater than V; and if
equal, equal ; and if less, less. [V. Definition 5.
But X and L are any equimultiples whatever of E and F,
and M and IV are any equimultiples whatever of G and H;
therefore £ is to G as F'is to H. [V. Definition 5.
Wherefore, f the first &e. Q.E.D.

CoroLrLARY. Also if the first have the same ratio to
the second that the third has to the fourth, then any equi-
multiples whatever of the first and third shall have the
same ratio to the second and fourth; and:the first and

multiple of 4 that Fis of C,

and of £ and F have been taken

equimultiples X and Z; | l
therefore KX is the same mul- X E A B ¢ M
tiple of 4 that Lisof C. . [V.38. L T (I: T H
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third shall have the same ratio to any equimultiples what-
ever of the second and fourth.

Let A the first have the same ratio to. B the second,
that C the third has to D the fourth; and of 4 and C let
there be taken any equimultiples whatever £ and F: E
shall be to B as Fis to D. .

. ‘Take of £ and F any equimultiples whatever X and Z,
and of B and D any equimultiples whatever G and H.

Then it may be shewn, as before, that K is the same
multiple of 4 that Z is of C.
* And because 4 is to B as Cis to D, [Hypothesis.

and of 4 and C have been taken certain equimultiples K
and Z, and of B and D have been taken certain equimul-
tiples G' and H;

therefore if K be greater than @, L is greater than H'; and
if equal, equal ; and if less, less. V. Definition 5.
But X and Z are any equimultiples whatever of £ and F,
and G and H are any equimultiples whatever of B and D;
therefore £ is to B as Fis to D. . [V. Definition 5.

In the same way the other case may be demonstrated.

I PROPOSITION 5. THEOREM.

If one magnitude be the same multiple of another that
a magnitude taken from the first is of a magnitude taken
Jrom the other, the remainder shall be the same multiple
of the remainder that the whole is of the whole.

Let 4B be the same multiple of CD, that AE taken
from the first, is of CF taken from the other: the remain- -
der EB shall be the same multiple of theé remainder #D,
that the whole 4B is of the whole CD. B

-Take AG the same multiple of F'D, that AE is of CF';
therefore AE is the same multiple of CF that EG is
of CD. [V.1.

But AE is the same .mult.iple of CF that AB.is of CD ;

tlfleégore EG is the same multiple of CD that 4B ik
o H .

therefore EG is equal to 4 B. V. Axziom 1.
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From each of these take the common
magnitude 4 £ ; then the remainder 4G G
is equal to the remainder EB.

Then, because 4 E is the same multiple
 of CF that AG is of FD,  [Construction.
and that 4G is equal to EB;
therefore AE is the same multiple of CF
that EB is of F'D. :
But AE is the same multiple of CF that El
ABisof CD; [Hypothesis.
therefore EB is the same multiple of F
FD that AB is of CD. '
Wherefore, {f onemagnitude&e. Q.E.D. B D

Q

PROPOSITION 6. THEOREM. -
I two magnitudes be equimultiples of two others, and
& equimultiples of these be taken from the first two, the
remainders shall be either equal to these others, or equi-
mmultiples of them.
Let the-two magnitudes 4B, CD be equimultiples of
“the two E, F'; and let 4G, CH, taken from the first two,
be equimultiples of the same E, F': the rémainders GB,
IIDnzball be either equal to E, F) or equimultiples of them.
First, let G-B be equal to £: HD shall be equal to F.
Make CK equal to F.
Then, because 4 G is the same mul- A
tiple of E that CH is of F, [Hyp.
and that GB is equal to E, and C
CK'is equal to F';
therefore AB is the same multi- G .
ple of E that KH is of 7. H I
But AB is the same multiple l
of E that CDis of F ; [Hypathesis. '~~~ B D E F
therefore K'H {8 the same multiple of F that CD is of F'3
therefore KH is equal to CD. ’ " [V. Aziom 1,
From each of these take the common magnitude CH ;
then the remainder CK is equal to the remainder HD. '
But CK is equal to F'; | [Constructions
therefore HD is equal to 7' o



144 EUCLID'S ELEMENTS.

.Next let GB be a multiple of £: HD shall bo the
same multiple of 7. '

Make CK the same multiple X
of F that GB is of E.

Then, because 4G is the same A
multiple of E that CH is of c
F, [Hypothesis.

and GB is the same multiple

of E that CK is of F'; [Conatr. Gl

therefore A B is the same mul-
tiple of Ethat KH is of F. [V.2.

But 4B is the same multi-
ple'of E that CDis of F'; [Hyp. LA N

therefore K H is the same multiple of  that CD is of F';
therefore X'H is equal to CD. ' [V. Aziom 1.

From each of these take the common magnitude CH ;
then the remainder CK is equal to the remainder HD. -

And because CK is the same multiple of ¥ that G B is
of E, [Construction.

and that CK is equal to HD; : .
therefore HD is the same multiple of ¥ that GB is of E.
Wherefore, if two magnitudes &c. QE.D.

PROPOSITION 4. THEOREM.

If the first of four magnitudes have the same ratio to
the second that the third has to the fourth, then, if the first
be greater than the second, the third shail also be grea'er
than the fourth, and i{f equal equal, and if less less.

Take any equimultiples of each of them, as the doubles
of each. :
Then if the double of the first be greater than the double
of the second, the double of the third is greater than the
double of the fourth. [V. Definition 5,
But if the first be ter than the second, the double of
the first is greater «ﬂ? the double of the gecond ; .
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therefore the doublo of the third is grecater than the double
of the fourth, :
and therefore the third is greater than the fourth.

In the sume manner, if the first be cqual to the second,
or less than it, the third may be shewn to be equal to the’
fourth, or less than it.

‘Wherefore, if'the first &c. Q.E.D.

PROPOSITION B. THEOREM. .

If four magnitudes be proportionals, they shall also be
proportionals when taken inversely.

Let 4 be to B as C is to D: then also, inversely, B
shall be to 4 as D is to C.

Take of B and D any equimul-
tiples whatever E and F';
and of 4 and C any equimultiples
whatever G and H.
First, let £ be greater than G, then
G is less than %. .
Then, bccause 4 is to B as C is
to D; [Hypothests.
and of 4 and C the first and third,
G and H are equimultiples;
and of B and D the second and
fourth, £ and I” are equimultiples;
and that G is less than £ ;
therefore H is less than #'; [V, Def. 5.
that is, F is greater than A,
Therefore, if £ be greater than G, F is greater than 77,

In the same manner, if £ be equal to G, F may be
shewn to be equal to & ; and if less, less.

But E and F are any cquimultiples whatever of B
and D, and G and A are any equimultiples whatever of A4
and C; [Construction.
therefore B isto 4 as D is to C. [V. Definition 5,

Wherefore, if four magnitudes &ec. Q.E.D.

g2
o w
]t
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PROPOSITION C. THEOREM.

If the first be the same multiple of the second, or the
game part of it, that the third is of the fourth, the first
shall {o to the second as the third s to the fourth.

First, let 4 be the same multiple of B that C is of D:
A shall be to B as C is to D.

Take of 4 and C any equimultiples
whatever Z and F; and of B and D any
equimultiples whatever G' and H.

Then, because A is the same multiple

of B that Cis of D; [Hypothesis,
and that £ is the same multiple of 4 that
Figof C; [Construction. A BCD
therefore £ is the same multiple of B EGF H
that 7is of D; [V.s.

thatis,£and Fare equimultiplesof Band.D.

But G and H are equimultiples of B
and D; [Construction.
therefore if £ be a greater multiple of
B than G is of B, F is a greater multi-
ple of D than His of D;
that is, if £ be greater than G, F is
greater than H.

In the same manner, if Z be equal to
@G, F may be shewn to be equal to A ; and
if less, less.

- But £ and F are any equimultiples

whatever of 4 and C, and @ and H are any equimultiples
whatever of B and D; [Construction.

therefore A4 is to B as Cis to D. [V. Definition 5.

Next, let 4 be the same part of B that C is of D:
A shall be to Bas Cisto D. .

~ For, since 4 is the same part of B
that C is of D,

therefore B is the same multiple of A4
that D is of C;

therefore, by the preceding case, B is to

AasDisto C; A B CD

therefore, inversely, 4 is to B as C'is to .D. [v. B.
Wherefore, {f the first &c. Q.ED.
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PROPOSITION D. THEOREM.

If the first be to the second as the third is to the Jourth,
and if the first be a multiple, or a part, of the second, the
third shall be the same mulnple, or the same part, q/‘ the
Jourth.

Let A -be to B ag Cis to D.
And first, let 4 be a multiple of B:
C shall be the same multiple of D.

Take E equal to 4; and what-
ever multiple 4 or E is of B, make
F the same multiple of D.

_ Then, because 4 is to B as C
is to D, [Hypothesis.
and of B the second and D the A B C
fourth have been taken equimultiples E
E and F; Construction.
therefore 4 is to £ as C is to
F, [V. 4, Corollary,

But 4 is equal to E ; [ Construction.
therefore C is equal to 7. [V. 4.

And F is the same multiple of
D that A4 is of B; [Construction.
therefore C is the same multiple of D that A is of B,

Next, let 4 be a part of B: C shall be the same part of D.

i~

For, because 4 is to B as Cis to D; [Hypothesis.
therefore, inversely, B is to 4 as D is to C, [V.B.
But 4 is a part of B; [Hypothesis.
that is, B is a multiple of 4 ; '

therefore, by the preceding case, D is the same multiple of C;
that is, C is the same part of D that 4 is of B,
Wherefore, if the first &c. Q.E.D.

PROPOSITION 7. THEOREM.

Equal magnitudes have the same ratio to the same
magnitude; and the same has the same ratio to equal
magnitudes.

10—-2
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Let 4 and B be equal magnitudes, and C any uther
magnitudo: each of the magnitudes 4 and B shall have
the same ratio to C'; and C shall have the same ratio to
cach of the magnitudes 4 and B.

Take of 4 and B a.ng equimultiples
whatever D and £ ; and of C any mul-
tiple whatever 7.

Then, because D is the same mul-
tiple of 4 that E is of B, [Construction.

and that 4 is equal to B; [Hypothesis.
therefore D is equal to E. [V. 4dziom 1. b A
Therefore if D be greater than F, E is E B

greater than F'; and if equal, equal;
and if less, less.

But D and E are any equimultiples
whatever of 4 and B, and # is any
multiple whatever of C'; [Construction,
therefore 4istoCas Bisto C.[V.Def.5. . |,

» Also C shall have the same ratio to 4 that it has to B.
For the same construction being made, it may be shewn,
as before, that D is equal to E. B
Therefore if ' be greater than D, F is greater than F;
and if equal, equal ; and if less, less.

But #' is any multiple whatever of C, and D and E are
any equimultiples whatever of 4 and B; [Construction.
therefore C'is to 4 as Cis to B. [V. Definition 5.

Wherefore, equal magnitudes &c. Q.E.D.

PROPOSITION 8. THEOREM.

. Of unequal magnitudes, the greater has a greater
ratio to the same than the less has; and the same g-
nitude has a greater ratio to the less than it has to the
greater. :

Let 4B and BC be unequal magnitudes,.of which 4B
is the greater; and let D be any other magnitude what-
ever: ADB shall have a greater ratio to D than BC has
i:;s lt)o ; Angd D shall have a greater ratio to BC than it
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If the magnitude which is not the greater of the two
AC, CB, be not less than D, take EF, FG the doubles of

AC, CB (Figure 1).

But if that which is not the
ater of the two AC, OB, be

ess than D (Figures 2 and .'2,

this magnitude can be multiplied,

80 a8 to become greater than D,

whether it be 4C or CB.

Let it be multiplied until it be-
comes greater than D, and let the
other be multiplied as often.

Let EF be the multiple thus taken
o}' g g, and #'G the same multiple
o H

therefore £F and FG are each
of them greater than D.

And in all the cases, take &
the double of D, K its triple,
and 80 on, until the multiple
of D taken is the first which

is greater than #'G. Let L be 2
that multiple of D, namely, F

the first which is greater
than #'G; and let X be the
multiple of D which is next
less than Z.

Then, because L is the first
multipleof D which isgreater
than FG, [Construction.

the next preceding multiplo
K is not greater than F'G ;
that is, G is not less than K.

And because EF is the same
multiple of AC that FG is
of CB, [Construction.

Q

N
R &
|

E
T

Fig. 2.

>

Fig. 1.

Fig. 3.

Ly —
L L

therefore EG is the same multiple of AB that G is

of CB;

[V.1,

that is, EG and F@ arc equimultiples of 4B and CB.
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And it was shewn that G is not less than K,

and EF is greater than D; [Construction,
therefore the whole EG is greater than K and D together.
But' K and D together are equal to L ; [Construction,
therefore EG is greater than L. q

But FG is not greater than Z.
And EG and FG were shewn to be equi-

multiples of 4B and BC;
and Z is a multiple of D.  [Construction.
Therefore AB has to D a greater ratio H A
than BC has to D. [V. Definition 7.

Also, D shall have to BC a greater c
ratio than it has to AB. &
For, the same construction beirg made, L X D

it may be shewn, that Z is greater than
FG but not greater than EG.

And L is a multiple of D, [Construction.

and EG and F'G were shewn to be equi-
multiples of 4B and CB.

Therefore D has to BC a greater ratio than it has
to AB. [V. Definition 7.
Wherefore, of unequal magnitudes &c. Q.E.D.

PROPOSITION 9. THEOREM.

Magnitudes which have the same ratio to the same
magnitude, are equal .to one another ; and those to which
the same magnitude has the same ratio, are equal to one
another.

First, let 4 and B have the same ratio to C': A4 shall
be equal to B.

For, if 4 is not e}'ual to B, one of them must be greater
than the other; let 4 be the greater.

Then, by what was shewn in Proposition 8, there aro
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some equimultiples of 4 and B, and
some multiple of C, such that the
multiple of A4 is greater than the
nultiple of C, but the multiple of D
B} ig' not greater than tho multiple Al
of C.
Let such multiples be taken; and
let D and £ he the equimultiples d
of 4 and B, and F the multiple
of C; so that D is greater than
F, but E is not greater than 7.

Then, becauso 4 is to C as B is B
to C; and of 4 and B are taken
equimultiples D and E, and of C

is taken a multiple ¥';

and that D is greater than ¥'; [Construction.

therefore E is also greater than 7. [V. Definition 5.
But E is not greater than 7 ; [Construction. -

which is impossible.

Therefore 4 and B are not unequal; that is, they are
equal,

Next, let C have the same ratio to 4 and B: A4 shall
be equal to B.

For, if A is not eﬁual to B, one of them must be greater
than the other ; let 4 be the greater.

Then, by what was shewn in Proposition 8, there is
some multiple # of C, and some equimulti%les E and D of

B and 4, such that # is greater than E, but not greater
than D. ‘

And, because Cis to B as Cis to A4, [Hypothesis.
and that # the multiple of the first is greater than E the
multiple of the second, [Construction.
therefore F' the multiple of the third is greater than D
the multiple of the fourth. V. Definition 5.

But F is not greater than D; [Construction.

which is impossible.
Therefore 4 and B are not unequal; that is, they are

equal.
‘Wherefore, magnitudes which &c. Q.E.p.
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PROPOSITION 10. THEOREM.

That magnitude which has a greater ratio than another
has to the same magnitude is the greater of the two; and
that magnitude to which the same has a greater ratio than
it has to another magnitude is the less of the two. .

First, let 4 have to C a greater
ratio than B has to C: A shall bo
greater than B.
For, because 4 has a greater ratio Al
to C than B has to C, there are somo
equimultiples of A4 and B, and some
multiple of C, such that the multiplo CI F|
of 41s great.er than the multiple of C;
-but the multiple of B is not greatet
than the multiple of C. [V. Def. 7. B’
Let such multiples be taken; and
let D and % be the equimultiples of
A and B, and F the multiple of C; -
80 that D is greater than £, but E
is not greater than 7';

therefore D is greater than £

And because D and E are equimultiples of 4 and B, and
that D is greater than E,

therefore A is greater than B. [V. Aziom 4.

Next, let ¢ have to B a greater ratio than it has to 4:
B shall be less than 4.

For there is some multiple 7" of C, and some equi-
multl les' £ and D of B and A, such that F is greater
, but not greater than D; [V. Definstion 1.

therefore E is less than D.

And because £ and D are eqmmultxples of Band 4, and
that Z is less than D,

therefore B is less than A. [V. Axiom 4.
Wherefore, that magnitude &c. QE.D.

'
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PROPOSITION 11. THEOREM.

Ratios that are the same to the same iatz'o, are the same
to one another.

. Let Abeto B as C isto D,and let C be to D as £ is
to F: A shall be to B as E is to F.

a B X

A C r——
B— D F
L M— N—

Take of 4, C, E any e uimultiples whatever G, H, K;
and of B, D, F any equimultiples whatever £, M, N.

Then, because 4 is to B as Cis to D, [Hypothesis.
and that G and H are equimultiples of 4 and C, and L
and-M are equimultiples of B and D ; [Construction.
therefore if G be greater than Z, H is greater than M ;
and if equal, equal ; and if less, less. [V. Definition 5.

Again, because C'is to D as Eis to 7, [Hypothesis.
and that H and K are equimultiples of ¢' and E, and M

and V are equimultiples of D and F; [Construction.
therefore if  be greater than M, K is greater than IV;
and if equal, equal ; and if less, less. [V. Definition 5.

But it has been shewn that if G be greater than Z, H

is greater than 3 ; and if equal, equal ; and if less, less.
Therefore if G be greater than L, X is greater than N;
and if equal, equal ; and if less, less.
And @ and X are any equimulti{)les whatever of 4 and E,
and Z and IV are any equimultiples whatever of B and F.
Therefore A4 is to B as E is to F. [V. Definition 5.

‘Wherefore, ratios that are the same &c. QED.



154 . EUCLID'S ELEMENTS.

PROPOSITION 12. THEOREM.

If any number of magnitudes be proportionals, as one
of the antecedents is to its consequent, so shall all the ante-
cedents be to all the consequents.

Let any number of magnitudes 4, B, C, D, E, F be

roportionals ; namely, as 4 is to B, 80 let C'be to D and

g,'toFae 4 is to B, so shall 4, C’,Etogetherbeto
B, D, F together.

G H K-
A C E
B—— D—— F—
L -M: N

Take of 4, G, E any e?mmnltiples whatever G, H, K;
and of B, D, r any equimultiples whatever Z, M, N.

Then, because 4 is to B as C is to D and as £ is to F,
and that @, 4, K are equimultiples of 4, C, E,and L, M, N
eqmmultlples of B, D, F; [Cmtructton
therefore if G be greater than Z, H is greater than M,
and X is greater than XV; and if equa.l, equal ; and if less,
less. [V Definition 5.
Therefore, if G be greawr than Z, then G, H, K together
are greater than L, M, N together and if equnl, equal ;
and if less, less.

But G, and G, H, K together, are any equimultiples
whatever of A, and A C, E together; [v.1.
and Z, and Z, M N together are any equimultiples what-
ever of B, and B D, F together. [v.1

Therefore as 4 is to B, so are 4, C, E together to
B, D, F together. [V. Definition 5.

Wherefore, if any number &c. QE.D.

PROPOSITION 13, THEOREM.
If the first have the same ratio to the second which the

third has to the fourth, but the third to the fourth a greater

J
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ratio than the fifth to the sixth, the first shall have to the
second a greater ratio than the fifth has to the sixth.

Let A the first have the same ratio to B the second
that C the third has to D the fourth, but C the third a
greater ratio to D the fourth than £ the fifth to ¥ the
sixth: A the first shall have to B the second a greater
ratio than £ the fifth has to # the sixth.

M c B
A— c—— E—--
B—— D—— F
N X L

For, because C has a greater ratio to D than £ has to F,
there are some equimultiples of C' and Z, and some equi-
multiples of D and F, such that the multiple of C is greater
than the multiple of D, but the multiple of £ is not greater
than the multiple of 7. [V. Definition 7.
Let such multiples be taken, and let @& and H be the equi-
multisles of C and E, and X and L the equimultiples of
Dand F;
so that @ is greater than X, but A is not greater than Z.
And whatever multiple & is of C, take M the same mul-
tiple of 4 ; and whatever multiple K is of D, take IV the
same multiple of B.

Then, because 4 is to B as Cis to D, [Aypothesis.
and M and G are equimultiples of 4 and C, and N and
K are equimultiples of B and D; [Construction.
therefore if M be greater than &, G is greater than K ;
and if equal, equal ; and if less, less. [V. Definition 5.
But G is greater than X ; [Construction.
therefore M is greater than NV, .
But H is not greater than Z; [Construction.
and M and H are equimultiples of 4 and E, and N and Z
are equimultiples of B and F'; [Construction,

therefore A has a greater ratio to B than £ has to 7.
Wherefore, if the first &c. Q.E.D.
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CoroLLARY. And if the first have a greater ratio to
the second than the third has to the fourth, but the third
the same ratio to the fourth that the fifth has to the sixth,
it may be shewn, in the same manner, that the first has a
greater ratio to the second than the fifth has to the sixth,

PROPOSITION 14. THEOREM.

If the first have the same ratio to the second that the
third has to the fourth, then if the first be greater than
the third the second shall be greater than the fourth; and
if equal, equal ; and if less, less.

Let 4 the first have the same ratio to B the second
that C the third has to D the fourth: if 4 be greater than
1(}, B shall be greater than D ; if equal, equal; and if less,
ess.

1 3 3

IR

A B CD A BCD A B C

First, let 4 be greater than C': B shall be greater than D..

For, because A is greater than C, [Hypothesis.
and B is any other magnitude ;

therefore 4 has to B a greater ratio than C has to B. [V. 8.
But A4 is to B as Cis to D. [Hypothesis.

Therefore C has to D a greater ratio than C has to B. [V. 18.

But of two magnitudes, that to which the same has the
greater ratio is the less. [V. 10.

Therefore D is less than B; that is, B is greater than D,
Becondly, let 4 be cqual to C': B shall be equal to D.

For, 4 is to B as C, that is 4, is to D. [Hypothesss.

Therefore B is equal to D, [V.9.
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Thirdly, let A be less than C': B shall be less than D,
For, C is greater than 4.
And because C'is to D as A4 is to B; [Hypothesis,
and C is greater than A4 ;
therefore, by the first case, D is greater than B;
that is, B is less than D.

‘Wherefore, {f the first &c. Q.E.D.

) PROPOSITION '15. THEOREM.

Magnitudes have the same ratio to one another that
their equimultiples have.

Let 4B be the same multiple of C that DE is of #:

C shall be to F'as 4B is to DE,
For, because 4B is the same multiple of ¢' that DE is
of F, [Hypothesis.
therefore a8 many magnitudes as A
there are in 4B equal to C, so D

many are there in DE equal to F.

Divide 4B into the magnitudes
AG, GH, HB, each equal to C; K

and DE -into the magnitudes
DK, KL, LE, each equal to 7.

Therefore the number of the mag-

nitudes 4G, GH, HB will be equal

to the number of the magmtudes

DK, KE, LE.

And beca.use AG, GH, HB are all equal; [Construction,
and that DK, KL, LE ate also all equal;
thezefore AG is to DK as GH is to KL, and as HB is

|

F

[v.7.
But as one of the antecedents is to its consequent, go are
all the antecedents to all the consequents. [V. 12,

Therefore as AG is to DK so is AB to DE.

But AG is cqual to C, and DK is equal to 7.

Therefore as C is to F 8o is AB to DE,
Wherefore, magnitudes &c. QE.p.
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PROPOSITION 16. THEOREM.

If four magnitides of the same kind be proportiond
2hey shall also be proportionals when taken altemately.ab’

Let 4, B, C, D be four magnitudes of the same kind
which are proportionals; namely, as 4 is to B 8o let C be
to D: they shall also be proportionals when taken alter-
nately, that is, 4 shall-be to C as B is to .D.

E G
A C——
B D——roo

Fr— H

Take of 4 and B any equimultiples whatever £ ahd F,
and of C and D any equimultiples whatever G and H.

Then, because E is the same multiple of 4 that F is of
B, and that magnitudes have the same ratio to one another

that their equimultiples have; [V. 15.
therefore A is to B as Eis to F. .
But A4 is to B as Cis to D. [Hypothesis.
Therefore Cis to D as E is to F. [V.11.
Again, because G and H are equimultiples of C and D,
therefore Cis to D as G is to H. [V.15.
But it was shewn that Cis to D as Eisto F,
Therefore £ is to ' as G is to H. [V.11.

But when four magnitudes are proportionals, if the
first be greater than the third, the second is greater than
the fourth; and if equal, equal ; and if less, less.  [V. 14.
Therefore if E be greater than G, F is greater than H ;
and if equal, equal ; and if less, less.

" But £ and F are any equimultiples whatever of 4 and
B; and G and H are any equimultiples whatever of C
and D, . . [Construction.
Therefore A4 is to C as B is to D. [V. Definition 5.

‘Wherefore, {f four magnitudes &c. Q... :
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PROPOSITION 17. THEOREM.

If magnitudes, taken jointly, be proportionals, they
shall also be proportionals when taken separately; that
18, if two magnitudes taken together have to one of them
the same ratio which two others have to one of these, the
remaining one of the first two shall have to the other the
same ratio which the remaining one of the last two has to
the other of these.

Let AB, BE, CD, DF be the magnitudes which, taken
Jjointly, are proportionals ; that is, let A.B be to BE as CD
is to DF': they shall also be proportionals when taken
separately; that is, 4 E shall be to £B as CFis to FD.

Take of AE, EB, CF, FD an
equimultiples whatever G.H, HK, 2
LM, MN ; P
and, again, of EB, FD take any
equimultiples whatever XX, NP,

Then, because G H is the same K]
multiple of A E that HK isof EB; N
therefore G H is the same multiple Ht
of AE that GK isof AB. [V.1.

(@]

Mt

But GH is the same multiple of D

AE that LM is of CF,  [Constr. F

therefore G X is the same multiple

of AB that LM is of CF. A C L
Again, because LM is the same G

multiple of CF that M is of FD, [Construction.

therefore LM is the same multiple of CF that LN is

of CD. [V.1.

But LM was shewn to be the same multiple of CF that
G K is of AB.

Therefore GX is the same multiple of 'AB that LN is
of CD;

that is, GK and LN are equimultiples of 4.8 and CD.
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Again, because HK is the same multiple of £B that
MN is of FD, and that KX is the same multiple of EB
that VP is of FD, [Construction.
therefore HX is the same multiple
of EB that MP is of FD; [V. 2. x
that is, ZX and M P are equimulti-
ples of £B and FD. _ P

And because 4B isto BEasCD
is to DF, [Hypothesis. K
and that @K and LN are equimul-
tiples of 4B and CD, and HX and
MP are equimultiples of £B and H
FD,
thereforeif G K begreater than X,

L Nisgreater than M P;and if equal, F
equal ; and if less, less. [V.Def. 5.
But if GH bo greater than KX, G
then, by adding the common mag-

nitude 7K to oth, GKX is greater

than HX ;

therefore also LN is greater than M P;
and, by taking away the common magnitude MN from
both, LM is greater than VP,

Thus if GH be greater than KX, LM is greater than NP.

In like manner it may be shewn that, if GH be equal
to KX, LM is equal to NP ; and if less, less.

But GH and LM are any equimultiples whatever of
AE and CF, and KX and NP are any equimultiples
whagever of EB and FD; [Construction.
therefore AE is to EB as CF is to FD.  [V. Definition 5,

Wherefore, {f.four magnitudes &c. Q.E.p.

W
=}
B ¥

>
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PROPOSITION 18. THEOREM.

If magnitudes, taken separately, be proportionals, they
shall also be proportionals when taken jointly; that s, if
the first be to the second as the third to the fourth, the
Jirst and second together shall be to the second as the third
and fourth together to the fourth.
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Let AFE, EB, CF, FD be proportionals ; that is, let
AE be to EB as OF is to FD: they shall also be propor-
tionals when taken jointly; that is, 4B shall be to BE as
CDis to DF.

Take of AB, BE, CD, DF any equimultiples whatever
GH, HK, LM, MN ;. - '
and, again, of BE, DF take any equimultiples whatever
KO, NP, o

Then, because KO and NP are equimultiples of BE
and DF, and that KH and VM are also equimultiples of
BE and DF'; [Construction.

therefore if X0, the multiple of BE, be greater than KH,
which is a multiple of the same BE, then NP the multiple
of DF is also ter than N3/ the multiple of the same-
DF; and ingr%‘e equal to KXH, NP is equal to NM;
and if less, less, '

First, let £O be not greater than XH ;
therefore NP is not greater than NAM.
And because GH and HK hid
are equimultiples of 4B
and 5%, [Construction. o
and that 4B is greater
than BE, llf
therefore GH is greater
than HK; [V. Aziom 8. K
but KO is not greater N
than KH; - [Hypothesis.
therefore G-H is greater B

than XO. E

In like manner it may F

be shewn that ZM is

greater than NP, ¢d A (¢ L
Thus if XO be not greater

than KH, then GH, the multiple of 4B, is always greater
than KO, the multiple of BE;

and likewise Z M, the multiple of CD, is greater than NP,
the multiple of DF. -

11
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Next, let KO be greater than KH ;
therefore, as has been shewn, VP is greater than N M,
And because the whole GH is the same multiple of the

whole 4B that HK is of BE, [Construction.
therefore the remainder GX is the same multiple of the
remainder A E that GH is of AB; . [V.5.
which is the same that LM is of CD. [Construction.

In like manner, because the whole ZM is the same
multiple of the whole CD that M is of DF, [Construction.

therefore the remainder ZV is the same multiple of the
remainder CF that LM is of CD. [V.5.

But it was shewn that LZ3f is the same multiple of CD that
GKis of AE.

Therefore GK is the same multiple of 4AE that ZN is

of CF';

that is, GK and LN are equimultiples of 4% and CF.
And because KO and NP are equimultiples of BE and

DF; [Construction.

therefore, if from KO and NP there be taken XH and

NM, which are also equimultiples of BE and DF, [Constr.

the remainders ZO and MP are either equal to BE and
DF, or are equimultiples of them. [V.8.

Suppose that Z0 and MP o,
are equal to BE and DF.
Then, because AE is to EB

as CFis to FD, [Hypothesis. P
and that GK and LN are M
equimultiples of AE and OF; xl

therefore GK isto EBas LN B, N
is to FD. [V. 4, Cor.

But HO is equal to BE, and
MP is equal to DF'; [Hyp.
therefore G K is to HO as LN d A i
is to MP.
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Therefore if GK be greater than HO, LN is greater than
MP ; and if equal, equal; and if less, Jess. [v.

Again, sugpose that HO and MP are equimultiples
of EB and 7.
Then, because AE is to EB
as CF is to FD; [Hypothesis.
and that GK and LN are
equimultiples of AE and CF, H - P
and HO and MP are equi-
multiples of £B and FD; M
therefore if GK be greater K 3 - 5
than HO, LN is greater than
MP ; and if equal, equal ; and E
if less, less ; [V. Definition 5. F|
which was likewise shewn on
the preceding supposition. ad A 1!
But if GH Kgrea.ter than KO, then by taking the com-
mon magnitude XA from both, GK is greater than HO;
therefore also LN is greater than MP ;
and, by adding lt\l'h;’ common magnitade NM to both, ZM

O

_ is greater than

Thus if GH be greater than KO, LM is greater than NP.

In Jike manner it may be shewn, that if GH be equal
to KO, LM is equal to NP; and if less, less. '

And in the case in which KO is not greater than KH,
it has been shewn that GH is always greater than K O
and also ZM greater than NP,

But GH and LM are 1; equimultiples whatever of 4B
and CD, and KO and NP are any equimultiples whatever
of BE and DF, [Construction.

therefore AB is to BE as CD is to DF. [V. Definition 5.
Wherefore, if magnitudes &c. Q.E.D.

11—2
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PROPOSITION 19. THEOREM.

If a whole magnitude be to a whole as a magnitude
taken - from the first s to a magnitude taken from the
other, the remainder shall be to the remainder as the
whole 18 to the whole.

Let the whole 4B be to the whole CD as AE, a mag-
nitude taken from 4B, is to CF, a magnitude taken from
CD: the remainder £B shall be to the remainder FD as
the whole 4B is to the whole CD.

For, because 4B is to CD as AE is to

CF, [Hypothesis. A
therefore, alternately, AB is to AE as
CD is to CF. [V. 16. g ¢

And if magnitudes taken jointly be pro-

portionals, they are also proportionals F
when taken separately; [v. 17.
therefore EB is to AE as FD is to CF;
therefore, alternately, £B is to FD as B D
AE is to CF. [v. 16.

But AE is to CFas ABis to CD; [Hyp.
therefore EBisto F'D as A BistoCD.[V.11.
‘Wherefore, /'@ whole &c. Q.E.p.

CoroLLaRY. If the whole be to the whole as a mag-
nitude taken from the first is to a magnitude taken"from
the other, the remainder shall be to the remainder as the
magnitude taken from the first is to the magnitude taken
from the other. The demonstration is contained in the
preceding.

PROPOSITION E. THEOREM.

If four magnitudes be proportionals, they shall also be
proportionals by conversion; that is, the Jirst shall be to
118 excess above the second as the third is to ils excess above
the fourth.

Let AB be to BE as CD is to DF: AB shallbeto
AE as CD is to CF.
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For, because AB is to BE as CD is

to DF [Hypothesis.
therefore, by division, 4E is to EB as
CF is to FD; [v.17.
and, by inversion, EB is to AE as FD
is to CF. [V. B.
Therefore, by composition, 4B is to 4E
a8 CDis to CF. [v. 18

Wherefore, iffour magnitudes &c. Q.E.D.

PROPOSITION 20. THEOREM.

165

Q

o

If there be three magnitudes, and other three, which
have the same ratio, taken two and two, then, if the first
be greater than the third, the fourth shall be greater than

the sizth ; and if equal, equal; and if less, less.

Let 4, B, C be three magnitudes, and D, E, F other

_three, which have the same ratio taken two and

two ; that

is,let 4 be to B as Disto E, and let B be to C as E is
to F': if 4 be greater than C, D shall be greater than F';

and if equal, equal ; and if less, less.

First, let 4 be greater than C: D
shall be greater than F. }
For, because 4 is greater than C, and B

is any other magnitude,
therefore 4 has to B a greater ratio than
C has to B. [V.8.

But Aisto Bas Disto E; [Hypothesis.
therefore D has to £ a greater ratio than
C has to B. [Vv.18.
And because B is to C as E is to F, [Hyp.
therefore, by inversion, C is to B as F is
to E. [V. B.
And it was shewn that D has to £ a
greater ratio than C has to B;

therefore D has to £ a greater ratio than
F hasto E; [V. 18, Cor.

therefore D is greater than F. [v. 10.

[
»

=
— w
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Secondly, let 4 be equal to C': D shall
be equal to £
For, because 4 is equal to C, and B is any
other magnitude, .
therefore A isto Bas Cisto B. [V. 7.
But 4 is to Bas Dis to £, [Hypothesis.
and Cisto Bas Fisto E, [Hyp. V. B.
therefore D isto Eas Fisto E; [V. 1L

g p—
—_— E—

and therefore D is equal to F. [v.o.
Lastly, let 4 be less than C': D shall
be less than F.

For C is greater than 4 ;
and, as was shewn in the first case, C is to
Bas Fisto E;
and, in the same manner,Bisto 4 as Eis  /
toD;
therefore, by the first case, # is greater
than D;
that is, D is less than 7

‘Wherefore, if there be three &c. QB.D.

—_— ——
o

PROPOSITION 21. THEOREM.

If there be three magnitudes, and other three, which
have the same ratio, taken two and two, but in a cross
order, then if the first be greater than the third, the
Jourth shall be greater than the sizth; and if equal,
equal; and if less, less.

Let 4, B, C be three magnitudes, and D, E, F other
three, which have the same ratio, taken two and two, but
in a cross order; that is, let 4 be to B as E is to F, and
let Bbe to Cas Dis to E: if 4 be greater than C, D
i;ha.ll be greater than 7'; and if equal, equal ; and if less,
ess.

First, let 4 be greater than C': D shall b te:
s gr e greater
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For, because A4 is greater than C,
and B is any other magnitude,

therefore .4 has to B a greater ratio
than € has to B. [V.s.

But A4 isto B as E is to F'; [Hypothesis.
theréfore E has to F a greater ratio

than C has to B. [v.13. A B C
And because B is to C as D is E
to £, [Hypothesis. ’
therefore, by inversion, C is to B as T T
L is to D. [V. B

And it was shewn that £ has to # a
greater ratio than C has to B;

therefore £ has to F a greater ratio

than Z has to D; [V. 13, Cor.
therefore F'is less than D;  [V. 10.
that is, D is greater than F.

Secondly, let 4 be equal to C: D
shall be equal to '
For, because 4 is equal to C, and B
is any other magnitude,
therefore A4 is to B as Cis to B. [V.7.
But 4 is to B as Eis to F'; [Hyp.
andCis to B as Eis to D; [Hyp. V. B.
therefore 'is to F'as Eis to D; [V.11.
and therefore D is equal to . [V.o9.
Lastly, let 4 be less than ¢': D
shall be less than 7.
For Cis greater than A4 ;

and, as %as shewn in the first case,
Cisto Bas Eisto D; A

and, in the same manner, B is to 4 as
" Fisto E; b

therefore, by the first case, Fisgreater
than D;

that is, D is less than 7.
Wherefore, if thers be three &c. Q.E.D.

»
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PROPOSITION 22. THEOREM.

If there be any number of magnitudes, and as many
others, which have the same ratio, taken two and two in
order, the first shall have to the last of the first mag-
nituhfe; the same ratio which the first of the others has
to the last.

[This proposition is usually cited by the words ex @qual.]

First, let there be three magnitudes 4, B, C, and other
three D, E, F, which have the same ratio, taken two and
two in order; that is, let 4 be to B as D is to E, and let B
be to Cds E'is to F: A shall be to Cas Dis to F.

Take of 4 and D any e&ni—
multiples whatever G and H ; ,
and of B and £ any equimul-
tiples whatever X and Z;
and of C and F any equimul- A ¢ D E
tiples whatever M and V.
Then, because 4 is to Bas D ¢ X M H L N
isto E; [Hypothesis.
and that G and H are equi-
multiples of 4 and D,

and X and L equimultiples of

Band E; [Construction.
therefore @ is to K as H is to
L. [V. 4.

For the same reason, K is to M as Z is to NN.

And because there are three magnitudes G, K, M, and
otl&e: three H, L, N, which have the same ratio taken two
and two,

therefore if G' be greater than M, H is greater than IV;
and if equal, equal ; and if less, less. [V. 20,

But G and H are any equimultiples whatever of 4 and D,
and M and IV are any equimultiples whatever of C and F.

Therefore A is to C as D is to F. [V. Definition 5.
Next, let there be four magnitudes, 4, B, C, D, and
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other four E, F, G, H, which have the
same ratio taken two and two in order; A. B.
namely, let 4 be to B as E is to F, and E. F.
BtoCas Fis to G, and C to D as

@ isto H: A shallbeto D as E is to H.

For, because 4, B, C are three magnitudes, and E, F, G
other tilree, which have the same ratio, taken two and two

C. D.
G. H.

in order, . [Hypothesis.
therefore, by the first case, 4 is to C as E is to G-
But Cisto D as Gisto H; [ Hypothesis.

therefore also, by the first case, 4 is to D as £ is to A.
And so on, whatever be the number of magnitudes.
‘Wherefore, {f there be any number &c. QE.D.

PROPOSITION 23. THEOREM.

If there be any number of magnitudes, and as many
others, which have the same ratio, taken two and two in
a cross order, the first shall have to the last of the first
magnitudes the same ratio which the first of the others
has to the last.

First, let there be three magnitudes, 4, B, C, and other
three D, E, F, which have the same ratio, taken two and
two in a cross order ; namely, let 4 be to B as E is to F,
and Bto Cas Disto E: A shall be to Cas D is to F.

Take of 4, B, D any

uimultiples whatever &,

, K ; and of C, E, F any
equimultiples whatever Z,

) V. C D E
Then because G and H are ~
equimultiples of 4 and B,
and that magnitudes have
the same ratio which their
equimultiples have; [V. 15.

therefore 4 is to B as G is
to H.

(e L X M XN

And, for the same reason,
Eisto Fas Misto N.
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ButA istoBas E is to
[Hypothesis.

Therefore Gisto Has M

is to V. [V. 1L

And because B is to ¢ A ¢
a8 Disto £, [Hypothesis.
and that Z and K are G H L XK M N
equimultiples of B and D,
and Z and M are equimul-
tiples of C and E; [Constr.
therefore H is to L as KX
is to M. [v. 4

And it has been shewn
that G is to H as M is
to V.

Then since there are three magnitudes G, H, L, and
other three X, M, IV, which have the same raho, taken two
and two in a cross order,
therefore if G be greater than L, X is greater than V; and
if equal, equal ; and if less, less. [V. 21.
But G and K are any equimultiples whatever of 4 and D,
and Z and N are any eqmmultx les whatever of C and I’
therefore 4 is to C'as D is to [V. Definition 5.

Next, let there be four m 1tudes

A, B,C, D, and other four E, F, @, H,
which have the same ratio, taken two .B. C.
and two in a cross order ; namely, let F G.
A beto B asGistoH,andBtnC

as FistoG,and Cto D as Eis to F':
A shall be to D as E is to H.

For, because 4, B, C are three magnitudes, and F, G, H
other tf]ree which have the same ratio, taken two and two

in a cross order; ; [Hypothesis.
therefore, by the first cuse, 4 is to C as F is to H.
But Cis to D as Eis to F'; [Hypotkesis.

therefore also, by the first case, 4 is to D as E is to H.
And so on, whatever be the number of magnitudes,
Wherefore, {f there be any number &c. Q.E.D.
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PROPOSITION 24, THEOREM.

If the first have to the second the same ratio which the
third has to the fourth, and the fifth have to the second
the same ratio which the sixth has to the fourth, then the
Jirst and fifth together shall have to the second the same
ratio which the third and sizth together have to the fourth.

Let AB the first have to C the second the same ratio
which DZ the third has to # the fourth; and let BG the
fifth have to C the second the same ratio which EH the
sixth has to F the fourth : 4G, the first and fifth together,
shall have to C the second the same ratio which DH, the
third and sixth together, has to # the fourth.

For, because BG is to Cas EH
isto F, [ Hypothesis. G
therefore, by inversion, C is to BG
as Fis to EH. [V.B.
And because 4B is to C as DE is
to F, [Hypothesis. B
and Cis to BG as Fis to EH ;
therefore, ex sequali, 4B is to BG .
a8 DEis to EH. [v. 22. ’

And, because these magnitudes are

proportionals, they are also propor- A D

tionals when taken jointly; [V, 18.

therefore AG is to BG as DH isto EH.

But BG isto Cas EHis to F; [Hypothesis.

therefore, ex sequali, 4G is to C'as DH is to F. [v.22.
Wherefore, if the first &c. Q.E.D. C

CoroLLARY 1. If the same hypothesis be made as in
the proposition, the excess of the first and fifth shall be to
the second as the excess of the third and sixth is to the
fourth. The demonstration of this is the same as that of
the proposition, if division be used instead of composition.

CoroLLARY 2. The proposition holds true of two ranks
of magnitudes, whatever be their number, of which each of
the first rank has to the second magnitude the same ratjo
that the corresponding one of the second rank has to the
fourth magnitude ; as is manifest.
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PROPOSITION 25. THEOREM.

If four magnitudes of the same kind be proportionals,
the greatest and least of them together shall be greater
than the other two together.

Let the four magnitudes 4B, CD, E, F be propor-
tionals ; namely, let AB be to CD as E is to F; and let
AB be the greatest of them, and consequently # the
least: [V.4,V. 14,
AB and F together shall be greater than CD and E
together.

Take AG equal to E, and B
CH equal to F.

Then, because 4B is to CD as

Eis to F, [Hypothesis.

and that 4@ is equal to E, and

CH equal to F';  [Construction.

therefore AB is to CD as AG

is to CH. [V.7, V.11

And because the whole 4B is to A C E

the whole CD as AG is to CH ;

therefore the remainder GB is to the remainder ZD as
the whole 4B is to the whole CD, [V. 19,
But 4B is greater than CD; [Hypothesis.
therefore BG is greater than DH. [V. 4.
And because AG is equal to E and CH equal to 7, [Constr.
therefore AG and F together are equal to CH and E
together.

And if to the unequal magnitudes BG, DH, of which
BG is the greater, there be added equal magnitudes,
namely, AG' and F to BG, and CH and E to DH, then
AB and F together are greater than CD and E together,

‘Wherefore, if four magnitudes &c. Q.E.D.
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DEFINITIONS.

1. SIMILAR rectilineal

figures are those which

have their several angles )

equal, each to each, and A
the sides about the equal

angles proportionals.

2. Reciprocal figures, namely, triangles and parallelo-
grams, are such as have their sides aﬁout two of their
angles proportionals in such a manner, that a side of the
first figure is to a side of the other, as the remaining side
of this other is to the remaining side of the first.

3. A straight line is said to be cut in extreme and
mean ratio, when the whole is to the greater segment as
the greater segment is to the less,

4. The altitude of any figure is
the straight line drawn from its ver-
tex perpendicular to the base.
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PROPOSITION 1. THEOREM.

Triangles and parallelograms of the same altitude are
to one another as their bases.

Let the triangles 4 BC, ACD, and the parallelograms
EC, CF have the same altitude, namely, the perpendicular
drawn from the point 4 to BD: as the base BC is to the
base CD, 8o shall the triangle 4 BC be to the triangle ACD,
and the parallelogram EC to the parallelogram CF.

Produce BD both
ways;
take any number of
straight lines BG, GH,
each equal to BC, and
any number of straight
lines DX, KLI, each
equal to CD;  [L.3.
and join 4G, AH, AK, ’
AL,

Then, because CB, BG, GH are all equal, [Construction.
the triangles 4 BC, AGB, AHG are all equal. [L. 88.

Therefore whatever multiple the base HC is of the base
BC, the same multiple is the triangle AHC of the tri-
angle ABO.

For the same reason, whatever multiple the base CZL is of
the base CD, the same multiple is the triangle ACL of
the triangle ACD.

And if the base HC be equal to the base CZ, the triangle
AHC is equal to the triangle ACL; and if the base HC
be greater than the base CL, the triangle AHC is greater
than the triangle ACL ; and if less, less. [L. 88.

Therefore, since there are four magnitudes, namely, the
two bases BC, CD, and the two triangles ABC, ACD;
and of the base BC, and the triangle 4BC, the first and
the third, any equimultiples whatever have been taken,
namely, the base HC and the triangle AHC; and of the
base CD and the triangle 4CD, the second and the fourth,
any equimultiples whatever have been taken, namely, -the
base CZ and the triangle ACL ;
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and since it has been shewn that if the base HC be greater
than the base CL, the triangle A HC is greater than the
triangle ACL ; and if equal, equal; and if less, less; \/

therefore as the base BC is to the base CD, so is the
triangle .4 BC to the triangle 4CD, [V. Definition 5.

And, because the parallelogram CE is double of the
triangle 4 BC, and the parallelogram CF is double of the
triangle ACD; [1. 41.

and that magnitudes have the same ratio which their equi-
multiples have; [V.15.

therefore the parallelogram EC is to the elogram CF
as the triangle .4 BC is to the triangle ACD.

But it has been shewn that the triangle ABC is to the
triangle ACD as the base BC is to the base CD;

therefore the parallelogram EC is to the parallelogram CF
as the base BC is to the base CD. [v. 11,

‘Wherefore, iriangles &c. QE.D.

CoroLLARY. From this it is ’Xlain that triangles and
parallelograms which have equal altitudes, are to one an-
other as their bases.

For, let the figures be placed so as to have their bases
in the same straight line, and to be on the same side of it;
and having drawn perpendiculars from the vertices of the
triangles to the basos, the straight line which joins the ver-
tices is parallel to that in which their bases are; [1. 38.

because the perpendiculars are both equal and parallel to
one another. [1. 28.

Then, if the same construction be made as in the pro-
position, the demonstration will be the same.

PROPOSITION 2. THEOREM.

If a straight line be drawn parallel to one of the sides
of a triangle, it shall cut the other sides, or those sides
produced, proportionally; and if the sides, or the sides
produced, be cut proportionally, the straight line which
Joins the points of section, shall be purallel to the re-
maining side of the triangle.
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Let DE be drawn parallel to BC, one of the sides of
the triangle ABC: BD shall be to DA as CE is to EA.

)

(<’
e}
Q

Join BE, CD.
Then the triangle BDE is equal to the triangle CDE,
because they are on the same base DE and betweenthe

same parallels DE, BC. [L. 87.
And ADE is another triangle ;

and equal magnitudes have the same ratio to the same
magnitude ; [V.17.

therefore the triangle BDE is to the triangle ADE as the
triangle CDE is to the triangle ADE.

- But the triangle BDE is to the triangle ADE as BD
is to DA ;
because the triangles have the same altitude, namely, the

perpendicular drawn from E to 4.B, and therefore they are
to one another as their bases. [VL 1.

For the same reason the triangle CDE is to the tnangle
ADE as CEis to EA.

Therefore BD is to DA as CE is to EA. [V 11.

Next, let BD be to DA as CE is to EA, and join DE:
DE shall be parallel to BC.

For, the same construction being made,

because BD is to DA as CEisto EA, -  [Hypothesis.
and as BD is to DA, so is the triangle BDE to the
triangle ADE, [VL 1.

and as OF is to EA so is the triangle CDE to the tmmgle
ADE [VL
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therefore the triangle BDE is to the triangle A DE as the
triangle CDE is to the triangle ADE; [V. 11
that is, the triangles BDE and CDE have the same ratio
to the triangle ADE.

Therefore the triangle BDE is equal to the triangle
CDE. [v.o

And these triangles are on the same base DE and on the
same side of it ;

but equal triangles on the same base, and on the same side
of it, are between the same parallels; [I. 39.

. therefore DE is parallel to BC.
‘Wherefore, if a straight line &c. Q.E.p.

PROPOSITION 3. THEOREM.

If the vertical angle of a triangle be bisected by a straight
line which also cuts the base, the segments of the base shall
have the same ratio which the other sides of the triangle
have to one another,; and if the segments of the base have
the same ratio which the other sides of the triangle have to
one another, the straight line drawn from the vertex to the
point of section shall bisect the vertical angle.

Let ABC be a triangle, and let the angle BAC be
bisected by the straight line 4D, which meets the base at
D: BD shall be to DC as BA is to A€,

Through C draw CE
parallel to D4, [I. 31.
and let BA produced
meet CE at E.

Then, because the
straight line 4C meets
the parallels 4D, EC,
the angle ACE is equal
to the alternate angle B D C
CAD; [T. 29.

bu:i gne angle CA.D is, by hypothesis, equal to the angle
BAD;

therefore the angle BA.D is equal to the angle ACE. [42. 1.
12
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Again, because the straight line BAE meets the parallels

AD, .i',’O; the exterior angle BAD is equal to the interior

gud opposite angle AEC; [L. 29.

but the angle BA.D has :

been shewn equal to the

angle ACE; B

therefore the angle ACE

is egual to the angle A

AEC; [Aziom 1.

and therefore AC is

equal to 4E. [1. 6.
And, because AD is

parallel to EC, - [Constr. B D O©

one of the sides of the -

triangle BCE, .

therefore BD is to DCas BA isto AE; [VL 2
but AE is equal to AC;

therefore BD is to DC as BA is to AC. [v. 7

Next, let BD be to DC as BA is to AC, and join 4D:
the angle BAC shall be bisected by the straight line 4D,

For, let the same construction be made.

Then BD is to DC as B4 is to AC; [Hypothesis.
and BD is to DC as BA is to AE, [VI. 2
because 4D is parallel to EC; [Construction.
therefore BA is to AC as BA is to AE; [V.11.
therefore AC is equal to AE ; [v.s.

and therefore the angle A EC is equal tothe angle ACE. [L5.

But the angle 4 EC'is equal to the exteriorangle B4 D ; [1.29.

and the angle A CEisequal to the alternateangle CAD ; [L 29.

therefore the angle BA D is equal to the angle CAD; [42. 1.

that is, the angle BAC is bisected by the straight line 4.D.
‘Wherefore, if the vertical angle &c. Q.E.D.
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PROPOSITION 4. THEOREM.

If the exterior angle of a triangle, made by producing
one of its sides, be brsected by a straight line which also
cuts the base produced, the segments between the dividing
straight line and the extremities of the base shall have the
same ratio which the other sides of the triangle have to
one another; and if the segments of the base produced
have the same ratio which the other sides of the triangle
have to one another, the straight line drawn from the
vertex to the point of section shall bisect the exterior angle
of the triangle.

Let ABC be a triangle, and let one of its sides BA be
groduced to £; and let the exterior angle CAE be

isected by the straight line 4D which meets the base

produced at D: B.D shall be to DC as B4 is to AC.

Through C draw CF
parallel to 4D, [I 31 B
meeting 4B at F.

Then, because the v
straight line 4C meets E
the parallels 4D, FC, the
angle ACF is equal to the
alternateangle CA D;[1.29. B C D
1312 tEhe angle CAD is, by hypothesis, equal to the angle

therefore the angle DA E is equal to the angle ACF. [4.1.

Again, because the straight line 74 E meets the parallels
A%, FC, the exterior angle DAE is equal to the interior
and opposite angle AFC'; [I. 29.

but the angle DA E has been shewn equal to the angle ACF;
therefore the angle ACF is equal to the angle A FC; [4z. 1.

and therefore AC is equal to AF. © [1.86.
And, because 4D is paralled to F'C, [Construction.

one of the sides of the triangle BCF ;

therefore BD is to DC as BAisto AF; [VL 2.

but AF is equal to AC; .

therefore BD is to DC as BA is to 'AC. [v.7
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* Next, let BD be to DC
a8 BA is to AC; and join
AD: the exterior angle E
CAE shall be bisected by
the straight line 4.D.

E
For, let the same con-
struction be made. /

Then BD is to DCas BA B C D
isto AC; [Hypothesis.

and BD isto DCas BAisto AF; [VL 2.
therefore BA isto ACas BA isto AF; [v. 11
therefore AC is equal to AF, [v.9.

and therefore the angle 4 CF'is equal to the angle 4 F'C. [L.5.
But the angle 4 'C is equal to the exteriorangle DA E ;[1.29.
and theangle 4 CFisequal tothe alternate angle CA.D ; [I.29.
therefore the angle CA D is equal to the angle DAE; [42.1.
that is, the angle CAE is bisected by the straight line 4.D.
Wherefore, yf the exterior angle &c. Q.E.D.

PROPOSITION 4. THEOREM.

The sides about the equal angles of triangles which avre
equiangular to one another are proportionals; and those
which are oppostte to the equal angles are homologous sides,
that is, are the antecedents or the consequents of the ratios.

Letthetriangle 4 BCbe equiangular to the triangle DCE,
having the angle 4 BC equal to the angle DCE, and the angle
ACB equal to the angle DEC, and consequently the anele
BACequaltotheangle CDE: the sidesabout the equal angles
of the triangles 4 Bg, DCE,
shall be proportionals; and F
thoso shall be the homolo- :
gous sides, which are oppo-
site to the equal angles.

Let the triangle DCE
be placed so that its side CE
ng be contiguous to BC,
and in the same straight B C E
line with it. (1. 22. '
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Then the angle BCA is equal to the angle CED ; [Hyp.
add to each the angle ABC;
therefore the two angles 4 BC, BCA are equal to the two
angles ABC, CED; [Aziom 2.
but the angles ABC, BCA are together less than two
right angles; 1 17.
therefore the angles ABC, CED are together less than
two right angles ;
therefore BA and ED, if produced, will meet. [4ziom 12.
Let them be produced and meet at the point F.

Then, because the angle 4BC is equal to the angle

DCE, [Hypothesis.
BF is parallel to CD; [1. 28.
and because the angle 4 CB is equal to the angle DEC, [Hyp.
AC is parallel to FE. (L 28.

Therefore FACD is a parallelogram ;
and therefore 4 F'isequal to CD,and 4 Cisequal to FD. [1. 84,

And, because AC is parallel to FE, one of the sides of
the triangle FBE,

therefore BA is to AF as BCis to CE; [VL 2.
but AF is equal to CD;
therefore BA is to CD as BCis to CE; [v.17

and, alternately, ABis to BC as DC is to CE. [V. 16.
Again, because CD is parallel to BF,

therefore BCis to OF as FD is to DE; [VIL 2
but FD is equal to AC;
therefore BCis to CE as ACis to DE; [v.7.

and, alternately, BC is to C4 as CE is to ED. [V.16.
Then, because it has been shewn that 4B is to BC as DC
is to CE, and that BCis to C4 as CEis to ED;
therefore, ex sequali, BA is to AC as CD is to DE, [V. 22.
‘Wherefore, the sides &c. Q.E.D.
PROPOSITION 5. THEOREM.
If the sides GZ‘ two triangles, about each of their angles,
- be proportionals, the triangles shall be equiangular to one
another, and shall have thoseangles equal whichareopposite
to the homologous sides.
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Let the triangles 4 BC, DEF have their gides propor-
tional, so that A% is to BC a8 DE is to EF; and BC to
CA as EF is to FD; and, consequently, ex sequali, BA
to AC as ED is to DF': the triangle 4.BC shall be equian-
gular to the triangle D EF, and they shall have those angles
equal which are opposite to the homologous sides, namely,
the angle ABC equal to the angle DEF, and the angle
.BCOA equal to the angle E¥'D, and the angle BAC equal to
the ang}e EDF.

At the point E, in the
straight line EF, make the

A D
angle FEG equal to the angle
ABC; and at the point #, in
the straight line £/, make the
angle EF'G equal to the angle
BCA; : [I. 28. ¢

therefore the remaining anglo

EGF is equal to the remain-

ing angle BAC.

’.l(;hEez;efore the triangle 4 BC is equiangular to the triangle

and therefore they have their sides opposite to the equal
I

angles proportionals ; [VL 4.
therefore 4B is to BC a8 GE is to EF.

But 4B isto BCas DEis to EF: [Hypothesis.
therefore DE is to EF as GE is to EF; [V.11.
therefore DE is equal to GE. [V.9.

For the same reason, DF is equal to GF.

Then, because in the two triangles DEF, GEF,
DE is equal to GE, and EF is common ;
the two sides DE, EF are equal to the two sides GE, EF,
each to each;
and the base DF is equal to the base GF';
therefore the angle DEF is equal to the angle GEF, [IL. 8.

and the other angles to the other angles, each to each, to
which the equal sides are opposite. [L 4.
therefore the angle DFE is equal to the angle GFE, and
the angle ZDF is equal to the angle £GF.
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And, because the angle DEF is equal to the angle GEF,
and the angle GEF is equal to the angle 4.BC, [Conatr.

therefore the angle 4 BC is equal to the angle DEF. [4x.1.

For the same reason, the angle 4CB is equal to the angle

DFE, and the angle at 4 is equal to the angle at D.

'gxgrlgfore the triangle ABC is equiangular to the triangle
Whereforo, {f the sides &c. Q.E.D.

PROPOSITION 6. THEOREM.

If two triangles have one angle of the one equal to one
angle of the other, and the sides about the equal angles
proportionals, the triangles shall be equiangular to one
another, and shall have those angles equal which are op-
posite to the homologous sides.

Let the triangles A BC, DEF have the angle BAC in
the one, equal to the angle ZDF in the other, and the
sides about those angles proportionals, namely, B4 to 4C
as ED is to DF: the triangle 4 BC shall be equiangular to
the triangle DEF, and shall have the angle 4 BC equal to
the angle D EF,and the angle 4 CB equal to the angle DFZ.

At the point D, in the

A
straight line D F, make the D
angle F'D@G equal to either
of theangles BAC, EDF; G
and at the point Z) in the
straight line DF, make
the angle DFG equal to
the angle ACB; [L.23. B E

therefore the remaining angle at G is equal to the remain-
ing angle at B.

Therefore the triangle 4BC is equiangular to the trianglo

H

therefore BA is to . AC as GD is to DF. [VI 4
But BA is to AC as ED is to DF; [Hypothesis.
therefore ED is to DF ag GD is to DF'; [V. 11

therefore ED is equal to G.D. [v.o
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And DF is common to the two triangles EDF, GDF';
therefore the two sides ED, DF are equal to the two sides
G'D, DF, each to each;
and the angle ZDF is equal
to the angle GDF'; [Constr.

A
therefore the base EF is D
equal to the base GF, and G
the triangle EDF to the
triangle GDF, and the re-
maining angles to the re- /
B C E F

maining angles, each to each,

to which the equal sides are

opposite ; [L 4.
therefore the angle DFG is equal to the angle DFE, and
the angle at G' is equal to the angle at E.

But the angle DFG is equal to the angle 4CB; [Constr.
therefore the angle ACB is equal to the angle DFE. [4z.1.
And the angle BAC is equal to the angle EDF'; [ Hypothesis.
therefore the remaining angle at B is equal to the remain-
ing angle at E.

'}l‘)h;}rFefore the triangle 4 BC is equiangular to the triangle

Wherefore, if two triangles &c. QE.D.

PROPOSITION 7. THEOREM.

If two triangles have one angle of the one equal to one
angle of the other, and the sides about two other angles
proportionals ; then, if each of the remaining angles be
cither less, or mot less, than a right angle, or {f one of
them be a right angle, the triangles shall be equiangular
to one another, and shall have thoss angles equal about
which the sides are proportionals. .

Let the triangles ABC, DEF have one angle of the
one equal to one angle of the other, namely, the angle
BAC equal to the angle EDF, and the sides about two
other angles 4 BC, DEF, proportionals, so that 4B is to
BC as DE is to EF; am}: first, let each of the remaining
aniles at C and F be less than a right angle: the triangle
ABC shall be equiangular to the triangle DEF, and shall
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have the angle 4BC equal to the angle DEF, and the
angle at C equal to the angle at 7.
For, if the angles 4 BC,

DEF be not equal, one of A

them must be greater than D
the other.

Let ABC be the greater,

and at the point B, in the B

straight line 4 B, make the
angle 4 BG equal to the angle DEF. [1. 28.

Then, because the angle at 4 is equal to the angle at D, [Hyp.
and the angle 4.B@G is equal to the angle DEF,  [Constr.

therefore the remaining angle 4GB is equal to the re-
maining angle DFE;
%%r;fore the triangle ABG is equiangular to the triangle

Therefore AB is to BG as DE is to EF. [VL 4.
But ABis to BCas DEis to EF; [Hypothesis.
therefore 4B is to BC a8 AB is to BG ; [V.11.
therefore BC is equal to BG ; [v.9.

and therefore the angle BCG is equal to the angle BGC. [L. 5.
But the angle BCG is less than a right angle;  [Hyp.

therefore the angle BGC is less than a right angle ;
and therefore the adjacent angle AG'B must be greater
than a right angle. [L. 18.
!]liu} the angle AGB was shewn to be equal to the angle
therefore the angle at ¥ is greater than a right angle.
But the angle at #"is less than a right angle; [Hypothesis.
which is absurd. .

Therefore the angles ABC and DEF are not unequal ;
that is, they are equal. :
And the angle at A4 is equal to the angle at D; [Hypothesss.
therefore the remaining angle at C is equal to the remain-
ing angle at 7';
%%r;gore the triangle 4 BC is equiangular to the triangle
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Next, let each of the angles at C and F be not less
than a right angle: the triangle 4BC shall be equiangular
to the triangle DEF. ' :

For, the same con-

struction being made,

it may be shewn in the

same manner, that BC

is equal to BG ;

therefore the angle B

B(CG is equal to the

angle BGC. [L 5.
But the angle BCG is not less than a right angle;  [Hyp.
therefore the angle BGC is not less than a right angle;
that is, two angles of the triangle BCG are together not
less than two right angles; which is impossible, [L 17,
Therefore the triangle ABC may be shewn to be equi-
angular to the triangle DEF, as in the first case.

Lastly, let one of the angles at C' and F be a right
angle, namely, the angle at C: the triangle 4B(C shall be
equiangular to the triangle DEF.

For, if the triangle 4 BC
be not eguia.ngular to the
triangle DEF, at the point
B, in the straight line 4B,
make the angle 4 BG' equal
to the angle DEF, [I. 23. B D

Then it may be shewn, as

in the first case, that BC

is equal to BG; A
therefore the angle BCG is

equal totheangle BGC.[L.5.

But the angle BCG is a

right angle: [Hypothesis. B

therefore the angle BGC

is a right angle;

that is, two angles of the triangle BCG are together equal

to two right angles; which is impossible. [T 17.

%l;r;fore the triangle 4.BC is equiangular to the triangle
Wherefore, ¢f two triangles &c. QE.D.

|
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. PROPOSITION 8. THEOREM.
In a right-angled triangle, if a perpendicular be drawn
Jrom the right angle to the base, the triangles on each side
of tt are similar to the whole triangle, and to one another.
Let ABC Ve a right-angled triangle, having the right
angle BAC; and from the point 4, let 4D be drawn per-
pendicular to the base BC: the triangles DBA, DAC
shall be similar to the whole triangle 4BC, and to one
another. .
For, the angle BAC is equal A
to the angle BD A, each of them
being a right angle, [4ziom 11.
and the angle at B is common to -
the two triangles 4 BC, DBA ;
therefore the remaining angle B : D C
ACB is eﬂua.l to the remaining
angle DAB.
Therefore the triangle ABC is equiangular to the triangle
DBA, and the sides about their equal angles are propor-
tionals ; " [VL 4.
therefore the triangles are similar. [VI1. Definition 1.
In the same manner it may be shewn that the triangle
.DAC is similar to the triangle 4BC.
And the triangles DBA, DAC being both similar to the
triangle 4 BC, are similar to each other.
Wherefore, in a right-angled triangle &c. QE.p.
CoroLLARY. From this it is manifest, that the perpen-
dicular drawn from the right angle of a right-angled
triangle to the base, is a mean Eroportional between the
segments of the base, and also that each of the sides is a
mean proportional between the base and the segment of
the base adjacent to that side.
For, in the triangles DBA, DAC,
BDisto DA as DA is to DC; [VL 4.
and in the triangles 4 BC, DBA,
BCis to BA as BA is to BD; [VL 4.
and in the triangles 4 BC, DAC,
BCis to CA as C4 is to CD. [VL 4.
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PROPOSITION 9. PROBLEM.
From a given straight line to cut off any part required.
Let 4B be the given straight line: A
it is required to cut off any part from it.
From the point 4 draw a straight e \D
line AC, makipng any angle with 4B;
in A C take any point D, and take 4 C'the
same mu]tigle of AD, that AB is of the
rt which is to be cut off from it ; join
C, and draw DE parallel toit. AE B
shall be the part required to be cut off.

For, because ED is parallel to BC, [Construction.
one of the sides of the triangle 4 BC,.
therefore CD is to DA as BE is to EA ; [VL 2
and, by composition, CA4 is to 4D as BA is to AE. [V. 18.
But C4 is a multiple of 4D; [Construction.
therefore BA is the same multiple of AE ; [V.D.

tltx_ajtl }g, whatever part 4D is of AC, AE is the same part
of . -

Wherefore, from the given straight line AB, the part
required has been cut off. Q.E.F. :

PROPOSITION 10. PROBLEM.

To divide a given straight line similarly to a given
divided straight line, that i3, into parts which shall have
the same ratios to one another, that the parts of the given
divided straight line have.

Let AB be the straight line given to be divided, and
AC the ﬁ;i;en divided straight line: it is required to divide
AB similarly to AC.

Let AC be divided at the points 4
D, E; and let AB, AC be placed
80 a8 to contain any angle, and join T D
BC'; through the point D, draw DF

lel to BC, and through the point

draw EG parallel to BC. [I. 81.

AB shall be divided at the points B
F, G, siniilarly to 40, .
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Through D draw DHK parallel to AB. (1. 81.
Then each of the figures FH, HB is a parallelogram ;
therefore DH is equal to G, and HK is equal to GB. [1.34.

Then, because HE is parallel to XC, [Construction.
one of the sides of the triangle DXC,

therefore KH is to HD as CE is to ED. [VIL 2.
But KH is equal to BG, and HD is equal to GF';
therefore B@ is to GF as CE is to ED. [v.7

Again, because F'D is parallel to GE, [Construction.
one of the sides of the triangle AGE, ’
therefore GF is to FA4 as ED is to DA. [VL 2.
And it has been shewn that BG is to GF as CF is to ED.
Therefore BG is to GF as CE is to ED, and GF is to FA
as ED is to DA.

. Wherefore the given straight line AB is divided simi-
larly to the given divided straight line AC. Q.E.F.

PROPOSITION 11. PROBLEM.
To find a third proportional to two given straight lines.

Let AB, AC be the two given straight lines: it is re-
quired to find a third proportional to 4.8, 4C.
Let AB, AC be placed so A
as to contain any angle; produce
AB, AC,to the points D, E; and
make BD equal to 4C; [L 3.
join BC, and through D draw DE
parallel to BC. . [I. 81.
CE shall be a third proportional
to AB, AC.
For, because BC is parallel to DE, [Construction.
one of the sides of the triangle A DE,
therefore AB is to BD as ACis to CE; [VL 2
but BD is equal to AC; [Constructicn.
therefore AB is to AC as AC is to CE. [v.7
‘Wherefore fo the two given straight lines AB, AC, a
third proportional CE is found. QE.F.
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PROPOSITION 12. THEOREM.
i To find a fourth proportional to three given straight
ines.

Let 4, B, C be the three given straight lines: it is
required to find a fourth proportional to 4, B, C.

Take two straight lines,

DE, DF, containing any an- D A
le ED{;’I H anﬁ il& gese ul;llake B
@G equal to equal to
B, and DH equal to C; [L 3, —a

Jjoin GH, and through £ draw
EF parallel to GH. [I. 31

HF shall be a fourth propor-

tional to 4, B, C. by

" For, because GH is parallel to EF, [Construction.
one of the sides of the triangle DEF,

therefore D@ is to GE as DH is to HF. [VI. 2
But D& is equal to 4, GE is equal to B, and DH is
equal to C; [Construction.
therefore A4 is to B as C'is to HF. [v.7

Wherefore to the three given straight lines A, B, C, a
Jourth proportional HF is found. QXK.F.

PROPOSITION 18. PROBLEM.

i To find & mean proportional between two given straight
ines.

Let AB, BC be the two given straight lines: it is
required to find & mean proportional between them.

Place 4 B, BC in a straight
line, and on AC describe the
semicircle 40C; from the
point B draw BD at right
angles to AC. [L 1L

-BD shall be a mean propor- i B o)
tional between 4.B and BC.
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Join AD, DC. .
Then, the angle 4DC, being in a semicircle, is a right
angle; [1I1. 31.

and because in the right-angled triangle ADC, DB is
drawn from the right angle perpendicular to the base,
therefore DB is a mean proportional between 4.8, BC,
the segments of the base. [VI. 8, Corollary.

‘Wherefore, between the two given straight lines AB,
BC, a mean proportional DB s found. QE.F.

PROPOSITION 14. THEOREM.

Equal parallelograms which have one angle of the one
equal to one angle of the other, have their sides about the
equal angles reciprocally proportional; and parallelo-
grams which have one angle of the one equal to one angle
of the other, and their sides about the equal angles reci-
procally proportional, are equal to one another.

Let AB, BC be equal parallelograms, which have the
angle FBD equal to the angle EBG : the sides of the
parallelograms about the equal angles shall be reciprocally
proportional, that is, DB shall be to BE as GB is to BF.

Let the elograms be A
%}aoed, g0 that the sides DB,

E may be in the same
straight line;
therefore also #'B, BG are in
one straight line. [L 14.

C%nplete the parallelogram

F.
Then, because the parallelogram AB is equal to the
.. parallelogram BC, | Hypothesis.
and that F'E is another parallelogram,
therefore AB is to FE as BC is to FE. [v.7.

But AB is to FE as the base DB is to the base BE, [VT. 1.
and BC is to F'E as the base GB is to the base BF; [VI. 1.
therefore DB is to BE as GB is to BF. [V.11.
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Next, let the angle FBD be equal to the angle £BG,
and let the sides about the equal angles be reciprocally
proportional, namely, DB
to BE as GB is to BF: 4
the parallelogram 4B shall
be equal to the parallelo-
gram BC.

For, let the same con-
struction be made.

Then, because DB is to BE

as GBis to BF, [Hypothesis.
and that DB is to BE as the parallelogram A B is to the
parallelogram FE, [VI1
and that G'B is to BF as the parallelogram BC is to the
parallelogram 7K ; [VL 1.
therefore the parallelogram 4B is to the parallelogram FE
as the parallelogram BC is to the parallelopgmm FE; [V.11.
therefore the parallelogram 4B is equal to the parallelo-
gram BC. ' [v.9.

Wherefore, equal parallelograms &ec. QE.D.

PROPOSITION 15. THEOREM.

Equal triangles which have one angle of the one equal
to one angle of the other, have their sides about the equal
angles rectprocally proportional; and triangles which
have one angle of the one equal to one angle of the other,
and their sides about the equal angles reciprocally pro-
portional, are equal to one another.

Let ABC, ADE be equal D
triangles, which have the angle
BAC equal to the angle DAE:
the sides of the triangles about
the e(fual angles shall be reci-
procally proportional ; that is, 04
shall be to 4D as E4 is to AB.
Let the triangles be placed so C E.
that the sides (/gA, AD may be
in the same straight line,
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therefore also E4, AB are in ono straight line; [L 14,
join BD.

Then, because the triangle 4BC is equal to the trian-

gle ADE, [Hypothesss.
and that 4 BD is another triangle,

therefore the triangle 4 BC is to the triangle ABD as tho
triangle A DE is to the trianglo ABD, [v.7
But the triangle 4BC is to the triangle 4BD as the base
C4 is to the base 4D, [VL 1.

and the triangle ADE is to the triangle 4.B.D as the base
EA is to the base 4B; [VL 1.

therefore CA is to AD as EA is to AB. [V.11.

Next, let the angle BAC be equal to the angle DAE,
and let the sides about the equal angles be reciprocally
proportional, namely, C4 to AD as EA is to AB: the
triangle 4 BC shall be equal to the triangle 4DE.

For, let the same construction be made.
Then, because C4 is to 4D as E4 isto AB, [Hypcthesis. -
and that C4 is to 4D as the triangle 4BC is to the
triangle ABD, ' [VL1,
and that £4 is to 4B as the triangle ADE is to the
triangle ABD, : [VL1.
therefore the triangle 4 BC is to the triangle ABD as tho
triangle ADE is to the triangle ABD; [V. 11
therefore the triangle 4 BCisequalto the triangle ADE.[V. 0.

‘Wherefore, equal triangles &c. QED.

PROPOSITION 16. THEOREM.

If four straight lines be proportionals, the rectangle
contained by the extremes is equal to the rectangle con-
taitned by the means; and if the rectangle contained by
the’ exiremes be equal to the rectangle contained by the
means, the four straight lines are nroportionals.

. 13
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Let the four straight lines 4B, CD, E, F, be propor-
tionals, namely, let AB be to CD a8 E is to F': the rect-
angle contained by 4.8 and # shall be equal to the rect-
angle contained by ¢'D and E.

From the points 4,
C,draw AG, CH at right

anglesto 4B, CD;[I.11. E
make 4G equal to F,and F i
CH equal to £; [L 8. G

and complete tho paral-
lelograms BG, DH. [1.31.

'Then, becanse 4B is

toCD as Eis to F, [1iyp. _

and that E is equal to A B C

CH, and F is cqual to

AG, [Construction.

therefore AD is to CD as' CH is to AG; [v. 1.

that is, the sides of the parallelograms BG, DH about the
eqnal angles are reciprocally proportional ;

therefore the parallelogram B@ is equal to the parallelo-
gram DA . [VI 14
But the parallelegram BG is contained by the straight
lines 4B and F, because AG is equal to #; [Construction.
and the parallelogram DX is contained by the straight
lines CD and E, because CH is equal to £;

therefore the rcctangle contained by 4B and F is equal
‘to the rectangle contained by CD and E.

Next, let the rectangle contained by 4B and F be
cqual to the rectangle contained by CD and E: these four
straight lines shall be proportional, namely, 4B shall be
to CD as E is to F.

For, let the same construction be made.

Then, because the rectangle contained by 4 B and F is equal

to the redtangle contained by CD and E, [Hypothesis.
and that the rectangle BG is contained by 4B and F,
because A G is equal to ¥, [Construction.

and that the rectangle DH is contained by CD and E,
CH is equal to E, [Construction.
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therefore the parallelogram BG is equal to the paral-
lelogram DH. [Aaiom 1.
And these parallelograms are equiangular to one another;
therefore the sides about the equal angles are reciprocally
proportional ; [VI. 14
therefore AB is to CD as CH is to AG.

But CH is equal to E, and AG is equal to I; [Constr.
therefore 4B is to CD as E is to F. [v. 7.

Wherefore, ¢f.four straight lines &e. Q.E.D.

PROPOSITION 17. THEOREM.

If three straight lines be proportionals, the rectangle
contained by the extremes is equal to the square on the
mean; and tf the rectangle contained by the extremes be
equal to the square on the mean, the three straight lines .
are proportionals. :

Let the three straight lines 4, B, C be proportidnals
namely, let 4 be to B as D is to €: the rectangle contain
by A and C shall be equal to the square on B.

Take D equal to B. A
Then, because 4 is to
BasBisto C,  [Hyp. B
and that Bis equal to D, D
therefore 4 is to B as D c—
is to C. [v.7.
But if four straight lincs
be proportionals, therect-
angle contained by the l:]c
extremes is equal to the -
rectangle contained by N
the means; [VL 16.

therefore the rectangle contained by 4 and C is equal to
the rectangle contained by B and D. :

ut the rectangle contained by B and D is the square on D,
cause B is equal to D; [Constriiction.

. therefore the rectangle contained by 4 and C is equal to
" the square on B.

13—2
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Next, let the rectangle contained by 4 and C be equal
to the square on B: A shall be to B as Bis to C.

For, let the same construction be made.

Then, because the rectan- A

gle contained by 4 and ¢

18 equal to the square on B—
B, [Hypothesis. D—
and that the square on B

is equal to the rectangle

c—
contained by B and D,
because B is equal to
e S
therefore the rectangle
contained by 4 and C is A B
equal to the rectangle contained by B and D.

But if the rectangle contained by the extremes be equal
to the rectangle contained by the means, the four straight

lines are proportionals; [VL 16.
therefore 4 is to Bas Disto C.

But B is equal to D; [Construction.
Therefore 4 is to B as Bis to C. {v.17.

Wherefore, if three straight lines &c. Q.E.D.

PROPOSITION 18. PROBLEM.

On a given straight line to describe a rectilineal figure
similar and similarly situated to a given rectilineal figure.
Let AB be the given straight line, and CDEF the
given rectilineal figure of four sides: it is m}llxlxinmd to de-
scribe on the given straight line 4B, a rectilineal figure,
similar and similarly situated to CDEF.
Join DF; at the
E:int A, in the straight

e AB, make the L
angle BAG equal to K
the angle DCF'; and at
the point B, in the
straight line 4 B,make
the angle 4 BG equal A D

totheangleCDF[1.23.
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therefore the remaining angle 4GB is equal to the remain-
ing angle CFD,
and the triangle AG B is equiangular to the triangle CFD.
Again, at the point B, in the straight line B@, make the
angle GBH equal to the angle FDE; and at the point G,
in the straight line BG, make the angle BGH equal to
the angle DFE; : [1. 2.
therefore the remaining angle BHG is equal to the re-
maining angle DEF, '
and the triangle BH@ is equiangular to the triangle DEF,
Then, because the angle 4 G'B is equal to the angle CF'D,
and the angle BGH equal to the angle DFE; [Construction.
therefore the whole angle AGH is equal to the whole
angle CFE. [4xiom 2.
For the same reason the angle 4BH is equal to the
angle CDE.
-And the angle BAQ is equal to the angle DCF, and the
angle BHG is equal to the angle DEF.
Therefore the rectilineal figure ABHG is equiangular to
the rectilineal figure CDEF,

Also these figures have their sides about the equal
angles proportionals,
For, because the triangle BA @G is equiangular to the triangle
DCF, therefore BA is to AG as DC is to CF. [VL 4.
And, for the same reason, AG is to GB as CF is to FD,
and BG is to GH as DF is to FE
therefore, ex sequali, AG is to GH as CF is to FE. [V. 22.
In the same manner it may be shewn that 4B is to BH
as 0D is to DE.
And GHis to HBas FEis to ED. ' [VL 4.
Therefore, the rectilineal figures ABHG@ and CDEF
are equiangular to one another, and have their sides about
the equal angles proportionals ;
therefore they aro similar to one another. [VI. Definition 1.
Next, let it be mmred to describe on the given straight

line 4B, a rectilineal figure, similar, and similarly situated,
to the rectilinenl figure CDKEF of five sides.
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Join DE, and on the given straight line 4B describe,
as in the former case, the rectilineal figure 4 BHG, similar,
and similarly situated to the rectilineal.figure CDEF of
foursides. At the point
B, in the straight line H )

BH, make the angle G x5

HBL equal to tho an-
gle EDK; and at the
point A, in the straight
line BH, make the an-
gle BHL equal to the A B C D

angle DEK; [L 23,
therefore the remaining angle at L is equal to the remain-
ing angle at X

Then, because the figures 4 BHG, CDEF are similar,
the angle A BH is equal to the angle CDE; [VI Def 1.
and the angle HBL is equal to the angle EDK ; [Constr.
therefore the whole anglo ABL is equal to the whole
angle CDK, [Aziom 2.-
For the same reason the whole angle GZL is equal to tho
whole angle FEK,

Therefore the five-sided figures A BLHG and CDKEYF are
equiangular to oue another.

And, because the figures 4 BHG and CDEZF are similar,
therefore 4B is to BH as CD is to DE; [VL Definition 1.
but BH is to BL a8 DE is to DK ; [VL 4
therefore; ex sequali, A8 is to BL as CD is to DK. [V, 22,
For the samé reason, GH is to FIL a8 FE is to EK,

And BL isto LH as DK is to KE. [VI. 4

Therefore, the five-sided figures A BLHG and CDKEF
are equiangular to one another, and have their sides about
the equal angles proportionals;
therefore they are similar to one another. [VI. Definition 1.

In the same manner a rectilineal figure of six sides
may be described on a given straight line, similar and
similarly situated to a given rectilineal figire ‘of six sides;
and s0 on. Q.E.F,
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PROPOSITION 19. THEOREM.

Similar triangles are to one another in the duplicate
ratio of their homologous sides. .

Let ABC and DEF be similar tn'mg]es, having the
angle B equal to the angle Z, and let 4B be to BC as DE
is to EF, so that the A
side BC is homolo-
gous to the side LF': D
the triangle ABC
shall be to the tri-
angle DEF in the
duplicateratioof BC D G C E
to EF.

Take BG a third proy;ortional to BC and EF, so that
BC may be to EF as EF is to BG; [VL 11.
and join 4G.

Then, because AB is to BC as DE is to EF, [Hypothesis.
therefore, alternately, 4B ist6 DE as BC is to EF; [V. 16.
but BCis to EF as EF is to BG; {Construction.
therefore AB is to DE a8 EF is to BG; BEAZR}S

that is, the sides of the triangles 4 BG@ and DEF, about
their equal angles, are reciprocally proporti’ona.l

but triangles which have their sides about two equal angles
recxprocally proportional are equal t6 one another, [VI. 15.

therefore the triangle 4 BG is equal t6 the triangle DEF.
And, because BC is to EF as EF is to BG,
therefore BC has to BG the duplicaté ratio of that which

BOC has to EF. [V. Definition 10.
But the triangle ABC is t6 the triangle ABG as BC is
to BG; [VL 1.

therefore the triangle A BC has to the triangle ABG the
duplicate ratio of that which BC has to EF.-

But the triangle 4 BG was shewn equal to the triangle DEF';

therefore the triangle 4 BC has to the triangle DEF tho
duplicate ratio of that which BC has to EF. [v.7.

"Wherefore, similar triangles &c. QE.D.
CoroLLARY. From this it is manifest, that if three
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straight lines be proportionals, as the first is to the third,
80 is any triangle described on the first to a similar and
similarly described triangle on the second.

PROPOSITION 20. THEOREM.

Similar polygons may be divided into the same number

of similar triangles, having the same ratso to one another

-that the polygons have; and the polygons are to one
another in the duplicate ratio of their homologous sides.

Let ABCDE, FGHKL be similar ;olygons, and let
AB be the side homologous to the side #'G : the polygons
ABCDE, FGHKL may be divided into the same number
of similar triangles, of which each shall have to each the
same ratio which the pol{gons have; and the polvgon

ABCDE shall be to the polygon FGHKL in the duplicate
ratio of AB to FG.
Join BE, EC, GL, LH.

- Then, because the polygon ABODE is similar to the poly-
gon PGHKL, CHypothers,
the angle BAE is equal to the angle GFL, and BA is
to AE as GF'is to FL. [VI. Definition 1.

And, because the triangles 4 BE and FG'L have one angle
of the one equal to one angle of the other, and the sides

A
F

D o] X H

about these equal angles proportionals,

therefore the triangle A BE is equiangular to the triangle
FGL, [VI. 6.
and therefore these triangles are similar ; [VI, 4
therefore the angle 4 BE is equal to the angle FG.L.
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But, because the polygons are simila.i-, [Hypothesis.
therefore the whole angle 4 .BC is equal to the whole angle
FGH; [VI. Definition 1.
therefore the remaining angle £BC is equal to the remain-
ing angle LG H. [Aziom 3.
-And, because the triangles 4 BE and FGL are similar,
therefore EB is to BA as LG is to GF;

" and also, because the polygons are similar, [Hypothesis.
therefore 4B is to BC as FG is to GH ; [VL Definition 1.
therefore, ex eequali, EB is to BC as LG is to GH ; [V.22.
that is, the sides about the equal angles £BC and LGH
are proportionals ; :
therefore the triangle £BC is equiangular to the triangle

H ; [VL 6.
and therefore these triangles are similar. [VL 4.
For the same reason the triangle ECD is similar to the
triangle LHK. .

Therefore the similar polygons A BCDE, FGHKL wasy be
divided into the same number of similar triangles.

Also these triangles shall have, each to each, the same
ratio which the polygons have, the antecedents being A BE,
EBC, ECD, and the consequents #GL, LGH, LHK ; and
the polygon A BODE shall be to the polygon FGHKL in
the duplicate ratio of 4.8 to F@.

For, because the triangle ABE is similar to the tri-
angle FGL, ‘
therefore ABE is to FGL in the duplicate ratio of EB
to LG. : [VI. 19.

For the same reason the triangle EB(C is to the triangle
LG H in the duplicate ratio of £B to LG.

Therefore the triangle A BE is to the trianglo F'G'L as the
triangle EBC is to the triangle ZGH. [v.1.
Again, because tho triangle EBC is similar to the tri-
angle LG H,

therefore £ZBC is to LGH in the duplicate ratio of EC
to LH. [VL 19,
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For the same reason the triangle ECD is to the triangle
LHK in the duplicate ratio of EC to LH.
Therefore the triangle EBC is to the triangle LG H as the
triangle ECD is to the triangle LHK. [V.11.
But it has been shewn that the triangle £BC is to the tri-
angle LG H as the triangle 4 BE is to the triangle #G L.
Therefore as the triangle ABE is to the triangle FG L, so
is the triangle £BC to the triangle LG H, and the triangle
ECD to the triangle LHK ; [v.11.
and therefore as one of the antecedents is to its consequent
80 are all the antecedents to all the consequents; [V.12.
that is, as the triangle ABE is to the triangle FGL so is
the polygon 4 BCDE to the polygon FGHKL.

But the triangle ABE is to the triangle FGL in t.he
duplicate ratio of the side 4B to the homologous side

; [VL 19.
therefore the polygon A BCDE is to the polygon FGHKL
h'ldth;’ éiuplicat,e ratio of the side 43 to the homologuus
side FG.

Wilerefore, similar polygons &ec. QE.D.

CoroLLARY 1. In like manner it may be shewn that
similar four-sided figures, or figures of any number of sides,
are to one another in the duplicate ratio of their homo-
logous sides ; and it has already been shewn for triangles;
therefore umversally, similar rectilineal figures are to one
another in the duplicate ratio of their homologous sides.

CoRroLLARY 2. Ifto 4B and FG, two of the homologous

sides, a third proportioual 4 be taken, [VI. 1.
A
. M ba
\/B )
D C X H

then 4B has to M the duplicate ratio of that which 4B
has to £'G. LV. D¢fnition 10.
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But any rectilineal figure described on 4B is to the similar
and similarly described rectilineal figure on F@ in the

duplicate ratio of AB to FG, [Corollary 1.
Therefore as AB is to M, so is the figure on 4B to the
figure on FG; [v. 11

and this was shewn before for triangles. [VI. 19, Corollary.
‘Wherefore, universally, if three straight lines be propor-
tionals, as the first is to the third, so is any rectilineal
figure described on the first to a similar and similarly
described rectilineal figure on the second.

- PROPOSITION 21. THEOREM.

Rectilineal figures which are similar to the same recti-
lineal figure, are also similar to each other.

Let each of the rectilineal figures 4 and B be similar
to the rectilineal figure C': the figure 4 shall be similar
to the figure B.

For, because 4 is
similar to C, [Hyp.

A is equiangular to

C, and 4 and C have &

their sides about the A

equal angles propor- B
tionals. [VL Def. 1.
Again, because B is
similar to C, [Hyp.
B is equiangular to €, and B and C have their sides about
the equal angles proportionals. < [VL. Definition 1.
Therefore the figures A4 and B are eich of them equian-

gular to C, and have the sides about the equal angles of
each of them and of C proportionals;

Therefore A4 is equiangular to B, [Aaiom 1.
and A4 and B have their sides about the equal angles pro-
portionals ; [V.11.

therefore the figure A is similar to the figure B. [ V1. D¢f. 1.
Wherefore, rectilineal figures &c. Q.E.D.
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PROPOSITION 22. THEOREM.

If four straight lines be proportionals, the similar rec-
tilineal figures similarly de';:nbed on them shall also be

orttonals; and if the similar rectilineal figures simi-
ﬁrf described on four straight lines be proportwnal:
thon straight lines shall be proportionals

- Let the four strai gbt lines 4B, CD, EF, GH be pro-
portionals, namely, A5 to CD as EF is to GH; and on 4B,
CD let the similar rectilineal fi KAB, LCD be simi-
larly descrlbed and on EF, GH let the similar rectilineal
figures M. NH be mmlla.rly described : the figure K4 B
shallbetothoﬁguro LCD as the figure MF is to the

A/_\_z_
[ e

To AB and CD take a third oproportlonal X, and to EF
and GH a third proportional [VI 11

Then, because 4 B is to CD a8 EF is to GH, [ Hypotkesis.

and ABistoCDas CDisto X [Construction.
‘and EFisto GH as GHis to O; [Construction.
therefore CD is to X as GH is to O. [V. 11,

And ABisto CDas EFis to GH;

therefore, ex sequali, ABisto X as EFisto 0. [V. 22
‘But a8 AB is to X, so is the rectilineal figure KAB to
the rectilineal ﬁgure LCD; [VI. 20, Corollary 2.
and as EF is to O, so is the rectilineal figure MF to the
rectilineal figure NH H [VI. 20, Corollary 2.
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therefore the figure KAB is to the figure LCD as the
figure MF is to the figure NH, [V.11.

Next, let the figure XA B be to the similar figure LCD
. asthefi MPF is to the similar figure NH : AB shall
.be to CD as EF is to G H.
Make as AB is to CD so EF to PR: [VL 12,
i and on PR describe the rectilineal figure SR, similar and
similarly situated to either of the figures MF, NH. [VI.18,
' Then, because AB is to CD as EF is to PR,

and that on 4B, CD are described the similar and simi-
\ larly situated rectilineal figures X4 B, LCD,

and on EF, PR the similar and similarly situated recti-
lineal figures MF, SR ;

therefore, by the former part of this proposition, KA B is
to LCD as MF is to SR. propostEion,

But, by hypothesis, KAB is to LOD as MF is to NH ;

therefore MF is to SR as MF is to NH ; [V. 11
therefore SR is equal to VH. [v.o.
But the figures SR and NH are similar and similarly
situated, [Construction,
therefore PR is equal to GH.

And because 4B is to CD as EF is to PR,

and that PR is equal to GH ; :

therefore 4B is to CD as EF is to GH. [v.r

Wherefore, {f four straight lines &e. Q.E.D.

PROPOSITION 23. THEOREM.

! Parallelograms which are equiangular to one another
{  have to one another the ratio which is compounded of
the ratios of their sides. :
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Let the }')'amlle]cgmm AC be equiangular to the
lelogra avmg the an; gle BCD equal to the a.ngle
FCG the rallelogram AC shall have to the parallelo-
gram CF the ratio which is compounded of the ratios of
their sides.

Let BC and C& be placed in
a straight line;
therefore DC and CE are also in
a straight line; [I. 14.
complete the parallelogram DG ;
take any straight line K, a.nd
make K to L as BC is toCG and
L to M as DCis to CE; [VI 12.
then the ratios of X to Z and
of L to M are the same with the
ratios of the sides, namely, of BC
to CG and of DC to CE.

But the ratio of K to M is that which is said to be com-
pounded of the ratios of K to Z and of Z to M ;[V. Def. 4.

therefore X has to M the ratio which is compounded of
the ratios of the sides.

Now the &war?.llelogmm AC is to the pamllelogra[r:l, ICIII

as BCis to

but BCisto CG as Kisto L ; [Construction.
therefore the parallelogram A(J is to the parallelogram
CHas Kis to L. [V. 11
Again, the parallelogram CH is to the parallelogram CF
as DCis to CE; [VI 1.
but DCis to CE as L is to M ; [C’omtrumon

therefore the j;a.rallelogmm CH is to the parallelogra;
CF as L is to [v. 11

Then, since it has been shewn that the parallelogram A€
is to the parallelogram CH as K'isto L,

and that the parallelogram CH is to the parallelogram CF
as L is to M,

therefore, ex sequali, the parallelogram AC is to the paral-
lelogram CF as KX is to M. [V. 22.

But K hag to M the ratio which is compounded of the,
ratios of the sides;
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viaerefore also the parallelogram AC has to the parallelo-
g;ram (?’F the ratio which is compounded of the ratios of
the sides. :

Wherefore, parallelograms &e. QE.v.

PROPOSITION 24, THEOREM.

Parallelograms about the diameter of any parallelo-
gram are similar to the whole parallelogram and to one
another.

Let ABCD be a parallelogram, of which 4C is a
diameter; and let EG and HK be paralielograms about
the diameter: the parallelograms EG and HK shall be
similar both to the whole parallelogram and to one another.

For, because DC and :

G F are parallels, : A__E

the angle ADC is equal

to the angle AG'F. [I. 29, G

And because BCand EF

are parallels, :

the angle 4 BC is equal [

to the angle AEF [1. 29. D K c
And each of the angles

BCD and EF@ is equal to the opposite angle BAD, [I. 34.
and therefore they are equal to one another.

Therefore the parallelograms 4 BCD and A EF@ are equi-
angular to onc another.

And because the angle 4BC is equal to the angle
AEF, and the angle BAC is common to the two triangles
BAC and EAF,
therefore these triangles are equiangular to one another;
and therefore AB is to BC as AE is to EF. [VL 4.
And the opposite sides of parallelograms are equal to one
another; . 1. 34.
therefore 4B is to AD as AE is to AG,
and DCis to CB as GF is to FE,
and CD is to DA as FG is to GA. v.n



208 EUCLID'S ELEMENTS.

Therefore the sides of the parallelograms 4BCD and
AEFG about their equal angles are proportional, )
and the parallelograms are therefore similar to one an-

other. [VI. Defnition 1.
For the same reason tho A E

parallelogram ABCD is

similar tothe parallelogram -

FHCK.

Therefore each of the

rallel s EG and HK

is similar to BD; b K e

therefore theparallelogram

E@ is similar to the parallelogram HK, [VL 21,
Wherefore, parallelograms &c. Q.E.D.

PROPOSITION 25. PROBLEM.

To describe a rectilineal figure which shall be similar
to one given rectilineal figure and equal to another given
rectilineal figure. ‘

Let ABC be the given rectilineal figure to which the
figure to be described is to be similar, and D that to which
it i8 to be equal: it is required to describe a rectilineal
figure similar to 4.BC and equal to D,

A

] K

=/

B M G

On the straight line BC describe the parallelogram BE
equal to the figure 4BC.
On the straight line CE describe the llelogram CM
equal to D, and having the angle FCE equal to the
angle CBL; (L. 45, Corollary.
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therefore BC and CF will be in one straight line, and LE
and ZM will be in one straight line.

Between BC and CF find a mean proportional GH, [VI. 13.
and on GH describe the rectilineal figure KX'G'H, similar and
similarly situated to the rectilineal figure ABC. [VI.18.
KGH shall be the rectilineal figure required.

For, because BC is to GH as GH is to CF, [Construction.
and that if three straight lines be proportionals, as the first
is to the third so is any figure on the first to a similar and
similarly described figure on the second, [VI. 20, Cor. 2.
therefore as BC is to CF so is the figure ABC to the
figure KGH.

But as BC is to CF so is the parallelogram BE to the

parallelogram CX ; [VI. 1L
therefore the figure 4 BC-is to the figure KG-H as the pa-
rallelogram BE is to the parallelogram CM. [V.11.

And the figure ABC is equal to the parallelogram BE;
therefore the rectilineal figure KG'H is equal to the paral-
lelogram CM. : . [V. 14,
But the parallelogram CJ/ is equal to the figure D ; [Consir.
therefore the figure XG'H is equal to the figure D, [4xiom 1.
and it is similar to the figure 4.BC. [Construction.
Wherefore the rectilineal figure KGH has been de-
scribed similar to the figure A BC, and equal to D. Q.E.F.

PROPOSITION 26. THEOREM.

If two similar parallelograms have a common angle,
and be similarly situated,they are about the same diameter.

Let the parallelograms 4 BCD,
AEFG be similar and similarly si-
tuated, and have the common angle
BAD: ABCD and AEFG shall
be about the same diameter.

For, if not, let, if possible, the
parallelogram BD have its diame-
ter AHC in a different straight
line from AF, the diameter of the

14
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parallel EG; let GF
meet AHC at H, and through A D
H draw HK parallel to. 4D or
BC. [L 31
Then the parallelograms
ABCD and AKHGQG are about
the same diameter, and are
therefore similar to one an- B
other; [VL 24.
therefore DA isto AB as GA is to AK.

But because ABCD and AEFG are similar parallelo-

grams, [Hypothesis.
therefore DA is to AB as G4 is to AE. [VL Definition 1.
Therefore GA is to AK as G A is to AE, [V. 11

that is, G4 has the same ratio to each of the straight lines
AK and AE,

and therefore 4K is equal to AE, [v.o.
the less to the greater; which is impossible.

Therefore the parallelo s ABCD and AEFG must
have their diameters in the same straight line, that is, they
are about the same diameter.

Wherefore, {f two similar parallelograms &c. QE.D.

- PROPOSITION 30. PROBLEM.

To cut a given straight line in extreme and mean ratio.

Let AB be the given straight line: it is required to cut
it in extreme and mean ratio.

Divide 4B at the point C, so
that the rectangle contained by

AB, BC may be equal to the square 4 ¢ B
on AC. [1L. 11.

Then, because the rectangle AB, BC is equal to the
square on AC, [Construction.
therefore AB is to AC as AC is to OB. [VI. 17

Wherefore AB 18 cut in extreme and mean ratio at
the point C. Q.E.F. [VL. Definition 3.
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PROPOSITION 31. THEOREM.

In any right-angled triangle, any rectilineal figure de-
scribed on the side subtending the right angle is equal to
the similar and similarly described figures on the sides
containing the right angle.

Let ABC be a right-angled triangle, having the right
angle BAC: the rectilineal figuro described o B¢ soall
be equal to the similar and similarly described figures on
B4 and C4.

Draw the perpendicular
AD. [L 12.
Then, because in the right-
angled triangle ABC, AD
is drawn from the right
angle at Aﬁ rpendicular

£l

to the base BC),the triangles D
ABD, CAD are similar to l
thewholetriangle CBA4,and '
to one another. [VIL 8. ’
! ﬁr;ipbecause the triangle CBA is similar to the triangle
$]
1 therefore CB is to BA as BA is to BD. [VL Def. 1.
And when three straight lines are proportionals, as the
first is to the third so is the figure described on the first
to the similar and similarly. described figure on the
second ; [VI. 20, Corollary 2.
therefore as CB is to BD so is the figure described on CB
to the similar and similarly described figure on B4 ;
and inversely, a8 BD is to BC so is the figure described
on BA to that described on CB. [v. B.
In the same manner, as CD is to OB so is the figure

described on CA to the similar figure described on CB.
Therefot"le as llie% and gfl) together are ttl‘: CB ?ix ax;;a the
figures descri on and C4 er to the figure
described on CB. boge [V. 24,
But BD and CD together are equal to CB; .

therefore the figure described on BC is equal to the similar
! and similarly described figures on BA and CA. [V. 4.

‘Wherefore, in any right-angled triangle &c. Q.E.D.
14—2
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PROPOSITION 32. THEOREM.

If tewo triangles, which have two sides of the one pro-

portional to two sides of the other, be joined at one angle

" 80 as to have their homologous sides parallel to one another,
the remaining sides shall be in a straight line.

Let ABC and DCE be two triangles, which have the
two sides B.A, AC proportional to the two sides CD, DE,
namely, B4 to AC as CD is to DE; and let AB be

rallel to DC and AC parallel to DE: BC and CE shall
§2 in one straight line,

For, because 4.8 is parallel A

to DC, [Hypothesis.

and A4C meets them, D

the alternate angles BAC, , \\
ACD are equal ; [I. 29. ,

for the same reason the angles B \l!'.
ACD, CDE are equal; o

therefore the angle BAC is equal to the angle CDE. [4x. 1.

And because the triangles A BC, DCE have the angle at

A equal to the angle at D, and the sides about these angles

proportionals, namely, B4 to AC as CD is to.DE, [Hyp.

therefore the triangle 4BC is equiangular to the triangle
CE ; [VL 6.

therefore the angle 4 BC is equal to the angle DCE.

And the angle BAC was shewn equal to the angle ACD;

therefore the whole angle ACE is equal to the two angles
ABC and BAC. [Aziom 2.

Add the angle ACB to each of these equals;
then the anég’les ACE and ACB are together equal to the
2

angles 4ABC, BAC, ACB.
But the angles 4BC, BAC, ACB are together equal to
two right angles; [I. 82.

therefore the angles ACE and ACB are together equal to
two right angles.

And since at the point C, in the straight line AC, the
two straight lines BO, CE which are on the opposite sides

J
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of it, make the adjacent angles 4CE, ACB together equal

to two right angles,

therefore BC and CF are in one straight line, [I. 14,
‘Wherefore, if two triangles &c. QE.b.

PROPOSITION 33. THEOREM.

In equal circles, angles, whether at the centres or at the
circumferences, have the same ratio which the arcs on
which they stand have to one avother ; so also have the
sectors.

Let 4BC and DEF be equal circles, and let BGC and
EHF be angles at their centres, and BAC and EDF
angles at their circumferences: as the arc BC is to the arc
EF so shall the angle BGC be to the angle EHF, and the
angle BAC to the angle ZDF ; and so also shall the sector
BGC be to the sector EHF.

Take any number of ares OK, KL, each equal to BC,
and also any number of arcs M, MN each equal to EF;
and join GK, GL, HM, HN. .

Then, because the arcs BC, CK, KL, areall equal, [Constr.
the angles BGC, CGK, KGL are also all equal ; [IIL 27.
and therefore whatever multiple the arc BL is of the arc
BC, the same multiple is the angle BGL of the angle
BGC.

For the same reason, whatever multiple the arc EN is of
the arc EF, the same multiple is the angle EHN of the
angle EHF.
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And if the arc BL be equal to the arc EN, the angle BGL
is equal to the angle EHN ; . [IIL. 27.
and if the arc BL be greater than the arc EN, the angle
BGL is greater than the angle EHN ; and if less, less.

Therefore since there are four magnitudes, the two
arcs BC, EF, and the two angles BGC, EHF ;

and that of the arc BC and of the angle BG'C have been
taken any equimultiples whatever, namely, the arc BZ and
the angle BGL;
and of the arc £F and of the angle EHF have been taken
any equimultiples whatever, namely, the arc £ZN and the
, angle EHN ; . A

and since it has been shewn that if the arc BZ be greater
than the arc EN, the angle BG L is greater than the angle
EHN ; and if equal, equal ; and if less, less;
therefore as the arc BC is to the arc EF, so is the angle

BGC to the angle EHF. [V. Definition 5.

But as the angle BGC is to the angle EHF, so is the
angle BAC to the angle EDF, [V. 15.
for each is double of each; [II1. 20.

therefore, as the arc BC is to the arc EF so is the angle
ggg’ to the angle £HF, and the angle BAC to the angle

Also as the arc BC is to the arc EF, so shall the sector
- BGC be to the sector EHF.
Join BC, CK, and in the arcs BC, CK take any points
X, 0, and join BX, XC, C0O, OK.
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Then beca.use.in the triangles BGC, CGK, the two
sides BG, GC are equal to the two sides C@, G K, each to
each;

and that they contain equal angles; [IIT. 27.
therefore the base BC is equal to the base CK, and the
triangle BGC is equal to the triangle CGK. [L 4.
A D
(8}
C F

And because the arc BC is equal to the arc CK, [Constr.

the remaining part when BC is taken from the circum-
ference is equal to the remaining part when CK is taken
from the circumference ;

therefore the angle BXC is equal to the angle COK. [III. 27.
Therefore the segment BXC is similar to the segment
COK; [LIT. Definition 11.
and they are on equal straight lines BC, CK.
But similar segments of circles on equal straight lines are
equal to one another; [IIL. 24.
therefore the segment BXC is equal to the segment COK.
And the triangle BGC was shewn to be equal to the
triangle CGK ;

therefore the wholé, the sector BG'C, is equal to the whole,
the sector CG K. [Axiom 2.

For the same reason the sector KGZ is equal to each of
the sectors BGC, CGK. .

In the same manner the sectors EHF, FHM, MHN may
be shewn to be equal to one another.

Therefore whatever multiple the arc BZ is of the are
BC, the same multiple is the sector BGL of the sector
_B .

C;

—— e Y,———e e
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and for the same reason whatever multiple the arc EN is

of the arc EF, the same multiple is the sector EHN of the

sector EHF. )

And if the arc BL be. equal to the arc EN, the sector

BGL is equal to the sector EHN ;

and if the arc BL be ter than the arc EN, the sector

BGL is greater than the sector ZHN ; and if less, less.
Therefore, since there are four magnitudes, the two

arcs BC, EF, and the two sectors BGC, EHF';

A D

0
C

and that of the arc BC and of the sector BGC have been
taken any equimultiples whatever, namely, the arc BL and
the sector BGL ;
and of the arc ZF and of the sector EHF have been taken
any equimultiples whatever, namely, the arc £V and the
sector EHN ;
and since it has been shewn that if the arc BZ be greater
than the arc EN, the sector BGL is ter than the
sector EHN ; and if equal, equal ; and if less, less;
therefore as the arc BC is to the arc EF, so is the sector
BGC to the sector EHF., [V. Definition 5.
‘Wherefore, in equal circles &c. QE.D.
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PROPOSITION B. Ti‘IEOREM .

If the vertical angle of a triangle be bisected by a straight
line which likewsse cuts the base, the rectangle contained
by the sides of the triangle is equal to the rectangle con-
tained by the segments of the base, together with the square
on the straight line which bisects the angle.

Let ABC be a triangle, and let the angle BAC be
bisected by the straight line 4.D: the rectangle B4, AC
shall be equal to the rectangle. 2D, DC,together with the
square on AD.

Describe the circle ACB
about the triangle, [IV.5.
and produce 4D to meet the
circumference at E,
and join EC.

Then, because the angle.

BAD is equal to the angle
EAC, [Hypothesis..
and the angle ABD is equal to.
the angle 4 EC, for they are in
the same segment of the circle, ' [1IT. 21.
%ﬁrgfore the triangle BAD is equiangular to the triangle

Therefore BA is to AD as EA is to AC; [VL 4.
therefore the rectangle B4, 4C'is equal to the rectangle
EA, AD, [VI 16.
that is, to the rectangle ZD, D 4, together with the square
on AD. . [II. 3.

But the rectangle ED, DA is equal to the rectangle
BD, DC; ’ [1I. 35.

therefore the rectangle BA, AC is equal to th tangl
BD, DC, together with the ’square oanID. o rectangte

Wherefore, if the vertical angle &c. Q.E.D.
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PROPOSITION C. THEOREM.

If from the vertical angle of a triangle a straight line
be drawn perpendicular tothe base, the rectangle contained
by the sides of the triangle is- equal to the rectangle con-
tained by the perpendicular and the diameter of the circle
described about the triangle.

Let ABC be a triangle, and let 4D be the perpen-
dicular from the angle 4 to the base BC': the rectangle
BA, AC shall be equal to the rectangle contained by 4D
and the diameter- of the circle described about the triangle.

Describe the circle 4CB"
about the triangle; [IV. 5.,

draw the diameter AE, and ‘K
join EC. Bf

Then, because the right
angle BDA is equal to the
angle ECA in a semi-
circle ; [IIL 81.
and the angle 4 BD is equal b5y
to the angle 4AEC, for they
are in the same segment of
the circle ; [IIIL 21.
2121"81‘01'0 the triangle 4 BDr is equiangular to the triangle

Therefore BA is to AD as EA is to AC; VL 4
therefore the rectangle BA4, AC is equal to the rectangle
EA4, AD. [VL 16.

‘Wherefore, if,from the vertical angle &c. Q.E.D.

PROPOSITION D. THEOREM.

The rectangle contained by the diagonals of a quadri-
lateral figure tnscribed in a circle is equal to both the
rectangles contained by its opposite sides.
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Let ABCD be any quadrilateral figure inscribed in
a circle, and join AC, BD: the rectangle contained by
ACQ, BD shall be equal to the two rectangles: contained by
AB, CD and by AD, BC.

Make the angle 4 BE equal to the angle- DB(C; [I. 23,
add to each of these
equals the angle £BD,
then the angle 4BD
is %gual to the angle
EBC.

[Aziom 2..

And the angle BDA is
equal to theangle BCE, for
they are in the same seg-
ment of the circle ; [II1.21.
therefore the triangle
A BDis equiangulartothe
triangle EBC.
Therefore AD is to DB
ag ECis to CB; [VI 4.
therefore the rectangle 4D, €B.is. equal to the rectangle
DB, EC. [VL 16.

Again, because the angle 4BE is equal to the angle
DBC, [Construction.
and the angle BAE is equal to the angle BDC, for they
are in the same segment of the circle ; [III. 21.

%eBrgore the triangle ABE is equiangular to the triangle

Therefore BA is to AE as BD is to DC; [VL 4.
therefore the rectangle B4, DC is equal to the rectangle
AE, BD. [VI. 16.

But the rectangle 4D, CB has been shewn equal to
the rectangle DB, EC; ‘
therefore the rectangles 4D, CB and BA, DC are together
equal to the rectangles BD, EC and BD, AE;

that is, to the rectangle BD, AC. [IL 1.
‘Wherefore, the rectangle contained &c. Q.E.D,



BOOK XI.
DEFINITIONS. .

1. A souLm is that which has length, breadth, and
thickness. :

2. That which bounds a solid is a superficies.

3. A straight line is perpendicular, or at right angles,
to a plane, when it makes right angles with every straight
line mecting it in that plane.

4. A plane is perpendicular to a plane, when the
straight lines drawn in one of the planes perpendicular to
the common section of the two pl‘a)mes, are perpendicular
to the other plane.

5. The inclination of a straight line to a plane is the
acute angle contained by that straight line, and another
drawn from the point at which the first line meets the
plane to the point at which a perpendicular to the plane
drawn from any point of the first line above the plane,
meets the same plane.

6. The inclination of a plane to a plane is the acute
angle contained by two straight lines drawn from any the
same point of their common section at right angles to it,
one in one plane, and the other in the other plane.

7. Two planes are said to have the same or a like
jnclination to one another, which two other planes have,
whel}ll the said angles of inclination are equal to one
another.

8. Parallel planes are such as do not meet one another
though produc
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9. A solid angle is that which is made by more than
two plane angles, which are not in the same plane, meeting
at one point.

10. ual and similar solid figures are such as are
contained by similar planes equal in number and magni-
tude. [See the Notes.]

11. Similar solid figures are such as have all their solid
angles equal, each to each, and are contained by the same
number of similar planes.

12. A pyramid is a solid figure contained by planes
which are constructed between one plane and one point
above it at which they meet.

13. A prism is a solid figure contained by plane figures,
of which two that are o;()iposit,e are equal, similar, and par-
allel to one another ; and the others are parallelograms.

‘14. A sphere is a solid figure described by the revolu-
};iiond of a semicircle about its diameter, which remains
xed.

15. The axis of a sphere is the fixed straight line
about which the semicircle revolves.

16. The centre of a sphere is the same with that of the
semicircle.

17. The diameter of a sphere is any straight line which
passes through the centre, and is terminated both ways by
the superficies of the sphere.

18. A cone is a solid figure described by the revolution
of a right-angled triangle about one of the sides containing
the right angle, which side remains fixed.

If the fixed side be equal to the other side containing
the right angle, the cone is called a right-angled cone;
if it be less than the other side, an obtuse-angled cone;

" and if greater, an acute-angled cone.

19. The axis of a cone is the fixed straight line about
which the triangle revolves.
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- 20. The base of a cone is the circle described by that
side containing the right angle which revolves.

21. A cylinder is a solid figure described by the revo-
lution of a right-agg}ed parallelogram about one of its sides
which remains fixi E

22, The axis of a cylinder is the fixed straight line
about which the parallelogram revolves.

23. The bases of a cylinder are the circles described
by the two revolving opposite sides of the parallelogram.

24, . Similar cones and cylinders are those which have
their axes and the diameters of their bases proportionals,

25. A cube is a solid figure contained by six equal
squares.

26. A tetrahedron is a solid figure contained by four
equal and equilateral triangles.

27. An octahedron is a solid figure contained by eight
equal and equilateral triangles.

28. A dodecahedron is a solid figure contained by
twel‘ie equal pentagons which are equilateral and equi-
angular,

29. An icosahedron is a solid figure contained by
twenty equal and equilateral triangles.

A. A parallelepiped is a solid figure contained by six
quadrilateral figures, of which every opposite two are
parallel.

PROPOSITION 1. THEOREM.

One part of a straight line cannot be in a plane, and
another part without it.

It it be possible, let 4B, part of the straight line
ABC, be in a plane, and the pz;rtpaBC without it.
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Then since the straight

line A4 B is in the plane, it can ©
be produced in that plane;

let it be produced to D; and .

let any plane pass through the \A )

straightline 4 D,and be turned

* about until it pass through the point C.

Then, because the points B and C are in this plane, the

straight line BC is in it. [I. Definition 7.

Therefore there are two straight lines 4BC, ABD in the

same plane, that have a common segment 4 3;

but this is impossible. [I. 11, Corollary.
Wherefore, one part of a straight line &c. QE.D.

PROPOSITION 2. THEOREM.

Two straight lines which cut one another are in one
plane; and three straight lines which meet one another
are tn one plane.

Let the two straight lines 4B, CD cut one another at
E: AB and CD shall be in one plane; and the three
straight lines £C, CB, BE which meet one another, shall
be in one plane.

Let any plane pass through the D
straight line £B, and let the plane
be turned about £B, produced if
necessary, until it pass through the
point C.

Then, because the points &
and C arein this plane, the straight
line ECisinit;  [I. Definition 7.
for the same reason, the straight
line BC is in the same plane; c B
and, by hypothesis, EB is in it.

Therefore the three straight lines £C, CB, BE are in one
plane.

But 4B and CD are in the plane in which £B and EC
are; [XI. 1.
therefore 4B and CD are in one plane.

‘Wherefore, two straight lincs &c. Q.E.p.
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PROPOSITION 3. THEOREM.

If two planes cut one another their common section
18 a straight line.

Let two planes 4B, BC cut one another, and let BD
be their common section: B.D shall be a straight line.

If it be not, from B to D, draw NB
in the plane AB the straight line
BED, and in the plane BC the
straight line BFD. [Postulate 1.
Then the two straight lines BED,
BFD have the same extremities,
and therefore include a space be- A
tween them ;-
but this is impossible.  [4ziom 10.
Therefore BD, the common section of the planes 4B and
BC cannot but be a straight line.

Wherefore, ¢f two planes &c. Q.ED.

PROPOSITION 4. THEOREM.

If a straight line stand at right angles to each of two
straight lines at the point of their intersection, it shall
also be at right angles to the plane which passes through
them, that is, to the plane in which they are.

Let the straight line EF stand at right angles to each
of the straight lines 4B, CD, at E, F
the point of their intersection: ZF
shall also be at right angles to the
plane passing through 4B, CD.
Take the straight lines 4 E, EB,
CE, ED, all equal to one another;
join AD, CB; through E draw in
the plane in which are 4B, CD,
any straight line cutting 4.D at &,
and CB at H ; and from any point
F in EF draw FA, FG, FD, F(,
FH, FB.
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Then, because the two sides AE, ED are equal to the
two sides BE, EC, each to each, [Construction.
and that they contain equal angles AED, BEC';  [I. 15.
therefore the base 4D is equal to the base BC, and the
angle DAE is equal to the angle EBC. [I. 4.
And the angle 4 EG is equal to the angle BEH; [L 15.

therefore the triangles 4 EG, BEH have two angles of the
one equal to two angles of the other, each to each;

and the sides £4, EB adjacent to the equal angles are

equal to one another; [Construction.
therefore £G is'equal to EH, and AG is equal to
BH, [L 26.

And because E4 is equal to EB, [Construction.

and EF is common and at right angles to them, [Hupothesis,
therefore the base 4 7 is equal to the base BF. [L 4.
For the same reason CF is equal to DF. ’

And since it 'has been shewn that the two sides DA,
AF are equal to the two sides CB, BF, each to each,

and that the base DF is equal to the base CF;
therefore the angle DA F is equal to vhe angle CBF. [I. 8.

Agnain, since it has been shewn that the two sides #4,
AQ@ are equal to the two sides #'B, BH, each to each,

and that the angle FA@ is equal to the angle ¥BH ;
therefore the base FG is equal to the base FH. [L. 4

Lastly, since it has been shewn that GE is equal to HE,
and ZF is common to the two triangles FEG, FEH ;

.and the base #'G has been shewn equal to the base F/ ;
therefore the angle FEQ is equal to the angle FEH. [I. 8.
Therefore each of these angles is a right angle. [I. Defin. 10.

In like manner it may be shewn that EF makes right
angles with every straight line which meets it in the plane
passing through 4B, CD.

Therefore EF is at right angles to the plane in which are
AB, CD. [XI. Definition 3.
Wherefore, if a straight line &c. QE.D.

15
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PROPOSITION 5. THEOREM.

If three straight lines meet all at one point, and a
straight line stand at right angles to each of them at that
point, the three straight lines shall be in one and the same
plane.

Let the straight line 4 B stand at right angles to each
of the straight lines BC, BD, BE, at B the point where
they meet: BC, BD, BE shall be in one and the same
plane.

For, if not, let, if possible,

BD and BE be in one plane: 0
and Bg’ withl;)ut i}:g ; let 3. p}lgacn'e

pass through 4B an ;

the common section of this ¥
plane with the plane in which

are BD and BE is a straight

line ; [XL 3. D
let this straight line be BF. )

Then the three straight lines
AB, BC, BF are all in one plane, namely, the plane which
passes through 4.8 and BC. . }

. And because 4B stands at right angles to each of the
straight lines BD, BE, [Hypothesis.
therefore it is at right angles to the plane passing through
them ; [XI. 4.
therefore it makes right angles with every straight line
meeting it in that plane. [XI. Definition 3.
But BF meets it, and is in that plane;
therefore the angle 4 BF is a right angle.

But the angle 4BC is, by hypothesis, a right angle ;
therefore the angle A BC is equal to theangle A BF; [4x. 11.
and they are in one plane; which is impossible.  [4ziom 9.
Therefore the straight line BC is not without the plane in
which are BD and BE,

therefore the three straight lines BC, BD, BE are in one
and the same plane.

Wherefore, if thres straight lines &. Q.E.D.
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PROPOSITION 6. THEOREM.

If two straight lines be at right angles to the same plane,
they shall be parallel to one another.

Let the straight lines 4B, CD be at right angles to the
same plane: 4.5 shall be parallel to CD.

Let them meet the plane at the 4 o
points B, D; join BD; and in the plane
draw DE at right angles to BD; [I.11.

make DE equal to 4B; [L 8.
and join BE, AE, AD. )

Then, because 4 B is perpendicular B! D
to the plane, [Hypothesis.

it makes right angles with every straight
line meeting it in that plane. [XI. Def. 3.

But BD and BE meet AB, and are
in that plane,
therefore each of the angles 48D, ABE is a right angle.
For the same reason each of the angles CDB, CDE is a
right angle.

And because 4B is equal to ED, {Construction.
and BD is common to the two triangles ABD, EDB,
the two sides A.B, BD are equal to the two sides ED, DB,
each to each;
and the angle 4BD is equal to the angle ZDB, each of

them being a right angle ; [Aziom 11,
therefore the base A.D is equal to the base EB. [I. 4.
Again, because 4B is equal to £D, [Construction.

and it has been shewn that BE is equal to D4 ;

therefore the two sides 4.B; BE are equal to the two sides
ED, DA, each to each;

-and the base AE is common to the two triangles 4 BE,
EDA;

therefore the angle 4 BE is equal to the angle EDA. [I. 8.
But the angle 4BE is a right angle,
therefore the angle £DA is a right angle,

that is, ED is at right angles to 4D,
15—2
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But ED is also at right; iméles
to each of the two BD, CD;
therefore ED is at right angles to
each of the three straight lines B.D,
AD, CD, at the point at which
they meet ; -
therefore these three straight lines
are all in the same plane. [XI. 5.

But 4B is in the plane in which
are BD, DA; [XI. 2. E
therefore 4B, BD, CD are in one plane.

And each of the angles 4 BD, CDB is a right angle;
therefore A4 B is parallel to CD. [I. 28.
‘Wherefore, if two straight lines &c. QE.D.

PROPOSITION 7. THEOREM.

If two straight lines be parallel, the straight line drawn
Jrom any point in one to any point in the other, ts in the
same plane with the parallels.

Let AB, OD be parallel straight lines, and take any
Egint E in one and any point # in the other: the straight
ine which joins £ and # shall be in the same plane with
the parallels.
For, if not, let it be, if pos-
sible, without the plane, as A ___ K B
EGPF;andintheplane4 BCD, ;
in which the paralleis are,
‘draw the straight line EHF H
from E to F.
Then, since EGF is also a Y F D
straight line, [Hypothesis. .
the two straight lines EGF, EHF include a space between
them ; which is impossible. [Aziom 10.
‘Therefore the straight line joining the points £ and F is
not without the plane in which the parallels 4B, CD are;
therefore it is in that plane.
‘Wherefore, if two straight lines &e. Q.ED.
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PROPOSITION 8. THEOREM.

If two straight lines be parallel, and one of them be at
right angles to a plane, the other also shall be at right
angles to the same plane.

Let 4B, CD be two parallel straight lines; and let one
of them A2 be at right angles to a plane: the other CD
shall be at right angles to the same plane.

Let AB, CD meet the plane .
at the points B, D ; join BD; c
therefore AB, CD, BD are in
one plane. XL 7.

In the plane to which 4B is at

right angles, draw DE at right

angles to BD; [I.11. B D
"make DE equal to 4B; [L 3.

and join BE, AE, AD.

Then, because 4B is at right ¥
angles to the plane, [Hypothesis.
it makes right angles with every straight line meeting it
in that plane; [X1. Definition 3.
therefore each of the angles 48D, ABE is a right angle.
And because the straight line BD meets the parallel

“straight lines 4B, CD,

the angles 4BD, CDB are together equal to two right
angles. ' - [L. 29.
But the angle 4BD is a right angle, [Hypothesis.
therefore the angle CDB is a right angle ;

that is, CD is at right angles to BD.’ '

And because 4B is equal to ED, [Construction,
and BD is common to the two triangles ABD, EDB; .
the two sides 4B, BD are equal to the two sides £D, DB,
each to each;
and the angle ABD is equal to the angle EDB, each of

them being a right angle; [Aziom 11.
therefore the base 4D is equal to the bagse EB. 1. 4.

Again, because 4B is equal to ED, [Construction.
and BE has been shewn equal to D4, C
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the two sides 4.8, BE are equal to the two sides £D, DA,
each to each;

and the base A Z is common to the two 4

triangles ABE, EDA ;

therefore the angle 4BE is equal to

the angle ADE. [1. 8.

But the angle 4 BE is a right angle; B

therefore the angle 4 DE is a right angle;

that is, £D is at right angles to A.D.

But £ZDisatrightangles 3
therefore ED i:lg.t :ilgllt at:gels) ’Eg oi?l::a E
plane which passes through BD, DA, [X1. 4.
and therefore makes right angles with every straight line
meeting it in that plane. [XTI. Definition 3.
But OD is in the plane passing through BD, DA, because
all three are in the plane in which are the parallels 4 B, CD;
therefore ED is at right angles to CD,
and therefore CD is at right angles to £D.

But CD was shewn to be at right angles to BD ;
therefore CD is at right angles to the two straight lines
BD, ED, at the point of their intersection D,
and is therefore at right angles to the plane passing
through BD, ED, ¢ e P [XI. 4
that is, to the plane to which 4B is at right angles.

. Wherefore, {f two straight lines &c. Q.E.D.

PROPOSITION 9. THEOREM.

Two .;traight lines which are each of them parallel to
the same straight line, and not in the same plane with it,
are parallel to one another. :

. Let AB and CD be each of them parallel to EF, and
not in the same plane with it:
AB shall be lel to CD.
In EF take any point G'; in
the plane passing tggough EF
and 4 B, drawfrom G thestraight B—
ling GItIh at ﬂght angles ttlf EF ];
and in the plane passing thro
EF and C?D, draw from Gutge
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straight line GK at right angles to EF. [L 11
Then, because EF is at right angles to GH and
GK, [Construction.

A;JIF is at right angles to the plane HGK passing through
them. XL

And EF is parallel to 4B ; ‘ [Hypotlmu.
therefore A B is at right angles to the plane HG K, [XI. 8.
}}Z Kthe same reason CD is at right angles to the plane

Therefore 4B and CD are both at right angles to the

plane HGK.

Therefore A B is parallel to CD. [XI. 6.
‘Wherefore, if two straight lines &c. Q.E.D.

PROPOSITION 10. THEOREM.

If two straight lines meeting one another be parallel to
two others that meet one another, and are not in the same
plane with the first two, the first two and the other two
shall contain equal angles.

Let the two straight lines 4B, BC, which meet one an-
other, be parallel to the two stralght fines DE, EF, which
meet one another, and are not in the same plane with
AB, BC: the angle 4 BC shall be equal to the n.ngle DEF.

Take BA, BC, ED, EF all equal to
one another, and j join AD, BE, CF, B
AC, DF.

Then, because 4B is equal a.nd A
parallel to DE,
therefore 4D is equal and parallel to
BE. [L. 83.

For the same reason, CF is equal
and parallel to BE.

Thercfore .AD and CF are each of
them equal and parallel to BE.

Therefore AD is parallel to CF, XL 9
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and 4D is also equal to

CF. [Axiom 1. B
Therefore AC is equal and -
parallel to DF. [I. 33. A

And because 4B, BC
are equal to DE, EF, each
to
and the base AC is equal to
the base DF,
therefore the angle ABC is
equal to the angle’ DEF. [I.8.

Wherefore, {f two straight lines &c. QE.D.

PROPOSITION 11, PROBLEM.

To draw a straight line perpendicular to a given plane,
Jrom a given point without it.

Let A be the given point without the plane BH : it is
required to draw from the point 4 a straight line perpen-
dicular to the plane BH.

Draw any straight line
BC in the plane BH, and A
from the point 4 draw 4D E
perpendicular to BC. [I. 12.

Then if 4D be also perpen-

dicular to the plane f

the thing re?ruired is done.

But, if not, from the point

D draw, in the plane BH,

the straight line DE at

right angles to BC, [L 11.

and from the point 4 draw A4 F perpendicular to DE, [I.12.
AF shall be perpendicular to the plane BH,

Through F draw G H parallel to BO. [L 81,
Then, because BC is at right angles to ED and DA, [Constr.
BC is at right angles to the plane passing through ED
and DA. : XL 4.
And GH is parallel to BC; [Construction.
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therefore GH is at right angles to the plane passing

through ED and DA ; [XL 8.
therefore GH makes right angles with every straight line
meeting it in that plane. [XI. Definition 8.

But 4 F meets it, and is in the plane passing through ED
and DA ; .
therefore G H is at right angles to AF,
and therefore 4 F is at right angles to GH.
But 4F is also at right angles to DE; [Construction.
. therefore 4F is at right angles to each of the straight
lines GH and DE at the point of their intersection ;
" therefore AF is ndicular to the plane passing through
GH and DE, thap::'geto the plane BI£ g [X}J.g 4.
‘Wherefore, from the given point A, without the plane
BH, the straight line AF has been drawn perpendicular
to the plane. Q.E.P, .

PROPOSITION 12. PROBLEM.

To erect a straight line at right angles to a given plane,
Jrom a given point in the plane.

Let A be the given point in the given plane: it is re-
quired to erect a?ﬁtﬁgﬁg line from the point 4, at right
angles to the plane.
From any point B without the

plane, draw B(C perpendicular to

the plane ; [XI. 11

and from the point 4 draw 4D

parallel to BC, [1. 81.

AD shall be the straight line re-

quired.
For, because 4D and BC are
two parallel straight lines, [Constr.
and that one of them BC is at
right angles to the given plane, [Construction.
the other 4 Dis also at right angles to the given plane. [XT. 8.
‘Wherefore a straight line has been erected at right an-
gles to a given plane, from a given point in it. QEF.
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PROPOSITION 13. THEOREM.

From the same point in a given plane, there cannot be
two straight lines at right angles to the plane, on the same
side of it; and there can be but one perpendicular to a
plane from a point without the plane. :

For, if it be possible, let the two straight lines 4B, 4C
be at right angles to a given plane, from the same point 4 -
in the plane, and on the same side of it.

Let a plane pass through Cc
BA, AC;
the common section of this
with the given plane is a .
straight line ; .[XIL 3.
let this straight linebe DAE.

Then the three straight lines 4B, AC, DAE are
all in one plane. ) .
And because C4 is at right angles to the plane, [Hypothesis.
it makes right angles with every straight line meeting it
in the plane, [X1. Definition 3.
But DAE meets C4, and is in that plane; :
therefore the angle CAE is a right angle.

For the same reason the angle BAE is a right angle.
Therefore the angle CA E is equal to the angle BAE ;[4=.11.
and they are in one plane;

D A E

which is impossible, [Aziom 9.
Also, from a point without the plane, there can be but

one perpendicular to the plane. '

For if there could be two, they would be parallel to one

another, XL 6.

which is absurd. ‘

Wherefore, from the same point &c. QE.D,
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PROPOSITION 14, THEOREM.

Planes to which the same straight line is perpendicular
are parallel to one another.

Let tho straight line 4B be perpendicular to each of
the planes CD and EF: these planes shall be parallel to
one another. _

For, if not, they will meet one
snother when produced;
let them meet, then their com-
mon section will be a straight
line
let GH be this straight line ; in
it take any point X, and join
AK, BK. .

- Then, because 4B is perpen-
dicular to the plane EF, [Hyp.
it is perpendicular to the straight

i I?pf( which is in that
plane; [X1. Definition 8.
therefore the angle 4BK is a right angle,

For the same reason the angle BAK is a right angle.
Therefore the two angles ABK, BAK of the triungle
ABK are equal to two right angles;

which is impossible. [L. 17.
Therefore the planes CD and EF, though produced, do
not meet one another ; )
that is, they are parallel. [XI. Definition 8.

‘Wherefore, planes &c. Q.E.D.

PROPOSITION 15. THEOREM.

If two straight lines which meet one another, be parallel
to two other straight lines which meet one another, but
are not in the same plane with the first two, the plane pass-
;Zg ttl;;ough these is parallel to the plane passing through

others.
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Let AB, BC, two straight lines which meet one another,
be parallel to two other straight lines DE, EF, which meet
one another, but are not in the same plane with 4B, BC:
the plane passing through 4B, BC, shall be parallel to the
plane passing through DE, EF.

" From the point B draw BG
perpendicular to the plane pass-
ing through DE, EF, [XI.11.
and let it meet that plane at G';
through G draw G-H parallel to
ED,and GKparallelto EF.[1.31.

Then, because BG® is per- A
pendicular to the plane passing
through DE, EF, [Construction.
it makes right angles with every straight line meeting it
in that plane; [X1. Definition 8.
but the straight lines GH and GK meet it, and are in that
plane ;
thexiefore each of the angles BGH and BGK is a right
angle.

Now because BA is parallel to ED, [Hypothesis.
and GH is parallel to ED, [Construction.
therefore BA is parallel to GH ; [XI. 9.

therefore the angles 4BG and BGH are together equal
to two right angles. [1. 29.

~ And the angle BGH has been shewn to be a right angle;
therefore the apgle ABG is a right angle,
For the same reason the angle CB@ is a right angle.

Then, because the straight line G'B stands at right
angles to the two straight lines B4, BC, at their point of
intersection B,
therefore GB is perpendicular to the plane passing through
BA, BC. [XI. 4.
And G B is also perpendicular to the plane passing through
DE, EF. [Construction.
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_ But planes to which the same straight line is perpendicular
are parallel to one another; [XIL 14,

therefore the plane passing {hrough AB, BC.is parallel to
the plane passll)ng through DE, EF. ’

Wherefore, if two straight lines &ec. - QE.D,

PROPOSITION 16. THEOREM.

If two parallel planes be cut by another ‘I')lana,- their
common sections with it are parallel.

Let the dpa.mllel planes 4B, CD be cut by the plane
EFHQ, and let their common sections with it be EF,
GH: EF shall be parallel to GH.

For if not, EF and GH, being produ will meet
either towards F, H, or towards E, G Let?et‘lli’em be pro-
duced and meet towards F, H at the point X

Then, since EFK is in the
plane 4 B, every point in EFK K
18 in that plane ; [XI.1,
therefore K is in the plane

For the same reason X is in
the plane CD.

Therefore the planes 4B, CD, &
bfli:ng produced, meet one an- E
otaer.

But they do not meet, since they are parallel by hypothesis.

Therefore EF and GH, being produced, do not meet to-
wards ¥, H.

In the same manner it may be shewn that they do not
meet towards E, G.

But straight lines which are in the same plane, and which
g:.irlz:fl Yroduced ever so far both ways do not meet are
el ; -

therefore EF is parallel to GH.
Wherefore, if two parallel planes &c. Q.E.D.
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PROPOSITION 17. THEOREM.

If two straight lines be cut by parallel planes, t
shall be cut in the same ratio. » they

Let the straight lines 4B and CD be cut by the pa-
rallel planes GH, KL, MN, at the points 4, E, B, and
C, F, D: AE shall be to EB as CF'is to FD.

Join AC, BD, AD; let
AD meet theX p]a.ng KL : o
at the point X ; and join A,

EX, XF. ’ L2

Then, because the two
parallel planes KZ, M N are
cut by the plane EBDX,
the common sections EX,
BD are parallel ; [XI. 16.
and because the two pa-
rallel planes GH, KL are
cut by the plane 4XFC,
the common sections AOf
XF are parallel. [XI. 16. -

And, because EX is parallel to BD, a side of the

s

triangle ABD,
therefore AE is to EB as AX is to X D. [VI. 2.
ﬁ%icl']’ because X ¥ is parallel to 4C, a side of the triangle
therefore AX is to XD as CF is to FD. [VL 2
And it was shewn that 4X is to XD as AE is to EB;
therefore AE is to EB as CF is to FD. [V. 11

‘Wherefore, ¢f two straight lines &c. Q.E.D.

PROPOSITION 18. THEOREM.

If a straight line be at right angles to a plane, every
plane which passes through it shall be at right angles to
that plane. .

Let the straight line 4B be at right angles to the
plane CK : every &]ane whichKPasses through A B shall be
at right angles to the plane CK.

.
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Let any plane DE
through 4.B,and

let CE be the common
section of the planes :
DE,CK; [XL3. . X
take any point F in
CE, from which draw

FQ@, in the plane DE, )
at right angles to :
CE. [L 1L

Then, because 4B is at right angles to the plane
CK, [Aypothesis.
therefore it makes right angles with every straight line
meeting it in that plane ;- [XI. Definition 8.

but CB meets it, and is in that plane;
" therefore the angle 4 BF is a right angle.

But ¢he angle GFB is also a right angle ; [Constructian.

‘therefore F'G' is parallel to 4B. [I. 28.

"And 4B is at right angles to the plane CK';  [Hypothesis.

‘therefore F'G is also at right angles to the same plane. [X1.8.
But one plane is at right angles to another plane, when

the straight lines drawn in one of the planes at right

angles to their common section, are also at right angles to

‘the other plane ; [XT1. Definition 4.

and it has been shewn that any straight line #G' drawn in
the plane DE, at right angles to CE, the common section
of the planes, is at right angles to the other plane CK';
therefore the plane DE is at right angles to the plane CK.

In the same manner it may be shewn that any other
plane which passes through 4B is at right angles to the
plane CK.

Whereforé, va ttraigh‘i line &c. QE.D.

PROPOSITION 19. THEOREM.

If two planes which cut one another be each of them
perpendicular to a third plane, their common section shall
be perpendicular to the same plane.
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Let the twu)lanes BA, BC be each of them perpen-
dicular to a third plane, and let BD be the common section
of the planes B4, BC: BD shall be perpendicular to the
third plane. :
For, if not, from the point D, B

draw in the plane B.A, the straight

line DE at right angles to AD,

the common section of the plane

BA with the third plane; [L 11.

and from the point D, draw in the

plane BC, the straight line DF at

right angles to CD, the common

section of the plane BC with the

third plane. [L 11. £

Then, because the tglmne BAis
perpendicular to the third plane, [Hypothesis.
and DE is drawn in the plane B4 at right angles to 4D
‘their common section ; [Construction.

therefore DE is perpendicular to the third plane. [XI. Def. 4.
In the same manner it may be shewn that DF is per-

pendicular to the third plane.

Therefore from the point D two straight lines are at

riﬂ:t angles to the third plane, on the same side of it;

which is impossible. [XI.13.

Therefore from the point ), there cannot be any straight

line at right angles to the third Jlane, except BD the com-

mon section of the planes B4, BC;

therefore BD is perpendicular to the third plane. *

Wherefore, if two planes &c. Q.E.D.

PROPOSITION 20. THEOREM.

If a solid angle be contained by three plane angles, any
two of them are together greater than the third. ’

Let the solid angle at 4 be contained by the three
plane angles BAC, CAD, DAB: any two of them shall be
together greater than the third.

If the angles BAC, CAD, DAB be all equal, it is
evident that any two of them are greater than the third.
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If they are not all equal, let
BAC be that angle which is not
less than either of the other two, and
is greater than one of them, BAD.
At the point 4, in the straight line
‘BA, make, in the plane which passes
through BA, AC, the angle BAE
equal to the angle BAD; [IL. 23.
make 4 equal to AD; - [L 8.
through £ draw BEC cutting 4B, AC at the points B, C’;
and join DB, DC. ’ 1
Then, because A.D is equal to AE, [Construction,
and 4B is common to the two triangles BAD, BAE,
the two sides B4, AD are equal to the two sides B4, AE,
each to each; : .
and the angle BAD is equal to the angle BAE;  [Constr,
‘therefore the base BD is equal to the base BE. L 4.
And because BD, DC are together greater than
BC, . {I. 26.
n}:% (gle of them BD has been shewn equal to BE a part
of y ’ e ' o
therefore the other D(C is greater than the remaining
part EC.
‘And because 4D is equal to A, {Construction.
‘and AC is common to the two triangles DAC, EAC,
but the base DC is greater than the base £C’;
therefore . the angle DAC is greater than the angle
EAC. ) [1. 25.
And; by construction, the angle BAD is equal to the
angle BAE; - . ,
therefore the argles- BAD, DAC are together greater
than the angles BAE, EAC, that is, than the angle BAC.
. But the-angle BAC is not less than either of the angles
BAD, DAC;
therefore the angle BAC together with either of the other
angles is greater than the third.

Wherefore, if a solid angle &c. QE.D.
. 18
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PROPOSITION 21. THEOREM.

Every solid angle is contained by plane angles, which
are together less than four right angles.

First let the solid angle at 4 be contained by three
plane angles BAC, CAD, DAB: these three be
together less than four right angles. )

In the straight lines 4B, AC, AD
take any points B, C, D, and join BC,

CD, DB.

Then, because the solid angle at
B is contained by the three plane
angles CBA, ABD, DBC, any two
of them are together greater than the -
third, [XI.20. B o)
therefore the angles CBA, ABD are
together greater than the angle DBC.

For the same reason, the angles BCA, ACD are together
greater than the angle DCB,

and the angles CDA, ADB are together greater than the
angle BDC.

Therefore the six angles CBA, ABD, BCA, ACD, CDA
ADB are together greater than the three angles DBC,
DCB, BDC;

but the three anglles DBC, DCB, BDC are together equal
to two right angles. [1. 32,
Therefore the six angles CBA, ABD, BCA, ACD, CDA,
ADB are together greater than two right angles.

And, because the three angles of each of the triangles
ABC, ACD, ADB are together equal to two right
angles, [L 32
therefore the nine angles of these triangles, namely, the
o;niles CBA, BAC, ACB, ACD, CDA, CAD, ADB,
DBA, DAB are equal to six right angles ;
and of these, the. six ang]:s CBA4, ACB, ACD, CDA,
ADB, DBA are greater than two right angles,

therefore the remaining three angles BAC, CAD, DAB,

which contain the solid angle at A4, are together less than

four right angles.
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Next, let the solid angle at 4 be contained by any
number of gylane angles BAC, CAD, DAE, EAF, I'zAB:

these shall be together less than four right angles.
Let the planes in which the an-
gles are, be cut by a plane, and let A

the common sections of it with those
planes be BC, CD, DE, EF, FB.
Then, because the solid angle at
B is contained %y the three plane
- angles CBA, ABF, FBC, any two
of them are together greater than
the third, [XI. 20.
therefore the angles CBA, ABF
are together greater than the angle
FBC. .
For the same reason, at each of the mts C, D, E, F, the
two plane angles which are at the s of the triangles
having the common vertex 4, are together greater
the third angle at the same point, which is one of the
angles of the polygon BCDEF.
Therefore all the angles at the bases of the triangles are
together greater than all the angles of the polygon.

. Now all the angles of the triangles are together eatlm.l
to twice as many right angles as there are triangles, that
is, as there are sides in the polygon BCDEF ; (1. 32.
and all the angles of the polygon, together with four right
angles, are also equal to twico as many right angles as
there are sides in the polygon; [1. 32, Corollary 1.
therefore all the angles of the triangles are equal to all the
angles of the polygon, together with four right angles. [4x. 1.

But it has been shewn that all the angles at the bases
of the triangles are together greater than all the angles of
the polygon; N
therefore the remaining angles of the triangles, namely,
thoge at the veri;exf which contain the solid angle at 4, are
together less than four right angles.

"Wherefore, every solid angle &c. QED.

D

16—2
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LEMMA. -

If from the greater of two unequal magnitudes ‘there
be taken more than its half, and from the remainder
more than its half, and so on, there shall at length re-
main a magnitude less than the smaller of the proposed
magnitudes. '

Let AB and C be two unequal magnitudes, of which
AB is the greater: if from 4B there be taken more than
its half, and from the remainder more than its half, and so
on, there shall at length remain a magnitude less than C.

For C may be multiplied so as at length D
to become greater than A4B. A

Let it be so multiplied, and let DE its
multiple be greater than 4B, and let DE

be givided into DF, FG, GE, each equal Fi
to C. :

- From AB take BH, greater than its I c
half, and from the remainder 4 H take HK

eater than its half, and 8o on, until there

as many divisions in 4B as in DE ; and

let the divisions in 4B be AK, KH, HB, 4 B
and the divisions in DE be DF, FG, GE.

Then, because DE is greater than 4B;
and that £G taken from DE is not greater than its half;
but BH taken from 4B is greater than its half ;
?zefore the remainder D@ is greater than the remainder
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Again, beeause D@ is greater than AH ;

and that G'F is not greater than the half of D@, but HK®
is greater than the half of 44 ;

-téx%efore the remainder DF is greater than the remainder

But DFis equal to O
therefore C is greater than AKX ;
that is, 4K i8 less than C. Q.ED.

And if only the halves be taken away, the same thing may
in the same way be demonstrated.

PROPOSITION 1. THEOREM.

Similar polygons inscribed in circles are to one another
as the squares on their diameters.

Let ABCDE, FGHKL be two cn-cles, and in them
the similar lygons ABCDE, FGHKL; and let BM,
GN be the eters of the circles: the polygon ABCDE
shall be to the pol gg}n FGHKL as the square on BM is
to the square on

e

Join AM, BE, FN, GL.
Then, because the polygons are similar,
therefore the angle BAE is equal to the angle GFL,
and BA is to AE a8 GF is to FL. [VL Definition 1.
Therefore the triangle BAE is equiangular to the triangle
GFL; friang [VE 6.

therefore the angle 4 EB is equal to the angle FLG.

But the angle AEB is equal to the angle AMB, and the
angle FLG is equal to the angle FNG ; [IIL 21.

therefore the angle AMB is equal to the angle FNG.



246 EUCLID'S ELEMENTS.

And the angle BAM is equal to the angle GFN, for
each of them is a‘right angle, (111, 31.

A

Therefore the remaining angles in the triangles AMB,
FNg are equal, and the triangles are equiangular to one
another ;
therefore BA is to BM as GF is to GN, [VL 4.
and, alternately, BA is to GF as BMisto GN; [V.16.
therefore the duplicate ratio of B4 to GF is the same as
the duplicate ratio of BM to GN. [V. Definition 10, V. 22
But the polygon ABCDE is to the polygon FGHKL
in the duplicate ratio of B4 to GF'; [VI. 20.
and the square on BM is to the square on GV in the du-
plicate ratio of BM to GN ; [VI. 20.
therefore the polgon ABCDE is to the polygon FGHKL
as the square on BM is ta the square on GV, [v.11.
Wherefore, similar polygons &c. Q.E.D.

PROPOSITION 2. THEOREM. .

Circles are to one another as the squares on their
diameters.

Let ABCD, EFGH be two circles, and BD, FH their
diameters : the circle A BCD shall be to the circle EFGH
a8 the square on BD is to the square on FH.

For, if not, the square on BD must be to the square on
FH as the circle ABCD is to some space either less
than the circle EFGH, or greater than it.

First, if possible, let it be as the circle ABCD is to a
space S less than the circle ZFGH.
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In the circle EFG H inscribe the square EFGH, [IV. 6.
This square shall be greater than half of the circle EFGH.

For the square ZFGH is half of the square which can
be formed by dmwi% straight lines to touch the circle at
the points E, F, G, H ;
and the square thus formed is greater than the circle;
t!lexl'efom the square EFGH is greater than half of the
circle.

Bisect the arcs EF, FQ, GH, HE at the points K,
L, M, N;
and join EK, KF, FL, LG, GM, MH, HN, NE. Then
each of the tria;ﬁ}es EKF, FLG, GMH, HNE shall
be greater than of the segment of the circle in which

_ it stands.

For the triangle EXF is half of the parallel
which can be formed by drawing a straight line to touch the
circle at K, and parallel straight lines ugh £ and F,

and the elogram thus formed iséreaber than the
ent #'’EK ; therefore the triangle EKF is greater than
of the segment.

And similarly for the other triangles.

Therefore the sum of all these triangles is together greater
than half of the sum of the segments of the circle in which
they stand.

Again, bisect EK, KF, &c. and form triangles as before ;
then the sum of these triangles is greater than half of the
sum of the segments of the circle in which they stand.

.
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If this process be continued, and the triangies be sup-
posed to be taken away, there will at length remain seg-
ments of circles which are together less than the excess of
' 'ﬂle circle EFGH above the space S, by the preceding

emma.

Let then the segments EK, XF, FL, LG, GM, MH,

HN, NE be those which remain, and which are together
less than the excess of the circle above S;

therefore the rest of the circle, namely the polygon
EKFLGMHN, is greater than the space S.

In the circle 4 BCD describe th?olygon AXBOCPDR
similar to the polygon EXFLGMHN.

Then the polygon AXBOCPDR is to the polygon
EKFLGMHI‘\;O aig:he square on BD is to the quggn
FH, ' . XILL
that is, as the circle 4 BCD is to the space S. [Hyp., V. 11."
But the pol{]gl'on AXBOCPDR is less than the circle
ABCD in which it is inscribed, = .

therefore the polygon EKFLGMHN is less than the.
space S'; » - e N A2 U'Y
but it is also greater, as has been shewn ; ’ :
which is impossible. SRR

Therefore the square on BD is not to the square on
FH as the circle ABCD is to any space less the
circle EFGH. .

In the same way it may be shewn that the square on
FH is not to the square on BD as the circle EFGH is to
any space less than the circle 4. BCD.

Nor is the square on BD to the square on FH as
t],g;' g;;le ABCD is to any space greater than the circle

For, if possible, let it be as the circle ABCD is to a space
T greater than the circle EFGH.

Then, inversely, the square on FH is to the square on BD
as the space 7'is to the circle ABCD.

But as the space 7' is to the circle ABCD s0 is the circle
EFGH to some space, which must be less than the circle
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ABCD, because, by hypoth the s T is ter
than the circle EFGH., Tpothesis, pa.ce gg}au

Therefore the square on FH is to the square on BD as
the circle ZFGH is to some space less than the circle
ABCD;

which has been shewn to be impossible.

Therefore the ? e on BD is not to the square on FH
g}lg}?rclez! CD mtoanyspwegreaterthantheclrcle

And it has been shewn that the s;uare on BD is not
to the square on FH as the circle CD is to any space
less than the circle EFGH.

Therefore the square on BD is to the square on FH as the
circle ABCD is to the circle EFGH,

‘Wherefore, circles &. QE.D.



NOTES ON EUCLID'S ELEMENTS.

THE article Eucleides in Dr Smith’s Dictionary of Greek and
Roman Biography was written by Professor De Morgan ; it
contains an account of the works of Euclid, and of the various
editions of them which have been published. To that article we
refer the student who desires full information on these subjects.
Perhaps the only work of importance relating to Euclid which
has been published since the date of that article is a work on the
Porisms of Buclid by Chasles; Paris, 1860.

Euclid appears to have lived in the time of the first Ptolemy,
B.C. 323—283, and to have been the founder of the Alexandrian
mathematical school. The work on Geometry known as The
Elements of Euclid consists of thirteen books ; two other books
have sometimes been added, of which it is supposed that Hypsicles
was the author. Besides the Elements, Euclid was the author of
other works, some of which have been preserved and some lost.

We will now mention the three editions which are the most
valuable for those who wish to read the Elements of Euclid in the
original Greek.

(r) The Oxford edition in folio, published in 1703 by David
Gregory, under the title Edx\eldov 7d cwlbuera. ¢ Asan edition
of the whole of Euclid’s works, this stands alone, there being no
other in Greek.” .De Morgan.

(3) Euclidis Elementorum Libri sex priores...edidit Joannes
Gulielmus Camerer. This edition was published at Berlin in two
volumes octavo, the first volume in 1824 and the second in 1825.
It contains the first gix books of the Elements in Greek with a
Latin Translation, and very good notes which form a mathema-
tical commentary on the subject.

(3) Euclidis Elementa ex optimis libris in usum tironum
Greece edita ab Ernesto Ferdinando August. This edition was
published at Berlin in two volumes octavo, the first volume in
1816 and the second in 1829. It contains the thirteen books of
the Elements in Greek, with a collection of various readings.
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A third volume, which was to have contained the remaining
works of Euclid, never appeared. ¢ To the scholar who wants
one edition of the Elements we should decidedly recommend this,
ags bringing together all that has been done for the text of
Euclid’s greatest work.” De Morgan.

An edition of the whole of Euclid’s works in the original has
long been promised by Teubner the well-known German publisher,
as one of his series of compact editions of Greek and Latin
authors; but we believe there is no hope of its early appearance.

Robert Simson’s edition of the Elements of Euclid, which
we have in substance adopted in the present work, differs con-
siderably from the original. The English reader may ascertain
the contents of the original by consulting the work entitled The
Elements of Euclid with dissertations...by James Williamson.
This work consists of two volumes quarto; the first volume was
published at Oxford in 1781, and the second at London in 1788.
‘Williamson gives a close translation of the thirteen books of the
Elements into English, and he indicates by the use of Italics the
words which are not in the original but which are required by
our language.

Among the numerous works which contain notes on the
Elements of Euclid we will mention four by which we have been
aided in drawing up the selection given in this volume.

An Examination of the first siz Books of Euclid’s Elements by
William Austin...Oxford, 1781.

Euclid’s Elements of Plane Geometry with copious notes...by
John Walker. London, 1827.

The first siz books of the Elements of Euclid with a Commen-
tary...by Dionysius Lardner, fourth edition. London, 1834.

Short supplementary remarks on the first six Books of Euclid’s -
Elements, by Professor De Morgan, in the Companion to the
Almanac for 1849,

‘We may also notice the following works:

Geometry, Planme, Solid, and Spherical,...London 1830 ; this
forms part of the Library of Useful Knowledge.

Théorémes et Problemes de Géométrie Eleméntaire par Eugéne
Catalan.. Troisidme édition. Paris, 1858,

For the History of Geometry the student is referred to
Montucla’s Histoire des Mathématiques, and to Chasles’s Apercu
historigue sur Porigine et le devéloppement des Méthodes en Géo-
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THE FIRST BOOK.

Definitions. The first seven definitions have given rise to con-:
giderable discussion, on which however we do not propose to enter.
Such a discussion would consist mainly of two subjects, both of
which are unsuitable to an elementary work, namely, an exami-
nation of the origin and nature of some of our elementary ideas,
and a comparison of the original text of Euclid with the substitu-
tions for it proposed by Simson and other editors. For the former
subject the student may hereafter consult Whewell’s History of
Scientific Ideas and Mill's Logic, and for the latter the notes in
Camerer's edition of the Elements of Euclid.

We will only observe that the ideas which correspond to the
words point, line, and surface, do not admit of such definitions as
will really supply the ideas to a person who is destitute of them.
The so-called definitions may be regarded as cautions or restric-
tions. Thus a goint is not to be supposed to have any size, but
ouly position; a line is not to be supposed to have any breadth or
thickness, but only length; a surface is not to be supposed to have
any thickness, but only length and breadth.

The eighth definition seems intended to include the cases in
which an angle is formed by the meeting of two curved lines, or
of a straight line and a curved line ; this definition however is of
no importance, as the only angles ever considered are such as are
formed by straight lines. The definition of a plane rectilineal
angle is important; the beginner must carefully observe that no
change is made in an-angle by prolonging the lines which form
it, away from the angular point.

Some writers object to such definitions as those of an equi-
lateral triangle, or of a square, in which the existence of the
object defined is assumed when it ought to be demonsirated. They
would present them in such a form as the following: if there be
a triangle having three equal sides, let it be called an equilateral
triangle.

Moreover, some of the definitions sre introduced prematurely.
Thus, for example, take the definitions of a right-angled triangle
and an obtuse-angled triangle ; it is not shewn until I. 17, that
a triangle cannot have both a right angle and an obtuse angle,
and so cannot be at the same time right-angled and obtuse.
angled. And before Axiom 11 has been given, it is conceivable
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that the same angle may be greater than one right angle, and
less than another right angle, that is, obtuse and acute at the
same time.

The definition of a square assumes more than is necessary.
For if a four-sided figure have all its sides equal and one angle &
right angle, it may be shewn that all its angles are right angles;
or if a four-sided figure have all its angles equal, it may be shewn
that they are all 7ight angles.

Postulates. The postulates state what processes we assume
that we can effect, namely, that we can draw a straight line
between two given points, that we can produce a straight line to
any length, and that we can describe a circle from a given centre
with a given distance as radius. It is sometimes stated that the
postulates amount to requiring the use of a ruler and compasses.
It must however be observed that the ruler is not supposed te
be a graduated ruler, so that we cannot use it to measure off
assigned lengths. And we do not require the compagses for any
other process than descnbmg a circle from a given point with a
given distance as radius ; in other words, the compasses may be
supposed to close of themselvec, as soon a8 one of their points is
removed from the paper.

Azioms. The axioms are called in the original Common
Notions. 1t is supposed by some writers that Euclid intended
his postulates to include all demands which are peculiarly geo-
‘metrical, and his common notions to include only such notions °
as are applicable to all kinds of magnitude as well as to space
magmtudes. Accordingly, these writers remove the last three
axioms from their plaoe and put them among the postulates;
and this transposition is supported by some manuscripts and
some versions of the Elements.

The fourth axiom is sometimes refen-ed to in edlhons of
Euclid when in reality more is required than this axiom ex-
presses.  Euclid says, that if 4 and B be unequal, and C and D
equal, the sum of 4 and C is uncqual to the sum of B and D,
‘What Euclid often requires is something more, namely, that if
A be greater than B, and C and D be equal, the sum of 4 and
C isgreater than the sum of B and D. Such an axiom as this is
requu'ed for exmple, in L. 17. A similar remark applies to the
fifth axiom.

In the eighth axiom the words ‘“that is, which exactly fill
the same space,” have been introduced without the authority of
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the original Greek. They are objectionable, because lines and
angles are magnitudes to which the axiom may be applied, but
they cannot be said to fill space.

On the method of superposition we may refer to papers by
Professor Kelland in the Transactions-of the Royal Society of
Edinburgh, Vols. Xx1. and XXIII,

The eleventh axiom is not required before I. 14, and the
twelfth axiom is not required before I. 28 ; we shall not consider
these axioms until we arrive at the propositions in which they are
respectively required for the first time,

The first book is chiefly devoted to the properties of triangles
and parallelograms.

We may observe that Euclid himself does not dlst.mgumh
between problems and theorems except by using at the end of
the investigation phrases which correspond to Q.E.F.and Q.E.D.
respectively.

L 2, This problem admits of eight cases in its figure. For
it will be found that the given point may be joined with either
end of the given straight line, then the equilateral triangle may
be described on either side of the straight line which is drawn,
and the side of the equilateral triangle which is produced may be
produced through either extremity. These various cases may be
left for the exercise of the student, as they present no difficulty.

There will not however always be eight different straight liries
obtained which solve the problem. For example, if the point 4
falls on BC produced, some of the solutions obtained coincide;
this depends on the fact which follows from I. 32, that the angles
of all equilateral triangles are equal.

I. 5. “Join FC.” Custom seems to allow this singular ex-
pression as an abbreviation for “draw the straight line #C,” or
for “join F to C by the straight line FC.”

In comparing the triangles BFC, CG B, the words ‘“and the
base BC is common to the two triangles BFC, CGB” are usually
inserted, with the authority of the original. As however these
words are of no use, and tend to perplex a beginner, we have
followed the example of some editors and omitted them.

A corollary to a proposition is an inference which may be
deduced immediately from that proposition. Many of the corol-
laries in the Zlements are not in the original text, but intro-
duced by the editors,
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It has been suggested to demonstrate I. 5 by superposition.
Conceive the isosceles triangle 4 BC to be taken up, and theu re-
placed so that AB falls on the old position of AC, and AC falls
on the old position of 4B. Thus, in the manner of I.4, we can
shew that the angle A.BC is equal to the angle ACB.

L 6 is the converse of part of I. 5. One proposition is said to
be the converse of another when the conclusion of each is the
hypothesis of the other. Thus in I. 5 the hypothesis is the
equality of the sides, and one conclusion is the equality of the
angles; in I. 6 the hypothesis is the equality of the angles
and the conclusion is the equality of the sides, When there is
more than one hypothesis or more than one conclusion to a pro-
position, we can form more than one converse proposition. For
example, as another converse of I. 5 we have the following: if
the angles formed by the base of a triangle and the sides pro-
duced be equal, the sides of the trisngle are equal; this pro-
position is true and will serve as an exercise for the student.

The converse of a true proposition is not necessarily true;
the student however will see, as he proceeds, that Euclid shews
that the converses of many geometrical propositions are true.

1.6 is an example of the indirect mode of demonstration, in
which & result is established by shewing that some absurdity
follows from supposing the requwed result to be untrue. Hence
this mode of demonstration is called the reductio ad absurdum.
Indirect demonstrations are often less esteemed than direct de-
monstrations ; they are said to shew that a theorem is true rather
than to shew why it is true. Euclid uses the reductio ad absur-
dum chiefly when he is demonstrating the converse of some

" former theorem; see I. 14, 19, 25, 40. .

Some rema.rks on indirect demonstration by Professor Syl-

vester, Professor De Morgan, and Dr Adamson will be found in *

the volumes of the Philosophical Mdgazine for 1852 and 1853.

I. 6 is not required by Euclid before he reaches II. 4; so that
16 mlght be removed from its present place and demonstrated
hereafter in other ways if we please. For example, I. 6 might be
placed after I. 18 and demonstrated thus. Let the angle 4B be
equal to the angle ACB: then the sidle 4B shall be equal to the
side AC. Forif not, one of them must be greater than the other;
suppose A B greater than AC, Then the angle ACB is greater

than the angle 4 BC, by I. 18, But this is impossible, because
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the angle A0B is equal to the angle 4 BC, by hypothesis, Or
I. 6 might be placed after I. 26 and demonstrated thus, Bisect the
angle BAC by a straight line meeting the base at ). Then the
triangles A BD and 4 CD are equal in all respects, by I. 26.

L. 7 is only required in order to lead to I. 8. The two might
be superseded by another demonstration of I. 8, which has been
recommended by many writers. . ’

Let ABC, DEF be two triangles, having the sides AB, AC
equal to the sides DE, DF, each to each, and the base BC
equal to the base EF: the angle BAC shall be equal to the angle
EDF, ' :

. A - D .
' G

For, let the triangle DEF be applied to the triangle 4BC,
80 that the bases may coincide, the equal sides be conterminous,
and the vertices fall on opposite si&es of the base. Let GBC
represent the triangle DEF thus applied, so that ¢ corresponds
to D. Join AG. Since, by hypothesis, BA is equal to B@, the
angle BAG is equal to the angle BG4, by I. 5. In the same
manner the angle CA@ is equal to the angle CGA. Therefore
the whole angle BAC is equal to the whole angle BGC, that is,
to the angle ZDPF,

There are two other cases; for the straight line AG may pass
through B or C, or it may fall outside BC: these cases may be
treated in the same manner as that which we-have considered.

1. 8. It may be observed that the two triangles in I. 8 are
equal in all respects; Euclid however does not assert more than
the equality of the angles opposite to the bases, and when he
requires more than this result he obtains it by using L. 4.

L 9. Here the equilateral triangle DEF is to be described
on the side remote from A, because if it were described on the
same side, its vertex, F, might coincide with 4, and then the
construction would fail,
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L r1. The corollary was added by Simson. It is liable to
8erious objection. For we do not know how the perpendicular
BE is to be drawn. If we are to use I. 11 we must produce 4B,
and then we must assume that there is only one way of pro-
ducing AB, for otherwise we shall not know that there is
only one perpendicular; and thus we assume what we have to
demonstrate.

Simson’s corollary might come after I. 13 and be demon-
strated thus. If possible let the two straight lines 4 B0, 4ABD
have the segment 4 B common to both. From the point B draw
any straight line BE. Then the angles A BE and EBC are equal
to two right angles, by I. 13, and the anglés 4 BE and EBD aro
also equal to two right angles, by I. 13. Therefore the an-
gles ABE and EBC are equal to the angles A BE and EBD,
Therefore the angle EBC is equal to the angle £58D; which is
absurd.

Butif the question whether two straight lines can have a com.
mon segment is to be considered at all in the Elements, it might
occur at an earlier place than Simson has assigned to it. For
example, in the figure to I. 5, if two straight lines could have a
common segment 4 B, and then separate at B, we should obtain
two different angles formed on the other side of BC by these
produced parts, and each of them would be equal to the angle
BCG. The opinion has been maintained that even in I, 1, it is
tacitly assumed that the straight lines 4AC and BC' cannot have a
common segment at ¢’ where they meet; see Camerer's Luclid,
pages 30 and 36. .

Simson never formally refers to his corollary until XL 1.
The corollary should be omitted, and the tenth axiom.:should
be extended so as to amount to the following ; if two straight
lines coincide in two points they must coincide both beyond and
between those points.

I. 12. Here the straight line is said to be of unlimited length,
in order that we may ensure that it shall meet the circle, ’

Euclid distinguishes between the terms at right angles and
perpendicular. He uses the term a¢ right angles when the straight
line is drawn from a point in another, as in I. 11; and he uses
the term perpendicular when the straight line is drawn from a
point without another, as in I. 12, This distinction however
is often disregarded by modern writers.

I 14. IHcre Euclid first requires his eleventh axiom. For

17
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in the demonstration we have the angles 4 BC and 4 BE equal to
two right angles, and also the angles 4 BC and ABD equal to
two right angles; and then the former two right angles are equal
to the latter two right angles by the aid of the eleventh
axiom. Many modern editions of Euclid however refer only to
the first axiom, as if that alone were sufficient; a similar remark
applies to the demonstrations of I. 15, and 1. 24. In these cases
we have omitted the reference purposely, in order to avoid per-
plexing a beginner; but when his attention is thus drawn to the
circumstance he will see that the first and eleventh axioms are
both used.

‘We may observe that errors, in the references with respect to
the eleventh axiom, occur'in other places in many modern edi-
tions of Euclid. Thus for example in III. 1, at the step ¢ there-
fore the angle FDB is equal to the angle GDB,” a reference is
given to the first axiom snstead of to the eleventh.

There seems no objection on Euclid’s principles to the fol-
lowing demonstration of his eleventh axiom.

Let AB be at right angles to DAC at the point 4, and EF
at right angles to HEG at the point £: then shall the angles BAC
and FEG be equal.

B g P
D A [o) lf_‘l—‘(}

Take any length A C, and make A D, EH, EG all equal to 4C.
Now apply HEG to DAC, so that H may be on D, and HG@ on
DC, and B and F on the same side of DC'; then @ will coincide
with C, and E with 4. Also EF shall coincide with 4 B; for if
not, suppose, if possible, that it takes a different position as 4 K.
Then the angle DA K is equal to the angle HEF, and the angle
CAK to the angle GEF; but the angles HEF and GEF are equal,
by hypothesis; therefore the angles DAX and CAK are equal.

But the angles DAB and CAB are also equal, by hypothesis;
and the angle CAB is greater than the angle CAK ; there-
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fore the angle DAB is greater than the angle CAX. Much
more then is the angle DAK greater than the angle CAK. But
the angle DAK was shewn to be equal to the angle CAK;
which is absurd, Therefore EF must coincide with AB; and
therefore the angle FEG coincides with the angle BAC, md is
equal to it.

I 18, 1. 19. In order to assist the student in rermembermg
which of these two propositions is demonstrated directlyand which
indirectly, it may be observed that the order is similar to that
inl. sand I. 6.

I. 20. ¢ Proclus, in his commentary, relates, that the Epi-
cureans derided Prop. 20, as being manifest even to asses, and
needing no demonstration ; and his answer is, that though the
truth of it be manifest to our senses, yet it is science which
must give the reason why two sides of a triangle are greater
than the third: but the right answer to this objection against
this and the 218t, and some other plain propositions, is, that the
number of axioms ought not to be increased without neces-
sity, as it must be if these propositions be not demonstrated.”
Simson. '

I. a1, Here it must be carefully observed that the two
straight lines are to be drawn from the ends of the side of the

- triangle. If this condition be omitted the two straight lines will
not necessarily be less than two sides of the triangle.

1. 23. “Some authors blame Euclid because he does not
demonstrate that the two circles made use of in the oonstruction
of this problem must cut one another: but this is very plain from
the determination he has given, namely, that any two of the
straight lines DF, FG, GH, must be greater than the third.
For who is 8o dull, though only beginning to learn the Elements,
as not to perceive that the circle described from the centre F, at
the distance F.D, must meet FH betwixt F and I, because FD
is less than FH; and that for the like reason, the circle de-
scribed from the centre @, at the distance GH...must meet
D@ betwixt D and G; and that these circles must meet one
another, because FD and GH are together greater than FG ¥’
Simson.

The condition that B and C are greater than A, ensures that
the circle described from the centre G shall not fall entirely
within the circle described from the centre F; the condition that
A and B are greater than C, ensures that the circle described

17—2
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from the centre F shall not fall entirely within the circle de-
soribed from the centre (; the condition that 4 and C are
greater than B, ensures that one of these circles shall not fall
entirely without the other. Hence the circles must meet. It is
easy to se¢ this as Simson says, but there is something arbi-
trary in Euclid’s selection of what is to be demonstrated and what
is to be secen, and Simson’s language suggests that he was really
conscious of this.

1. 24, In the construction, the condition that DE is to be
the side which is not greater than the other, was added by
Simson; unless this condition be added there will be three cases
to consider, for F may fall on EG, or above EG, or below EG. 1t
may be objected that even if Simson’s condition be added, it
ought to be shewn that F will fall below EG. Simson accordingly
says ““...it is very easy to perceive, that D@ being equal to DF,
the point @ is in the circumference of a circle described from the
centre D at the distance DF, and must be in that part of it
which is above the straight line EF, because DG falls above DF,
the angle EDQ being greater than the angle EDF,” Or we may
shew it in the following manner. Let X denote the point of
intersection of DF and EG. Then, the angle DH@G is greater
than the angle DEG, by 1. 16; the angle DEG is not less than
the angle DGE, by I. 19; therefore the angle DHG is greater
than the angle DGH. Therefore DH is less than DG, by I. 20.
Therefore DH is less than DF,

If Simson’s condition be omitted, we shall have two other
cases to consider besides that in Euclid. If F falls on EG, it is
obvious that EF is less than £G. If F falls above EG, the sum
of DF and EF is less than the sum of DG and EG, by I.21; and
_therefore EF is less than EG.

I. 26. It will appear after I. 32 that two triangles which
have two angles of the one equal to two angles of the other, each
to each, have also their third angles equal. Hence we are able
to include the two cases of 1. 26 in one enunciation thus; {f two
triangles have all the angles of the one respectively equal to all the
aﬂgles.oftheother,eachtomh,andhavealooat&ic of the one,
opposite to any angle, equal to the side opposite to the equal angle
#n the other, the triangles shall be equal in all respects.

The first twenty-six propositions constitute a distinct section-
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of the first Bovk of the Elements. The principal results are
those contained in Propositions 4, 8, and 26; in each of these
Propositions it is shewn that two triangles which agree in three
respects agree entirely. There are two other cases which will
naturally occur to a student to consider besides those in Euclid ;
namely, (1) when two triangles have the three angles of the one
respectively equal to the three angles of the other, (2) when two
triangles bave two sides of the one equal to two sides of the other,
each to each, and an angle opposite to one side of one triangle
equal to the angle opposite to the equal side of the other triangle.
In the first of theso two cases the student will easily see, after
reading I. 29, that the two triangles are not necessarily equal.
In the second case also the triangles are not necessarily equal,
as may be shewn by an example; in the figure of I. 11, suppose
the straight line FB drawn; then in the two triangles FBE,
FBD, the side FB and the angle FB( are common, and the side
FE is equal to the side D, but the triangles are not equal in
all respects. In certain cases, however, the triangles will be
equal in all respects, as will be seen from a proposition which
we shall now demonstrate.

If two triangles have two sides of the one equal to two sides of
the other, each to each, and the angles opposite to a pair of equal
sides equal ; then if the angles opposite to the other pair of equal
sides be both acute, or both obtuse, or if one of them be a right
angle, the two triangles are equal in all respects.

Let ABC and DEF be

two triangles; let 4B be A

equal to DE, and BC equal

to EF, and the angle 4 .

equal to the angle D. o 7

First, suppose the angles
€ and F acute angles.

If the angle B be equal to the angle E, the triangles 4 BC,
DEF are equal in all respects, by I. 4. If the angle B be not
equal to the angle E, one of them must be greater than the
other; suppose the angle B greater than the angle E, and make
the angle ABG equal to the angle £. Then the tmmgles 4 B4,
DEF are equal in all respects, by I 26; therefore BG is equal
to EF, and the angle BGA is equal to the angle EFD. DBut the
angle EFD is acute, by hypothesis§ therefore the angle BGA is
acute. Therefore the angle BGC is obtuse, by I. 13. But it has
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been shewn that BQ is equal to
EF; and EF is equal to BC,
by hypothesis; therefore BG is

equal to BC. Therefore the an- A p
gle BGC is equal to the angle

BCG, by L. 5; and the angle ’ G

BC@ is acute, by hypothesis; A #

therefore theangle BGC isacute.
But BGC was shewn to be ob-
tuse; which is absurd. Therefore the angles ABC, DEF are
not unequal; that is, they are equal. Therefore the triangles
A BC, DEF are equal in all respects, by I 4.

Next, suppose the angles at (' and F obtuse angles,
The demonstration is similar to the above,

Lastly, suppose one of the angles a right angle, namely, the
angle O, If the angle B be not equal to the angle £, make the

A D A
BZ /L
'G

angle ABG equal to the angle £. Then it may be shewn, as
before, that BG is equal to BC, and therefore the angle BGC is
equal to the angle BCG, that is, equal to a right angle. There-
fore two angles. of the triangle BGC are equal to two right
angles ; which is impossible, by I. 17. Therefore the angles 4 BC
and DEF are not unequal; that is, they are equal. Therefore
the triangles 4 BC, DEF are equal in all respects, by I. 4.

If the angles 4 and D are both right angles, or both obtuse,
the angles C' and F must be both acute, by L. 17. If AB is less
than BC, and DE less than EF, the angles at C and F must be
both acute, by I. 18 and L. 7.

The propositions from I. 28 to I. 34 inclusive may be said
1o constitute the second section of the first Book of the Elements,
They relate to the theory of parallel straight lines. InI. 29 Euclid
uses for the first time his twelfth axiom. The theory of parallel
straight lines has always been considered the great difficulty
of elementary geometry, and many attempts have been made

B —< E ¥
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to overcome this difficulty in a better way than Euclid has done,
. We shall not give an account of these attempts. The student who
wishes to examine them may consult Camerer’s Euclid, Ger-
gonne’s Annales de Mathématiques, Volumes xv and xvI, ‘the
work by Colonel Perronet Thompson entitled Geometry without
Axioms, the article Parallels in the English. Cyclopedia, a me-
moir by Professor Baden Powell in the second volume of the
Memoirs of the Ashmolean Society, an article by M. Bouniakofsky
in the Bulletin de DAcadémie Impériale, Volume v, St Péters-
bourg, 1863, articles in the volumes of the Philosophical
Magazine for 1856 and 1857, and a dissertation entitled Sur
-un point de Uhistoire de la Géométrie chez les Grees...... par
A. J. H. Vincent. Paris, 1857.

Speaking generally it may be said that the methods which
differ substantially from Euclid’s involve, in the first place an
axiom ag difficult as his, and then an intricate series of proposi-
tions; while in Euclid’s method after the axiom is once admitted
the remaining process is simple and clear. -

One modification of Euclid’s axiom has been proposed, which
appears to diminish the difficulty of the subject. This consists
in assuming instead of Euclid’s axiom the following; two inter-
secting straight lines cannot be both parallel to a third straight line.
The propositions in the Elements are then demonstrated as in
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with
Euclid up to the words, ““therefore the angles BGH, GHD are
less than two right angles.” We then infer that BGH and GHD
must meet: because if a straight line be drawn through @ so as to
make the interior angles together equal to two right angles this
straight line will be parallel to CD), by 1. 28 ; and, by our axiom,
there cannot be two parallels to CD, both passing through G.

This form of making the necessary assumption has been
recommended by various eminent mathematicians, among whom
may be mentioned Playfair and De Morgan. By postponing
the consideration of the axiom until it is wanted, that is, until
after I. 28, and then presenting it in the form here given, the
theory of parallel straight lines appears to be treated in the easiest
manner that has hitherto been proposed.

I. 30. Here we may in the same way shew that if 4B and
EF are each of them parallel to CD, they are parallel to each
other. It has been said that the case considered in the text is
80 obvious as to need no demonstration; for if 4 B and CD can
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never meet EF, which lies between them, they cannot meet one
another. -

I. 32. The corollaries to I. 32 were added by Simson. In
the second corollary it ought to be stated what is meant by an
exterior angle of a rectilineal figure. At-each angular point let
one of the sides meeting at that point be produced; them the
exterior smgle at that point is the angle contained between this
produced part and the side which is not produced. Eitker of
the sides way be produced, for the two angles which can thus be
obtained are equal, by I. 15.

The rectilineal figures to which Eu- D
clid confines himself are those in which
the angles all face inwards; we may
here however notice another class of
figures. In the accompanying diagram
the angle 4 FC faces outwards, and it is
an angle less than two right angles; this X
engle however is not ene of the interior
angles of the figure AEDCF. We may consider the corre-
sponding interior angle to be the excess of four right angles
above the angle 4FC; such an angle, greater than two right
angles, is called a re-entrant angle.

The first of the corollaries to I. 32 is true for a figure which
has a re-entrant angle or re-entrant angles; but the second
is not.

I. 32. If two triangles have two angles of the one equal to
two angles of the other each to each they shall also have their
third angles equal. This is a very important result, which is
often required in the Elements. The student should notice how
this result is established on Euclid’s principles. By Axioms 1t
and 2 one pair of right angles is equal to any other pair of right
angles. Then, by I. 32, the three angles of one triangle are
together equal to the three angles of any other triangle. Then,
by Axiom 2, the sum of the two angles of one triangle is equal to
the sum of the two equal angles of the other; and then, by Axiom 3,
the third angles are equal.

After I. 32 we can draw a straight line at r.ght angles to
a given straight line from its extremity, without producing the
given straight line.

Let AB be the given straight line. It is required to draw
from 4 a straight line at right angles to 4 B,
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On A B describe the equilateral triangle
ABC. Produce BC to D, so that C'D may be
equal to OB. Join 4D. Then 4D shall beat
right angles to 4 B. For, the angle CAD is
equdl to the angle CDA, and the angle CAB C
is equal to the angle CBA, by I. 5. There-
fore the angle BAD is equal to the two
angles A BD, BDA, by Axiom 2. Therefore 5 2
the angle BA D is a right angle, by L. 3a.

The propositions from I. 35 to I. 48 inclusive may be said
to constitute the third section of the first Book of the Elements.
They relate to equality of area in figures which are not neces-
sarily identical in form.

I. 35. Here Simson has altered the demonstration given by
‘Euclid, because, as he says, there would be three cases to con-
sider in following Euclid’s method. Simson however uses the
third Axiom in a peculiar manner, when he first takes a triangle
from a trapezium, and then another triangle from the same
trapezium, and infers that the remainders are equal. If the
demonstration is to be conducted strictly after Euclid’s manner,
three cases must be made, by dividing the latter part of the:
demonstration into two. In the left-hand figure we may suppose
the point of intersection of BE and DC to be denoted by @G.
Then, the triangle A BE is equal to the triangle DCF; take
away the triangle DGE from each; then the figure ABGD is
equal to the figure EGCF ; add the triangle GBC to each; then
the parallelogram 4 BCD is equal to the parallelogram EBCF.
In the right-hand figure we have the triangle 4 £B equal to the
triangle DFC; add the figure BEDC to each; then the parallel-
ogram 4 BCD is equal to the parallelogram £BCF.

The equality of the parallelograms in I. 35 is an equality of
area, and not an identity of figure. Legendre proposed to use
the word equivalent to express the equality of area, and to restrict
the word ejual to the case in which magnitudes admit of super-
position and coincidence. This distinction, however, has not
been generally adopted, probably because there are few cases in
which any ambngulty can arise; in such cases we may say es-
pecially, equal in area, to prevent misconception.

Cresswell, in his Treatise of Geometry, has given a demon-
stration of I. 35 which shews that the parallelograms may be
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divided into pairs of pieces admitting of superposition and coin-
cidence; see also his Preface, page x. .

I. 38. An important case of I. 38 is that in which the tri-
anglea are on equal bases and have a common vertex.

1. 40. We may demonstrate I. 40 without adopting the in-
direct method. Join BD, CD. The triangles DBC and DEF
are equal, by I. 38; the triangles A BC and DEF are equal, by
hypothesis; therefore the triangles DBC and 4 BC are equal, by
the first Axiom. Therefore 4D is parallel to BC, by I. 39.
Philosophical Magazine, October 1850.

1. 44. In I, 44, Euclid does not shew that AH and F@
will meet. ““I cannot help being of opinion that the construc-
tion would have been 'more in Euclid’s manner if he had made
GH equal to BA and then joining HA had proved that HA was
parallel to GB by the thirty-third proposition.” Williamson.

L. 47. Tradition ascribed the discovery of I. 47 to Pytha-
goras. Many demonstrations have been given of this cele-
brated proposition; the following is one of the wmost interesting,

Let ABCD, AEF@G be any K ’
two squares, placed so that
their bases may join and form
one straight line. Take GH
and EX each equal to 4B, and i
join HC, OK, KF, FH. C

Then it may be shewn that
the triangle HBC is equal in
all respects to the triangle FEK,
and the triangle KDC to the
triangle FGH. Therefore the
two squares are together equiva- (% A o
lent to the figure CKFH. 1t : :
may then be shewn, with the aid of I. 32, that the figure CKF I
is a square. And the side CH is the hypotenuse of a right-angled
triangle of which the sides OB, BH are equal to the sides of the
two given squares. This demonstration requires no proposition
of Euclid after I. 32, and it shews how two given squares may
be cut into pieces which will fit together so as to form a third
square. Quarterly Jowrnal of Mathematics, Vol. 1.

A large number of demonstrations of this proposition are col-
lected in a dissertation by Joh. Jos. Tgn. Hoffmann, entitled Der
Pythagorische Lehrsatz..., Zweyte.., Ausgabe, Mainz. 1821,
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THE SECOND BOOK.

‘TaE second book is devoted to the investigation of relations
between the rectangles contained by straight lines divided into
segments in various ways.

‘When a straight line is divided into two parts, each part is
called a segment by Euclid. It is found convenient to extend the
meaning of the word segment, aud to lay down the following defi-
nition. When a point is taken in a straight line, or in the
straight line produced, the distances of the point from the ends of
the straight line are called segments of the straight line. When
it is neceesary to distinguish them, such segments are called in-
ternal or external, according as the point is in the straight line,
or in the straight line produced.

The student cannot fail to notice that there is an analogy
between the first ten propositions of this book and some element-
ary facts in Arithmetic and Algebra.

Let A BCD represent a rectangle which is 4 inches long and
3 inchesbroad. Then, by draw-
ing straight lines parallel to .D G
the sides, the figure may be
divided into 12 squares, each
square being described on a
side which represents an inch
in length. A square described
on a side measuring an inch is
called, for shortness, a square
snch. Thus if a rectangle is A B
4 inches long and 3 inches
broad it may be divided into 12 square inches; this is expressed
by saying, that its area is equal to 12 square inches, or, more
briefly, that it contains 12 square inches. And a similar result
in easily seen to hold in all similar cases. Suppose, for example,
that a rectangle is 12 feet long and 7 feet broad; then ita
area i8 equal to 12 times 7 square feet, that is to 84 square feet;
this may be expressed briefly in common language thus; if a
rectangle measures 12 feet by 7 it contains 84 square feet. It
must be carefully observed that the sides of the rectangle are
supposed to be measured by the same unit of length. Thus if a
rectangle is a yard in length, and a foot and a half in breadth, we
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must express each of these dimensions in terms of the same unit;
we may say that the rectangle measures 36 inches by 18 inches,
and contains 36 times 18 square inches, that is, 648 square inches.

Thus universally, if one side of a rectangle contain a unit of
length an exact number of times, aud if an adjacent side of the
rectangle also contain the same unit of length an exact number of
times, the product of these numbers will be the number of square
units contained in the rectangle.

Next suppose we bave a square, and let its side be 5 inches in
length. Then, by our rule, the area of the square is 5 times
§ square inches, that is 25 square inches, Now the number
25 is called in Arithmetic the square of the number 5. And
universally, if a straight line contain a unit of length an exact
number of times, the area of the square described on the straight
line is denoted by the square of the number which denotes the
length of the straight line.

Thus we sce that there is in general a connexion between the
product of two numbers and the rectangle contained by two
straight lines, and in particular a connexion between the square of
a number and the square on a straight line; and in consequence
of this connexion the first ten propositions in Euclid's Second
Book correspond to propositions in Arithmetic and Algebra.

The student will perceive that we speak of the square de-
scribed on a straight line, when we refer to the geometrical figure,
and of the square of a number when we refer to Arithmetic. The
editors of Euclid generally use the words ‘‘square described
upon” in I. 47 and 1. 48, and afterwards speak of the square of
& straight line. Euclid himself retains throughout the same form :
of expression, and we have imitated him. ;

Some editors of Euclid have added Arithmetical or Alge-
braical demonstrations of the propositions in the second book,
founded on the connexion we have explained. We have thought
it unnecessary to do this, because the student who is acquainted
with the elements of Arithmetic and Algebra will find no diffi-
culty in supplying such demonstrations, himself, so far as they
are usually given, We say so far as they are usually givem,
because these demonstrations usually imply that the sides of
rectangles can always be expressed exactly in terms of some unit
of length ; whereas the student will find hereafter that this is not
the case, owing to the existence of what are technically called
sncommensurable magnitudes, We do not enter on this subject,
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a8 it would lead us too far from Euclid’s Elements of Geometry,
with which we are here occupied.

The first ten propositions in the second book of Euclid may
be arranged and enunciated in various ways; we will briefly
indicate this, but we do not consider it of any importance to dis-
tract the attention of a beginner with these diversities.

II. 2 and IL 3 are particular cases of II. 1.

IT. 4 is very important; the following particular case of it
should be noticed ; the square described on a straight line made up
of two equal straight lines is equalto four times the square described
on one of the two equal straight lines. )

II. 5 and T1. 6 may be included in one enunciation thus; the
rectangle under the sum and difference of two straight lines is equal
to the difference of the squares described on those straight lines;
or thus, the rectangle contained by two straight lines together with
the square described on half their difference, is equal to the square
described on half their sum. "

* II. 7 may be enunciated thus; the square described on a
straight line which 18 the difference of two other straight lines is less
than the sum of the squares described on those straight lines by
twice the rectangle contained by those straight lines. Then from this
and II. 4, and the second Axiom, we infer that the square described
on the sum of two straight lines, and the square described on
their difference, are together double of the sum of the squares
described on the straight lines; and this enunciation includes both
II. g and II. 10, s0 that the demonstrations given of these pro-
positions by Euclid might be superseded.

II. 8 coincides with the second form of enunciation which we
have given to IL 5 and IL. 6, bearing in mind the particular case
of II. 4 which we have noticed.

II. 11. When the student is acquainted with the elements of
Algebra he should notice that IL. 11 gives a geometrical con-
struction for the solution of a particular quadratic equation.

II. 12, IL 13. These are interesting in connexion with I. 47;
and, as the student may see hereafter, they are of great import-
ance in Trigonometry; they are however not required in any of
the parts of Euclid’s Elements which are usually read. The
converse of I. 47 is proved in I. 48; and we can easily shew that
converses of II. 12 and II. 13 are true.

Take the following, which is the converse of II. 12; if the
square described on one side of a triangle be greater than the sum

-
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of the squares described on the other two sides, the angle opposite
to the first side is obtuse.

For the angle cannot be a right angle, since the square de-
scribed on the first side would then be equal to the sum of the
squares described on the other two sides, by 1. 47; and the angle
cannot be acute, since the square described on the first side
would then be less than the sum of the squares described on the
other two sides, by II. 13; therefore the angle must be obtuse.

Similarly we may demonstrate the following, which is the con-
verse of II. 13; tf the square described on one side of a triangle
be less than the sum of the squares described on the other two sides,
the angle opposite to the first side is acute,

II. 13 Euclid enunciates II. 13 thus; in acute-angled tri-
angles, &c.; and he gives only the first case in the demonstration.
But, as Simson observes, the proposition holds for any triangle;
and accordingly Simson supplies the second and third cases. It
has, however, been often noticed that the same demonstration is
applicable to the first and second cases; and it would be a great
improvement as to brevity and clearness to take these two cases
together. Then the whole demonstration will be as follows.

Let ABC be any triangle, and the angle at B one of its
acute angles; and, if 4C be not perpendicular to BC, let fall on
BC, produced if necessary, the perpendicular 4D from the
opposite angle: the square on 4C opposite to the angle B, shall
be less than the squares on CB, BA, by twice the rectangle
CB, BD.

/[[\ i
B D C B C D

First, suppose AC not perpendicular to BC.

The squares on CB, BD are equal to twice the rectangle
CB, BD, together with the square on CD. [IL 7.
To each of these equals add the square on DA,

Therefore the squares on CB, BD, DA are equal to twice the
rectangle CB, BD, together with the squares on CD, DA.
But the square on 4B is equal to the squares on BD, DA,
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and the square on 4 C is equal to the squares on CD, D4,
because the angle BDA is a right angle. ’ [T 47.
Therefore the squares on CB, B4 are equal to the square on AC,
together with twice the rectangle CB, BD;
that is, the square on AC . alone is less than the squares on
OB, BA, by twice the rectangle CB, BD.
Next, suppose 4 C perpendicular to BC. : A
Then BC is the straight line intercepted be-
tween the perpendicular and the acute angle
at B.
And the square on 4B is equal to the squares ’ -
on AC, CB. [L. 47.
Therefore the square on 4C is less than the
squares on 4 B, BC, by twice the square on BC. C
IL 14. This is not required in any of the parts of Euclid’s
Elements which are usually read; it is included in VI. 22.

THE THIRD BOOK.

THE third book of the Elements is devoted to ptroperties of
circles.

Different opinions have been held as to what is, or should be,
included in the third definition of the third book. One opinion
is that the definition only means that the circles do not cut in
the neighbourhood of the point of contact, and that it must be
shewn that they do not cut. elsewhere. Another opinion is that
the definition means that the circles do not cut at all; and this
seems the correct opinion. The definition may therefore be pre-
sented more distinctly thus. Two circles are'said to touch inter-
nally when their circumferences have one or more common
points, and when every point in one circle is within the other
circle, except the common point or points. Two circles are said
to touch externally when their circumferences have one or more
common points, and when every point in each circle is without
the other circle, except the common point or points. It is then
shewn in the third Book that the circumferences of two circles
which touch can have only one common point.

A straight line which touches a circle is often called a tan-
gent to the circle, or briefly, a tangent.

It is very convenient to have a word to denote a portion of
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the boundary of a circle, and accordingly we use the word are.
Euclid himself ‘uses circumference both for the whole boundary
and for a portion of it.

III. 1. In the counstruction, DC is said to be produced ta
E ; this assumes that D is withia the circle, which Euclid demon-
strates in IIL. 2.

IIL. 3. This consists of two parts, each of which is the con-
verse of the other; and the whole proposition is the converse of
the corollary in IIL 1.

III. 5 and IIL. 6 should have been taken together. They
amount to this, if the circumferences of two circles meet at & point
they cannot have the same centre, so that circles which have the
same centre and one point in their circumferences common, must
coincide altogether. It would seem as if Euclid had inade three
cases, one in which the circles cut, one in which they touch
internally, and one in which they touch externally, and had then
omitted the last case as evident.

IIL 7, III. 8. Itis observed by Professor De Morgan that
in IIL. 7 it is assumed that the angle FEB is greater than the
angle FEC, the hypothesis being only that the angle DFB is
greater than the angle DFC; and that in III. 8 it is assumed

_that X falls within the triangle DLM, and E without the triangle
DMPF. He intimates that these assumptions may be established
by means of the following two propositions which may be given
in order after L. 21.

The perpendicular is the shortest straight line which can be
drawn from a given point to a given straight line ; and of others
that which is nearer to the perpendicular is less than the more
remote, and the converse; and not more than two equal siraight
lines can be draun from the given point to the given straight line,
one on each side of the perpendicular.

Every straight line drawn from the vertex of a triangle to the
base is less than the grealer of the two sides, or than either of them
sf they be equal.

The following proposition is analogous to III. 7 and III. 8.

If any point be taken on the circumference of a circle, of all
the straight lines whick can be drawn from it to the circumference,
the greatest is that in which the centre is ; and of any others, that
which is nearer to the straight line which passes through the centre
3 always greater than one more remote; and from the same point
there can be drawn to the circumference two straight lincs, and
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only two, whick are equal to one another, one on each side of the
- greatest line.

The first two parts of this proposition are contained in
"III. 15; all three parts might be demonstrated in the manner of
IIL 7, and they should be demonstrated, for the third part is
really required, as we shall see in the note on IIL. 10.

III. 9. ' The point £ might be supposed to fall within the
_angle ADC. It cannot then be shewn that DC is greater
than DB, and DB greater than DA, but only that either DC
:or DA is less than DB; this however is sufficient for establish-
-ing the proposition. ’

Euclid has given two demonstrations of IIL. 9, of which

"Simson has chosen the second. " Euclid's other demonstration is
-as follows. Join D with the middle point of the straight line
ABj; then it may be shewn that this straight line is at right
-angles to AB ; and therefore the centre of the circle must lie in
-this straight line, by III. 1, Corollary. In the same manner it
‘may be shewn that the centre of the circle must lie in the
straight line which joins-D with the middle point of the straight
line BC. The centre of the circle .must therefore be at D,
because two straight lines canuot have more than one common
‘point.
P IIL 1ro. Euclid has given two demonstrations of III. ro, of
which Simson has chosen the second. Euclid’s first demonstra-
‘tion resembles his first demonstration of III. 9. He shews that
the centre of each circle is on the straight line which joins X
with the middle point of the straight line BG, and also on the
straight line which joins X with the middle point of the straight
line BH ; therefore X must be the centre of each circle.

The demonstration which Simson has chosen requires some

additions to make it complete. For the point X might be sup-

+ posed to fall without the circle DEF, or on its circumference, or
within it; and of these three suppositions Euclid only considers
the last. If the point K be supposed to fall without the circle
-DEF we obtain a contradiction of 1II. 8; which is absurd. If
the point A be supposed to fall on the circumference of the circle
‘DEF we obtain a contradiction of the proposition which we
have enunciated at the end of the note on III. ¥ and 1II. 8;
which is absurd.

‘What is demonstrated in ITI. 10 is that the circumferences of

two circles cannot have more than fwo common points; téhere is
1
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nothing in the demonstration which assumes that the circles cus one

another, but the enunciation refers to this case only because

it is shewn in IIL. 13 that if two circles touck ome another,

their circumferences cannot have more than ose common
int.

IIL 11, III. v2. The enunciations as given by Simson and
others speak of the point of contact; it is however not shewn
until IIT. 13 that there is only one point of contact. It should
be observed that the demonstration in III. 11 will hold even if
D and H be supposed to coincide, and that the demonsiration
in IIL 12 will hold even if ' and D be supposed to coincide.
We may combine IIL. 11 and III, 12 in one enunciation thus.

If two circles touch one another their circumferences cannot
have a common point out of the direction of the siraight line which
Joins the centres.

III. 13 may be deduced from III, 7. For GH is the least
line that can be drawn from @ to the circumference of the circle
whose centre is F, by III. 7. Therefore GH is less than G4,
that is, less than GD; which is absurd. Similarly IIL. 12 may
be deduced from III. 8,

III. 13, Simson observes, ‘ As it is much easier to imagine
that two circles may touch one another within in more points
than ome, upon the same side, than upon opposite sides, the
figure of that case ought not to have been omitted; but the
construction in the Greek text would not have suited with this
figure so well, because the centres of the circles. must have been
placed near to the circumferences; on which account another
construction and demonstration is given, which is the same with
the second part of that which Campanus has translated from the
Arabic, where, without any reason, the demonstration is divided
into two parts.”

It would not be obvious from this note which figure Simson
himself supplied, because it is uncertain what he means by the
‘“same side’’ and -‘‘opposite sides.” It is the left-hand figure
in the first part of the demonstration. Euclid, however, seems
to be quite correct in omitting this figure, because he has shewn
in II1. 11 that if two circles touch internally there cannot be a
point of contact out of the direction of the straight line which
joins the centres. Thus, in order to shew that there is only one
priut of contact, it is sufficient to put the second supposed point
of contact un the dircetion of the straight line which joins the
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centres. Accordingly in his own demonstration Euclid con-
fines himself to the right-hand figure; and he shews that this
case cannot exist, because the straight line BD would be a
-diameter of both circles, and would therefore be bisected at two
different points; which is absurd.

Euclid might have used a similar method for the second part
of the proposition ; for as there cannot be a point of contact out
of the straight line joining the centres, it is obviously impossible
that there can be a second point of contact when the circles
souch externally. It is easy to see this; but Euclid preferred a
method in which there is more formal reasoning.

We may observe that Euclid’s mode of dealing with the
contact of circles has often been censured by commentators, but
apparently not always with good reason. For example, Walker
gives another demonstration of III. 13; and says that Euclid’s
is worth nothing, and that Simson fails ; for it is not proved that
two.circles which touch cannot have any arc common to both
circumferences. But it is shewn in ITI. 1o that this is impos-
sible; Walker appears to have supposed that IXL. 10 is limited to
the case of circles which cut. See the note on IIL ro.

IIL 17. It is obvious from the construction in III. 17 that
two straight lines ~an be drawn from a given external point to
touch a given circle ; and these two straight lines are equal in
length and equally inclined to the straight line which joins the
given external point with the centre of the given circle,

After reading III. 31 the student will see that the problem
in III. 17 may be solved in another way, as follows: describe a
circle on AE as diameter ; then the points of intersection of this
circle with the given circle will be the points of contact of the
two straight lines which can be drawn from 4 to touch the given

-eircle.

III. 18. Tt does not appear that III. 18 adds anything
to what we have alrea.dy obtained in ITI. 16. For in IIL 16 it
Is shewn, that there is only one straight linc which touches a
given circle at a given point, and that the angle between this
straight line and the radius drawn to the point of contact is a
right angle.

III. 20. There are two assumptions in the demonstration of
III. 20. Suppose that 4 is double of B and C double of D;
then in the first part it is assumed that the sum of 4 and C'is
double of the sum of B and D, and in -the second part it is as-

18—2
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sumed that the difference of 4 and C is double of the difference
of Band D. The former assumption is & particular case of V. I,
and the latter is a particular case of V. 5.

An important extension may be given to III. 20 by intro-
ducing angles greater than two right angles. For, in the first
figure, suppose we draw the straight lines BF and CF. Then,
the angle BEA is double of the angle BFA, and the angle CEA
is double of the angle CFA ; therefore the sum of the angles
BEA and CEA is double of the angle BFC. The sum of the
.angles BEA and CEA is greater than two right angles ; we will
call the sum, the re-entrant angle BEC. Thus the re-entrant
angle BEC is double of the angle BFC. (See note on I. 32).
If this extension be used some of the demonstrations in the third
book may be abbreviated. Thus IIL. 21 may be demonstrated
without making two cases; III. 22 will follow immediately from
the fact that the sum of the angles at the centre is equal to four
right angles; and IIIL. 31 will follow immediately from III. 20.

IIL 2r. InIII 21 Euclid himself has given only the first
‘case; the second case has been added by Simson and others.
In either of the figures of ITI. 21 if a point be taken on the same
-side of BD as 4, the angle contained by the straight lines which
join this point to the extremities of BD is greater or less than the
angle BA D, according as the point is within or without the angle
<BAD; this follows from I. 2I.

We shall have occasion to refer to IV. § in some of the
remaining notes to the third Book ; and tbe student is accord-
ingly recommended to read that proposition at the present
stage. :

The following proposition is very important. If any number
.of triangles be constructed on the same base and on the same side
of it, with equal vertical angles, the vertices will all lie on the cir
cumference of a segment of a circle.

For take any one of these triangles, and describe a circle
round it, by IV. 5; then the vertex of any other of the triangles
must be on the circumference of the segment containing the
assumed vertex, since, by the former part of this note, the vertex
cannot be without the circle or within the circle.

III. 22. The converse of IIL. 22 is true and very ime
portant; namely, ¢f two opposite angles of a quadrilateral be
together equal to two right angles, a circle may be circumscribed
about the quadrilateral. For, let ABCD denote the quadrila-
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teral. Describe a circle round the triangle 4BC, by IV. s,
Take any point E, on the circumferenceé of the segmeant cut off
by AC, and on the same side of AC as Dis. Then, the angles
at B and Z are together equal to two right angles, by ITL 22;
and the angles at B and D are together equa.l to two right-
angles, by hypothesis. Therefore the angle at £ is equal to the
angle at D, Therefore, by the preceding note D is on the cir-
cumference of the same segment as F.

IIL. 32, The converse of IIL. 32 is true and important;
namely, if @ straight line meet a circle, and from the point of
meeting a straight line be drawn cutting the circle, and the angle
between the two siraight lines be equal to the anyle in the alternate
segment of the circle, the straight line which meets the circle shall
touch the circle. ]

This may be demonstrated indirectly. For, if possible, sup-
pose that the straight line which meets the circle does not touch
it. Draw through the point of meeting a straight line to touch
the circle, " Then, by III."32 and the hypothesis, it will follow
that two different straight lines pass through the same point, and -
make the same angle, on the same side, with a third straight
line which also passes through that point; but this is impos-.
sible.

III, 35, III, 36. The following proposition constitutes &
large part of the demonstrations of I1I. 35 and III. 36. If any
point be taken in the base, or the base produced, of an isosceles
triangle, the rectangle contained by the segments of the base is
egual to the difference of the square on the straight line joining
this point to the vertex and the square on the side of the triangle.

This proposition is in fact demonstrated by Euclid, without
using any property of the circle ; if it were enu.nclated and de-.
monstrated before III. 35 and III. 36 the demonstrations of
these two prepositions might be shortened and simplified. .

The following converse of 111, 35 and the Corollary of ITI. 36
may be noticed. If two straight lines AB, CD intersect at O, and
the rectangle AO, OB be equal to the rectangle CO, OD, the circum-
Jerence of a circle will pass through the four points A, B, C, D.

For a circle may be described round the triangle ABC’ by
IV. 5; and then it may be shewn indirectly, by the aid of
~ TIL 35 or the Corollary of III. 36 that the circumferenceo of this

circle will also pass through D.

H
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THE FOURTH BOOK.

TaE fourth Book of the Elements consists entirely of problems.
The first five propositions relate to triangles of any kind ; the
remaining propositions relate to polygons which have all their
sides equal and all their angles equal. A polygon which has all its
sides equal and all its angles equal is called & regulas polygon.

" IV. 4. By aprocess similar to that in IV. 4 we can describe
a circle which shall touch one side of a triangle &ngd the other
two sides produced. Suppose, for example, that we wish to
describe a circle which shall touch the side BC, and the sides
AB and AC produced: bisect the angle between 4B produced
and BC, and bisect the angle between 4 C produced and BC';
then the point at which the bisecting straight lines meet will be the
centre of the required circle, The demonstration will be similar
to that in IV, 4.

A circle which touches one side of a triangle and the other
two sides produced, is called an escribed circle of the triangle.

‘We can also describe a triangle equiangular to a given tri-
angle, and such that one of its sides and the other two sides
produced shall touch a given circle. For, in the figure of IV. 3
suppose A K produced to meet the circle again ; and at the point
of intersection draw a straight line touching the circle; this straight
line with parts of NB and NC, will form a triangle, which will
be equiangular to the triangle M LN, and therefore equiangular to .
the triangle EDF; and one of the sides of this triangle, and the
other two sides produced, will touch the given circle.

IV. 5. Simson introduced into the demonstration of IV. s
the part which shews that DF and EF will meet. It has also
been proposed to shew this in the following way: join DE; then
the angles EDF and DEF are together less than the angles
ADF and AEF, that is, they are together less than two right
angles; and therefore DF and EF will meet, by Axiom 13. -
This assumes that A DE and A ED are acute angles ; it may how-
ever be easily shewn that DE is parallel to BC, so that the
triangle 4 DE is equiangular to the triangle ABC; and we must
therefore select the two sides 4B and AC such that 4 BC and
A CB may be acute angles. .

IV. 10. The vertical angle of the triangle in IV. 10 is-
easily seen to be the fifth part of two right angles; and as it
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may be bisected, we can thus divid> a right angle geometrically
into five equal parts.

1t follows from what is given in the fourth Book of the
Elements that the circumference of a circle can be divided into
3, 6, 12, 24, .. . . equal parts; and also into 4, 8, 16, 32, .. ..
equal parts ; and also into §, 10, 20, 40, . . . . equal parts;-and
also into 15, 30, 60, 120, .. ...... equal parts. Hence also
regular polygons having as many sides as any of these numbers
may be inscribed in a circle, or described about & circle. This
however does not enable us to describe a regular polygon of any
assigned number of sides ; for example, we do not know how to
deacribe geometrically a regular polygon of 7 sides.

It was first demonstrated by Gauss in 1801, in his Disqui.
sitiones Arithmeticce, that it is possible to describe geometrically
a regular polygon of 2*+ 1 sides, provided 2"+ 1 be a prime num-
ber; the demonstration is not of an elementary character. - As
an example, it follows that a regular polygon of 17 sides can be
described geometrically ; this example is discussed in Catalan’s
Théorémes et Problémes de Géométrie Elémentaire.

For an approximate construction of a regular heptagon see
the Philosophical Magazine for February and for April, 1864.

THE FIFTH BOOK.

Tur fifth Book of the Elements is on Proportion. Muck
has been written respecting Euclid’s treatment of this subject;
besides the Commentaries on the Elements to which we have
already referred, the student nay consult the articles Ratio and
Proportion in the English Cyclopedia, and the tract on the
Connexion of Number and Magnitude by Professor De Morgan.

The fifth Book relates not merely to length and space, but to
any kind of magnitude of which we can form multiples.

V. Def. 1. The word part is used in two senses in Geometry.
Sometimes the word denotes any magnitude which is less than
another of the same kind, as in the axiom, the whole is greater
than its part. In this sense the word has been used up to the
present point, but in the fifth Book Euclid confines the word to
a more restricted sense, This restricted sense agrees with that
which is given in Arithmetic and Algebra to the term altguut
part, or to the term submultiple.
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- V. Def. 3.  Simson considers that the definitions 3 and 8 are
¢not Euclid’s, but added by some unskilful editor.” Other com-
mentators also have rejected these definitions as useless. The
last word of the third definition should be quantuplicity, not
quantity ; so that the definition indicates that ratio refers to the
number of times which one magnitude contains another. See De.
Morgan’s Differential and Integral Caleulus, page 18,

V. Def. 4. This definition amounts to saying that the quan-
tities must be of the same kind.

V. Def. 5. The fifth definition is the foundation of Euclid’s
doctrine of proportion. The student will find in works on Alge-
bra a comparison of Euclid’s definition of proportion with the
simpler definitions which are employed in Arithmetic and Algebra.
Euclid’s definition is applicable to incommensurable quantities, as
well as to commensurable quantities.

‘We should recommend the student to read the first propo-
sition of the sixth Book immediately after the fifth definition of
the fifth Book ; he will there see how Euclid applies his defi-
nition, and will thus obtain a better notion of its meaning and im-
portance.

Compound Ratio. The definition of compound ratio was
supplied by Simson. The Greek text does not give any defini-
tion of compound ratio here, but gives one as the fifth definition
of the sixth Book, which Simson rejects as absurd and useless.

V. Defs. 18, 19, 20. The definitions 18, 19, 20 are not pre-
sented by Simson precisely as they stand in the original. The
last sentence in definition 18 was supplied by Simson. Euclid
does not connect definitions 19 and 20 with definition 18. In
19 he defines ordinate proportion, and in 20 he defines perturbate

~ proportion. Nothing-would be lost if Euclid’s definition 18 were

entirely omitted, and the term ex @guali never employed. Euclid

employs such & term in the enunciations of V. 20, 21, 23, 23;

but it seems quite useless, and is accordingly neglected by Simson

and others in their translations.
The axioms given after the definitions of the fifth Book are
not in Euclid; they were supplied by Simson.

The propositions of the. fifth Book might be divided into four
sections. Propositions 1 to 6 relate to the properties of equi-
mn!_tiplea. Propositions 7 to 10 and 13 and 14 connect the
uotion of the ratio of magnitudes with the ordinary notions of
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greatery equal, and less. Propositions 11, 12, 15 and 16 may be
considered as introduced to shew that, if four quantities of the
same kind be proportionals they will aho be proportionals when
taken alternately. "The remaining propositions shew that mag-
nitudes are proportional by composition, by division, and ex @quo.

In this division of the fifth Book propositions 13 and 14 are
supposed to be placed immediately after proposition 10; and
they might be taken in this order without any change in Euclid’s
demonstrations.

The propositions hea.ded 4, B, C, D, E were supplied by
Simeon.

V.1,2,35,6. These are simple propositions of Arithmetic,
though they are here expressed in terms which make them ap-
pear less familiar than they really are. For example, V. 1
¢“states no more than that zen acresand ten roods make ten times
as much as one acre and one rood.” De Morgan.

In V. 5 Simson has substituted another construction for that.
given by Euclid, because Euclid’s construction assumes that we
can divide a given straight line into any assigned number of
equal parts, and this problem is not solved until VI. g.

V. 18. This demonstration is Simson’s. We will give here
Euclid’s demonstration.

Let AE be to EB as CF is to FD: AB shall A
be to BE as CD is to DF.

For, if not, 4B will be to BE as CD is to some C
magnitude less than DF, or greater than DF, E

First, suppose that AB is to BE as CD is to F
D@, which is less than DF.

Then, because 4B is to BE as CD is to DG, G

therefore AEisto EB as C@isto GD.  [V. 17, - .
But AE is to EB as CF is to FD, [ Hypothesis. B D -
therefore C@ is to GD as OF is to FD. [V.1r.
But O is greater than CF; . [Hypothesis.
therefore GD is greater than FD. [V. 14
But @D is less than FD ; which is impossible. :
In the same manner it may be shewn that AB is not to BE:
a8 CD is to a magnitude greater than DF.,
Therefore A B is to BE as CD is to DF. )
The objection urged by Simson against Euclid's demonstra-
tion is that ‘‘it depends upon this hypothesis, that to any three
magnitudes, two of which, at least, are of the same kind, there-
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may be a fourth proportional: . ... .. Euclid does not demon-
strate it, nor does he shew how to find the fourth proportlonal,
before the 12th Proposition of the 6th Book. .

The following demonstration is given by Austm in his Ezams-
nation of the first six books of Euclid's Elements.

Let AE be to EB as CF is to FD: AB shall

be to BE as OD is to DF. A

For, because AFE is to EB as CF is to FD,
therefore, alternately, AE is to OF as EB is C
to FD. . [V.16. E

And as one of the antecedents is to its con-
sequent 80 is the sum of the antecedents to the

sum of the consequents ; [V. 12
therefore as EB is to FD so are AE and EB
together to CF and FD together, B D

that is, AB is to OD as EB is to FD.
Therefore, alternately, 4B is to EB as CD is to ID, [V. 16.

V.25 The first step in the demonstration of this proposition
is “take 4@ equil to £ and CH equal to F”; and here a refer-
ence is sometimes given to I. 3. But the magnitudes in the
proposition are not necessarily straight lines, so that this refer-
ence to I. 3 should not be given; it must however be assumed
that we can perform on the magnitudes considered, an operation
similar to that which is performed on straight lines in I. 3. Since
the fifth Book of the Elements treats of magnitudes generally,
and not merely of lengths, areas, and angles, there is no reference
made in it to any proposition of the first four Books.

Simson adds four propositions relating to compound ratio,
which he distinguishes by the letters F, G, H, X ; it seems how-
ever unnecessary to reproduce them as they are now rarely read
and never required.

THE SBIXTH BOOK.

THE sixth Book of the Elements consists of the application of
the theory of proporhon to establish properties of geometricul
figures.

VL. Def. 1. For an important remark bearing on the first
definition, see the note on VI. 3.

VI. Def. 2. 'The second definition is useless, for Euclid
makes no wention of reciprocal figures. B
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VI. Def. 4. The fourth definition is strictly only applicable
to a triangle, because no other figure has a point which can be
exclusively called its vertex. The altitude of a parallelogram is
the perpendicular drawn to the base from any point in the op-
posite side.

VI. 2. The enunciation of this important proposition is open
to objection, for the manner in which the sides may be cut is not
sufficiently limited. Suppose, for example, that 4D is double of
DB, and CF double of FA ; the sides are then cut proportionally,
for each.side is divided into two parts, one of which is double of
the other; but DE is not parallel to BC. It should therefore
be stated in the enunciation that the segments terminated at the
vertex of the triangle are to be homologous terms in the ratios, that
13, are to be the antecedents or the quents of the ratios.

It will be observed that there are three figures corresponding
to three cases which may exist; for the straight line drawn pa-
rallel to one side may cut the other sides, or may cut the other
sides when they are produced through the extremities of the base,
or may cut the other sides when they are produced through the
vertex, In all these cases the triangles which are shewn to be
equal have their vertices at the extremities of the base of the
given triangle, and have for their common base the straight line
which is, either by hypothesis or by demonstration, parallel to
the base of the triangle. The triangle with which these two
triangles are compared has the same base as they have, and has
its vertex coinciding with the vertex of the given triangle.

VI. A. This proposition was supplied by Simson.

VI. 4. We have preferred to adopt the term ¢‘triangles
which are equiangular to one another,” instead of ¢‘ equiangular
triangles,” when the words are used in the sense they bear in
this proposition. Euclid himself does not use the term equian-
glar triangle in the sense in which the modern editors use it in
the Corollary to I. 5, so that he is not prevented from using the
term in the sense it bears in the enunciation of VI. 4 and else-
where ; but modern editors, having already employed the term in
one sense ought to keep to that sense. In the demonstrations,
where Euclid uses such language a8 “ the triangle 4 BC is equi-
angular to the-triangle DEF,” the modern editors sometimes
adopt it, and sometimes change it to ‘‘the triangles 4B(C and
DEF are equiangular.”

» In VL 4 the manner in which the two triangles are to Le
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placed is very imperfectly described ; their bases are to be in the
same straight line and countiguous, their vertices are to be on the
same side of the base, and each of the two angles which have a
common vertex is to be equal to the remote angle of the other
triangle.

By superposition we might deduce VI. 4 immediately from
VI 2.

VI. 5. The hypothesis in VI. g involves more than is di-
rectly asserted ; the enunciation should be, ‘if the sides of two
triangles, taken in order, about each of their angles.....;”
that is, some restriction equivalent ta the words taken in order
should be introduced. It is quite possible that there should be-
two triangles ABC, DEF, such that AB is to BC as DE is to
EF, and BC to CA as DF is to ED, and therefore, by V. 23,
ABto AC as DF is to EF; in this case the sides of the triangles
about each of their angles are proportionals, but not in the same
order, and the triangles are not necessarily equiangular to one
another. For a numerical illustration we may suppose the sides
of one triangle to be 3, 4 and 5- feet respectively, and those of
another to be 12, 15 and 20 feet respectively. - Walker.

Each of the two propositions VI, 4 and VI 5 is the converse
of the other. They shew that if two triangles have either of the
two properties involved in the definition of similar figures they
will have the other also. This is a special property of triangles.
In other figures either of the properties may exist alone. For
example, any rectangle and a square have their angles equal, but
not their sides proportional; while a square and any rhombus
have their sides proportional, but not their angles equal.

VI. . In VL 4 the enunciation is imperfect ; it should be,
¢if two triangles have one angle of the one equal to one angle of
the other, and the sides about two other angles proportionals, so
that the sides subtending the equal angles are Aomologous,; then if
each .....” The imperfection is of the same nature as that
which is pointed out in the note on VI. 5. Walker.

The proposition might be conveniently broken up and the
essential part of it presented thus: if two triangles have two sides
oftlu_omproportional to two sides of the other, and the angles
opposite to one pair of homologous sides equal, the angles which are
oppotsite to the other pair of homologous sides shall cither be equal,
or be together equal to two right angles. B

- For, the angles included by the proportional sides must be
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either equal or unequal. If they are equal, then since the tri-
angles have two angles of the one equal to two angles of the
other, each to each, they are equiangular to one another, We
have therefore only to consider the case in which the angles n-
cluded by the proportional sides are unequal.

Let the triangles 4 BC, DEF have the angle at 4 equal to
the angle at D, and 4B to BC as DE is to EF, but the angle
A BC not equal to the angle DEF: the angles ACB and DFE
shall be together equal to two right angles.

For, one of the angles 4 BC,
DEF must be greater than
the other; suppose 4 BC the

greater ; and ‘make the angle D

ABG@ equal to the angle DEF.

Then it may be shéwn, as in .
VI 7, that BG is equal to B ¥

BC, and the angle BGA equal to the angle EFD.

Therefore the angles ACB and DFE are together equal to the
angles BGC and 4GB, that is, to two right angles.

" 'Then the results enunciated in VI. 7 will readily follow. For
if the.ungles 4 CB and DFE are both greater than a right angle,
or both less than a right angle, or if one of them be a nght
angle, they must be equal.

VI. 8. In the demonstration of VI. 8, as given by Snnson,
it is inferred that two triangles which are similar to a third
triangle are similar to each other; this is a particular case of
VI. 21, which the student should consult, in order to see the
validity of the inference.

VI. 9. The word part is here used in the restricted sense of
the first definition of the fifth Book. VI. 9 is a particular case
of VI. 10.

VI. ro. The most important case of this proposition is that
in which a straight line is to be divided either internally or ex-
ternally into two parts which shall be in a given ratio.

The case in which the straight line is to be divided internally
is given in the text; suppose, for example, that the given ratio is
that of AE to EC; then AB is divided at @ in the given ratio.

Suppose, however, that ADB is to be divided externally in a
given ratio; that is, suppose that 4B is to be produced so that
the whole straight line made up of 4B and the part produced
may be to the part produced in a given ratio. Let the given ratio
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be that of AC to CE. Join EB; through C draw a straight line
parallel to EB; then this straight line will meet 4B, producel
through B, at the required point.

VI. 11. This is a particular case of VI, 12,

VI. 14. The following is a full exhibition of the steps which
lead to the result that FB and B@ are in one straight line.

The angle DBF is equal to the angle GBE; [Hypothesis.
add to each the angle FBE;
therefore the angles DBF, FBE are together equal to the angles

GBE, FBE. [Axiom 2.
But the angles DBF, FBE are together equal to two right
angles ; [T x3.
therefore the angles GBE, FBE are together equal to two right
angles; [Aziom 1.
therefore FB and B@ are in one straight line. 1. 14.

VI. 15. This may be inferred from VI. 14, since a triangle
is half of a parallelogram with the same base and altitade,

It is not difficult to establish a third proposition conversely
connected with the two involved in VI. 14, and a third propo-
sition similarly conversely connected with the two involved in
VL 15. These propositions are the following.

Equal parallelograms which have their sides veciprocally pro-
portional, have their angles equal, each to each.

Equal triangles whick have the sides about a pair of angles
reciprocally proportional, have those angles equal or together equal
to two right angles.

We will take the latter proposition.

Let ABC, ADE be equal triangles; and let C4 be to AD
a8 AE is to AB: either the angle BAC shall be equal to the
- angle DAE, or the angles BAC and DAE shall be together equal
to two right angles.

[The student can construct the figure for himself.]

Place the triangles so that C4 and 4 D may be in one straight
line; then if £4 and 4B are in one straight line the angle BA 0
is equal to the angle DAE. O x
If EA and AB are not in one straight line, produco BA thmugh
4 to F, so that AF may be equal to 4E; join DF and EF.

Then because C4 is to AD as AE is to A B, [Hypothesis.
and A Fis equal to 4E, [Construction,
therefore C4 lstoADasAFxstoAB [V.9, V.11,
Therefore the trianglo DA ¥ is equal to the triangle BAC. [VT. 15.
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But the triangle DAE is equal to the triangle BAC. [Hypothesis.
Therefore the triangle DA E is equal to the triangle DAF, [4z. 1.
Therefore EF is parallel to 4.D. [L. 39.

Suppose now that the angle DAE is greater than the angle

DAF.
Then the angle CAE is equal to the angle AEF, L 29.
and therefore the angle CA E is equal to the angle AFE, [L s.
and therefore the angle CAE is equal to the angle BAC. [I. 29.
Therefore the angles BAC and DAE are together equal to two
right angles.

Similarly the proposition may-be demonstrated if the angle
DAE is less than the angle DAF.

VI. 16, This is a particular case of VI. 14.

VI. 17. This is a particular case of VI. 16.

VI. 22. There is a step in the second part of VI. 22 which
requires examination. After it bas been shewn that the figure
SR is equal to the similar and similarly situated figure NH, it
is added “therefore PR is equal to GH.” In the Greek text
reference is here made to a lemma which follows the proposition.
The word lemma is occasionally used in mathematics to denote
an auxiliary proposition. From the unusual circumstance of a
reference to something following, Simson probably concluded
that the Jemma could not be Euclid’s, and accordingly he takes
no notice of it. .

The following is the substance of the lemma.

If PR be not equal to GH, one of them must be greater than
the other; suppose PR greater than GH.

Then, because SR and NI are similar figures, PR is to PS

as GH is to GN. [VL. Definition 1.
But PR is greater than GH, [Hypothesis.
therefore PS is greater than GV. [V. 14.
Therefore the triangle RPS is greater than the triangle
HGN. L. 4, Axiom 9
But, because SR and NH are similar figures, the triangle RPS is
equal to the triangle HGN; [VL 20,
which is impossible.

Therefore PR is equal to GH.

VLI 23. In the figure of VI. 23 suppose BD and GE drawn.
Then the triangle BCD is to the triangle GCE as the parallelo-
gram AC is to the parallelogram CF. Hence the result may be
extended to triangles, and we have the following theorem,
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-triangles which have one angle of the one equal to one angle of the
-other, have to one another the ratio which is compounded of the
ratios of their sides.

Then VI. 19 is an immediate consequence of this theorem.
For let A BC and DEF be similar {riangles, so that 4B is to BC
as DE is to EF; and therefore, alternately, 4B is to DE as BC
is to EF. Then, by the theorem, the triangle ABC has to the
triangle DEF the ratio which is compounded of the ratios of 4 B
to DE and of BC ta EF, that is, the ratio which is compounded
of the ratios of BC to EF and of BC to EF. And, from the
‘definitions of duplicate ratio and of compound ratio, it follows -
that the ratio compounded of the ratios of BC to EF and of B(
to EF is the duplicate ratio of BC to EF.

VI. 25. It -will be easy for the student to exhibit in detail
the process of shewing that BC' and CF are in one straight line,
and also LE and EM ; the process is exactly the same as that in
I. 45, by which it is shewn that KH and HM are in one straight
line, and also FG and GL.

It seems that VI. 25 is out of place, since it separates pro-
positions 8o closely connected as VI. 24 and VI. 26. We may
enunciate VI. 23 in familiar language thus: to make a figure
which shall have the form of one figure and the size of another.

VI. 26. This proposition is the converse of VI 24; it
might be extended to the case of two similar and siwmilarly
situated parallelograms which have a pair of angles vertically
opposite.

‘We have omitted in the sixth Book Propositions 27, 28, 29,
and the first solution which Euclid gives of Proposition 30, as they
appear now to be never required, and have been condemned as
useless by various modern commentators; see Austin, Walker,
and Lardner. Some idea of the nature of these propositions may
be obtained from the following statement of the problem pro-
posed by Euclid in VI. 29. 4B is a given straight line; it has
to be produced through B to a point O, and a parallelogram
described on 40 subject to the fol]owing conditions ; the paral-
lelogram is to be equal to a given rectilineal figure, and the
parallelogram on the base BO which can be cut off by a
straight line through B is to be similar to a given parallelo-
gram.

VI. 32. This propnsition seems of no use. ' Moreover the
enunciation is imperfect, For suppose ED to be produced
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through D to a point F, such that DF is equal to DE; and
join OF. Then the triangle CDF will satisfy all the conditions
in Euclid’s enunciation, as well as the triangle CDE; but OF
and CB are not in one straight line. It should be stated that
the bases must lie on corresponding sides of both the parallels;
the bases OF and BC do not lie on corresponding sides of the
parallels 4B and DC, and so the triangle CDF would not
‘fulﬁl all the conditions, and would therefore be excluded.

VI. 33. In VL 33 Enclid implicitly gives up the restriction,
which he seems to have adopted hitherto, that no angle is to be
considered greater thany two right angles. For in the demon-
stration the angle BGL may be any multiple whatever of the
angle BGC, and so may be greater than any number of right
angles.

VL B, 0, D. These propositions were imtroduced by
Simson. The important proposition VI. D occurs in the Meyd\y
Zurrafis of Ptolemy,

THE ELEVENTH BOOK.

Ix addition to the. first six Books of the Elements it is usual
to read part of the eleventh Book. For an account of the
oontents of the other Books of the Elements the student is
referred to the article Eucleides in Dr Smith’s Dictionary of
Greek and Roman Biography, and to the article Irrational Quan-
tities in the English Cyclopedia. We may state briefly that
Books VII, VIII, IX treat on Arithmetic, Book X on Irra-
tional Quantities, and Books XI, XIT on Solid Geometry.

XI. Def. 10. This definition is omitted by Simson, and
justly, because, as he shews, it iz not true that solid figures
contained by the same number of similar and equal plane figures
are equal to one another. For, conceive two pyramids, which
bave their bases similar and equal, but have different altitades.
Suppose one of these bases applied exactly on the other; then if
the vertices be put on opposite sides of the base & certain solid is -
formed, and if the vertices be put on the same side of the base
another solid is formed. The two solids thus formed are con-
tained by the same number of similar and equal plane figures,
but they are not-equal.

It will be observed that in this example one of the solids has
& reeairunt sohd angle, see page 264. 1t is however true that

It

N
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two convex solid figures are equal if they are contained by equal
plane figures similarly arranged; see Catalan’s Théorémes et
Problémes de Géométrie Elémentaire. This result was first demon-
strated by Cauchy, who turned his attention to the point at the
request of Legendre and Malus; see the Journal de TEoole
Polyw:hmqw, Cahier 16,

X1, Def. 26, The word tetrahedron is now often used to
denote a solid bounded by any four triangular faces, that is, &
pyramid on a triangular base; and when the tetrahedron is to
be such as Euclid defines, it is called a regular tetrahedron.

Two other definitions may conveniently be added.

A straight line is said to be parallel to a plane when they do
not meet if produced,

The angle made by two straight lines which do not meet is
the angle contained by two straight lines parallel to them, drawn
through any point.

X1I. 21, In XI. 21 the first case only is given in the ori-
ginal. In the second case a certain condition must be intro-
duced, or the proposition will not be true; the polygon BCDEF
must have no re-entrant angle. See note on I. 33.

The propositions in Euclid on Solid Geometry which are
now not read, contain some very important results respecting the
volumes of solids. We will state these results, as they are
often of use; the demonstrations of them are mow usually
given as examples of the Integral Calculus.

We have already expla.med in the notes to the second Book
how the area of a figure is measured by the number of ‘square
inches or square feet which it contains. In a similar manner the
volume of a solid is measured by the number of cubic tnches or
cubic feet which it contains; a cubic inch is a cube in which each
of the faces is & square inch, and a cubic foot is similarly
defined.

The volume of a prism is found by multiplying the number
of square inches in its base by the number of inches in its
altitude; the volume is thus expressed in cubic inches. Or we
may multiply the number of square feet in the base by the
number of feet in the altitude; the volume is thus expregsed in
gubic feet. By the dase of a prism is meant either of the two
equal, similar, and parallel figures of XI. Definjtion 13; and the
altitude of the prism is the perpendicular distance between these
two planes.

Ve
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The rule for the volume of a prism involves the fact that
prisms on equal bases and between the same parallels are equal
volume.

A parallelepiped is a particular case of a prism. The volume
of a pyramid is one third of the volume of a prism on the same
base and having the same altitude.

For an account of what are called the five regular solids the
student is referred to the chapter on Polykedrons in the Treatise
on Spherical Trigonometry.

THE TWELFTH BOOK.

Two propositions are given from the twelfth Book, as they
are very important, and are required in the University Examina-
tions, The Lemma is the first proposition of the tenth Book,
and is required in the demonstration of the second proposition of
the twelfth Book.

19—2



APPENDIX.

Tmis Appendix consists of a collection of important pro-
positions which will be found useful, both as affording
geometrical exercises, and as exhibiting results which are
often required in mathematical investigations. The student
will have no difficulty in drawing for himself the requisite
figures in the cases where they are not given,



1. The sum 7~ *he squares on the sides of a triangle
18 equal to twice the square on half the base, together with
twice the square on the straight line which joins the vertezx
to the middle point of the base.

Let ABC be a triangle; apd let D be the middle point
of the base AB. Draw CE perpendicular to the base

N

meeting it at Z'; then & may be either in 4B or in AB
produced. :

First, let E coincide with D; then the proposition
follows immediately from I. 47.

Next, let E not coincide with D; then of the two
angles ADC and BDC, one must be obtuse and one acute.
Suppose the angle ADC obtuse. Then, by II. 12, the
square on AC is equal to the squares on 4D, DC, toge-
ther with twice the rectanﬁile AD, DE; and, by 11. 13, the
square on BC together with twice the rectangle BD, DE is
equal to the squares on BD, DC. Therefore, by Axiom 2,
the squares on AC, BC, together with twice the rectangle
BD, DE are equal to the squares on 4D, DB, and twice
the s%uare on DC, together with twice the rectangle
AD, DE. But ADis equal to DB. Therefore the squares
on AC, BC are equal to twice the squares on 4D, DC.
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2. If two chords intersect within a circle, the angle
which they include is measured by half the sum of the in-
tercepted arcs.

Let the chords 4B and CD of a circle intersect at E;
join 4D.

The angle AEC is e%ml to the

angles ADE, and DAE, by

1. 32; that is, to the angles

standing on the arcs AC and

BD. Thus the angle AEC is

equal to an angle at the cir-

cumference of the circle stand- D
ing on the sum of the arcs AC

and BD; and is therefore equal

to an angle at the centre of the

circle standing on half the sum of these arcs.

Similarly the angle CEB is measured by half the sum
of the arcs CB and A4D. : :

8. If two chords produced intersect without a circle,
the angle which they include is measured by half the
difference of the intercepted arcs. .

Let the chords 4B and CD of a circle, produced, in-
tersect at £ ; join AD.

The angle 4.DC is equal to the angles EAD and AED,
b¥ 1. 32. us the angle 4EC is equal to the difference
of the angles ADC and BAD; that is, to an angle at the
circumference of the circle standing on an arc which is the

C

AU B

difference of AC and BD; and is therefore equal to an

angle at the centre of the circle standing on half the differ-
ence of these arcs,
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. 4 To draw a straight line which shall touch two
given circles.

Let 4 be the centre of the greater circle, and B the
centre of the less circle. With centre 4, and radius
to the difference of the radii of the given circles, describe
a circle; from B draw a straight line touching the circle

1))

N7

80 described at C. Join 4C and produce it to meet the
circumference at . Draw the radius BE parallel to 4D
and on the same side of 4.8; and join DE. Then DE shall
touch both circles. .

See I. 33, I. 29, and III. 16 Corollary.

Since two straight lines can be drawn from B to touch
the described circle, two solutions can be obtained ; and the
two straight lines which are thus drawn to touch the two

iven circles can be shewn to meet 4.5, produced through

, at the same point. The construction is applicable when
each of the given circles is without the other, and also
when they intersect.

‘When each of the given circles is without the other we
can obtain two other solutions. For, describe a circle with
A a8 a centre and radius equal to the sum of the radii of
the given circles; and continue as before, except that BE
and 4D will now be on opposite sides of AB. The two
straight lines which are thus drawn to touch the two given
circles can be shewn to intersect 4B at the same point.

L
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5. To describe a circle which shall pass through three
given points not in the same straight line.

This is solved in Euclid IV. 5.

6. To describe a circle which shall pass through two
given points on the same side of a given straight line, and
touch that straight line.

Let A and B be the given points; join 4B and pro.
duce it to meet the given straight line at C. Make a
square equal to the rectangle C4, CB (1I. 14), and on the

~E (oo

iven straight line take CE equal to a side of this square.
escribe a circle through A4, B, E (5); this will be the
circle required (1I1. 37).

Since Z can be taken on either side of C, there are two
solutions.

The construction fails if 4B is parallel to the given
straight lingl. In this case bisect 4B at D, and draw DC
at right angles to 4B, meeting the given straight line at C.
Then descgbe a circle through 4, B, C.

7. To describe a circle which shall pass through a,
given point and touch two given straight lines. -
Let A be the given point; produce the given straight
lines to iheet at B, and join 4B. Through B draw a
straight line, bisecting that angle included by the given
straight lines within which 4 lies; and in this bisecting
straight line take any point C. From C draw a perpendioular
on one of the given straight lines, meeting it at D; with
centre C, and radius CD, describe a circle, meeting 4.5,
produced if n ,at B. Join CE; and through 4 draw
hnmel to CE, meeting BC, produced if

.
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necessary, at . The circle described from the centre Z,
with radius 4, will touch the given straight lines.

For, draw a perpendicutar from F on the straight line
BD, meeting it at G. Then CE is to FA4 as BC is to BF,
and CD is to FG as BC is to BF (V1.4,V.16). There-
fore CF is to F4 as CD is to FGQ (V. 11). Therefore
CE i8 to CD as FA is to FG (Y. 16). But CE is equal
to CD; therefore FA is equal to G (V. A).

If A4 is en the straight line BC we determine E as
before; then join £D, and draw a straight line through 4
,:)mllei to £D meeting BD produced if necessary at G ;

m G draw a straight line at right angles to B@, and the
point of intersection of this straight line with BC, produced
if necessary, is the required centre,

As the circle described from the centre C, with the
ra.;lius CD, will meet 4B at o points, there are two
solutions.

If 4 is on one of the given straight lines, draw from
A a straight line at right angles to this given straight
line; the point of intersection of this straight line with
either of the two straight lines which bisect the angles
made by the given straight lines may be taken for the
centre of the required circle.

If the two given straight lines are parallel, instead of
drawing a straight line BC to' bisect the angle between
&fm,t !:ve must draw it parallel to them, and equidistant

m them.
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8. To describe a circle which shall touch thres
given straight lines, not more than two of which arey
parallel.

Proceed as in Euclid IV. 4. If the given straight lines
form a triangle, four circles can be described, namely, one
as in" Euclid, and three others each touching one side of
the triangle and the other two sides produced. If two
of the given straight lines are parallel, two circles can be
described, namely, one on each side of the third given
straight line.

9. To describe a circle which shall touch a given
circle, and touch a given straight line at a given point.
Let A be the given point in the given straight line,
and C be the centre of the given circle. Through C draw
a straight line perpendicular to the given straight line,

A

and meeting the circumference of the circle at B and D,
of which 2 is the more remote from the given straight
line. Join 4D, meeting the circumference of the circle at
E. From A draw a straight line at right angles to the
gieven straight line, meeting CE produced at #. Then # shall

the centre of the required circle, and #'4 its radius.

For the angle AEF is equal to the angle CED (1. 15);
and the le EAF is equal to the angle CDE (1. 29);
therefore the angle AEF is to the angle EAF';
therefore A4 F is equal to EF (1. 6).
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In a similar manner another solution may be obtained
by joining 4B. 1f the given straight line falls without the
given dircle, the circle obtained by the first solution touches
the given circle externally, and the circle obtained by the
second solution touches the given circle internally. If the
given straight line cuts the given circle, both the circles
obtained touch the given circle externally.

10. 7% describe a circle which shall pass through two
given points and touch a given circle.

Let A and B be the given points. Take any point C
on the circumference of the E‘ven circle, and describe a
circle through 4, B, C. If this described circle touches
the given circle, it is the required circle. But if not, let D

)

be the other point of intersection of the two circles. Let
AB and CD mduoed to meet at £; from E draw a
straight line touching the given circle at #. Then a circle
described through 4, B, # shall be the required circle.
See 111. 35 and III. 37.

There are two solutions, because two straight lines can
be drawn from E to touch the given circle.

If the straight line which bisects 4B at right angles
passes through the centre of the given circle, the con-
struction fails, for A8 and CD are parallel. In this case
F must be determined by drawing a straight line parallel
to AB so as to touch the given circle.
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11, 7o desgribe a circle which shall touch two given
straight lines and a given circle. o

Draw two straight lines parallel to the giver straight
lines, at & digtance from them equal to t.heglmdius of the
given circle, and on the sidés of them remote from the
centre of the given circle. Describe a circle touching the
straight lines thus drawn, and passing through the centre
of the given circle (7). A circle having the same centre as
the circle thus described, and a radius equal to the excess
of its fadius over that of the given circle, will be the re-
quired circle.

Twaq solutions will be obtained, because there are two

solutions of the problem in 7; the circles thus obtained
touch the given circle externally.

‘We may obtain two circles which touch the given circle
internally, by drawing the straight lines parallel to the given
straight lines on the sides of them adjacent to the centre
of the given circle.

12. 7o describe a circle which shall pass through a
y{vzln point and touch a given straight line and a given
circle. :

‘We will suppose the given point and the given straight
line without the circle; other cases of the problem may be
treated in a similar manner.

Let A be the given point, and B the centre of the
given circle. From B draw a perpendicular to the given
straight line, megting it at C, and meeting the circum-
ference of the given circle at D and Z, so that D is be-
tween B and C. Join EA and determine a point F'in EA,
produced if necessary, such that the rectangle £4, EF
ay be e%ual to the rectangle £C, ED; this can be done
by describing a circle through 4, C, D, which will meet

%A at the required ‘[;oint (111 36, Corollary). Describea
circle to pass throngh 4 and F and touch the given straight
line (6); this shall be the required circle.
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For, let the circle thus described touch the given
straight line at G ; join ZG' meeting the given circle at H,

G C

and join DH. Then the triangles EHD and ECG are
similar; and therefore the rect,angle EC, ED is equal to
the rectangle £G, £H (11131, V1 4 VI.16). Thus the
rectangle £A4, EF is equal to the rectangle £H, EG; and
therefore H i8 on the circumference of the described
circle (III. 36, Corolla?/). Take K the centre of the
described circle; join XK@, KH, and BH. Then it may
be shewn that the angles K@ and EHB are equal
(I. 29, 1. 5). Therefore KHB is a straight line; and
therefore the described circle touches the given circle,

Two solutions will be obtained, because there are two
solutions of the problem in 6 ; the circles thus described
touch the given circle externally.

By joining DA instead of 4 we can obtain two solu-
tions in which the circles described touch the given circle
internally.
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13. To describe a circle which shall touch a given
straight line and two given circles.

Let A4 be the centre of the larger circle and B the
centre of the smaller circle. Draw a straight line el
to the given straight line, at a distance from it equal to the
radius of the smaller circle, and on the side of it remote
from A. Describe a circle with 4 as centre, and radius
equal to the difference of the radii of the given circles.
Describe a circle which shall through B, touch exter-
nally the circle just described, and also touch the straight
line which has been drawn parallel to the given straight
line (12). Then a circle having the same centre as the
second described circle, and a radius equal to the excess
of its radius over the radius of the smaller given circle,
will be the required circle.

Two solutions will be obtained, because there are two
solutions of the problem in 12 ; the circles thus described
touch the given circles externally,

‘We may obtain in a similar manner circles which touch
the given circles internally, and also circles which touch
one of the given circles internally and the other exter,

nally.

_ 14. Let A be the centre of a circle, and B the contre
of a larger circle; let a straight line be drawn touching
the former circle at C and the latter circle at D, and
meeting AB produced through A at T. From T draw
any straight line meeting the smaller circle at K and L,
and the larger circle at M and N ; so that the five letters
T, K, L, M, N are tn this order. Then the straight lines
AK, K0, 8L, LA shall be rea%ectively parallel to the
_stratght lines BM, MD, DN, NB; uand the rectangle
TK, TN shall be equal to the rectanglse TL, TM, and
equal to the rectangle TC, TD,

Join AC, BD, Then the triangles 74C and 7'BD sarc
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eauiangular; and therefore 7'4 is to 7B as AC is to BD
(VL. 4,V.16), that is, a8 AK isto BM. ’

Therefore the triangles 774K and 7BM are similar
1. 7); therefore the le T7AK is equal to the angle
'BM ; and therefore AK is el to BM. Similarly
AL is parallel to BN. And use AK is lelel to
BM and AC el to BD, the angle CAK is equal
to the angle DBM ; and therefore the angle CLK is equal
to the angle DNM (I11. 20); and therefore CL is parallel
to DN. Rimilarly CK is parallel to DM.

Now TM is to 7D as TD is to TN (I1I. 37, V1. 16);
and 7'M is to 7D as TK is to T'C (V1. 4); therefore 7K
is to 7C as TD is to T'N; and therefore the rectangle
TK, TN is equal to the rectangle 7’C, T'D. Similarly the
rectangle 7L, T'M is equal to the rectangle 7°C, 7'D.

If each of the given circles is without the other we
may suppose the straight line which touches both circles
to meet 4B at T between A and B, and the above results
will all hold, provided we interchange the letters K and L ;
8o that the five letters are now to be in the following
order, Z, K, T, M, N, '

The point 7'is called a centrs of similitude of the two
circles.
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15. To describe a circle which shall pass through a
given point and touch two given circles.

Let A be the centre of the smaller circle and B the
centre of the larger circle ; and let £ be the given point.

Draw a straight line touching the former circle at ¢ ‘and
the latter at D, and meeting the straight line AB;ro—
duced through A at 7. Join 7K and divide it at
tha.tthemctang'le TE, TF may be equal to the rectangle
T0C, TD. Then describe a ci e to pass through £ and #
and touch either of the given circles (10); this shall be the
required circle.



For suppose that the circle is described so as to touch
the smaller given circle; let G be the point of contact; we
have then to shew that the described circle will also
touch the larger given circle. Join 7G, and produce it
to meet the larger given circle at /7. Then the rectangle
TG, TH is equal to the rectangle 7C, T'D (14); therefore
the rectangle 7'G, T'H is equal to the rectangle 7'E, TF;
and therefore the described circle passes through H.

Let O be the centre of this circle, so that 0G4 is a
;pra.ight line; we have to shew that OHB is a straight
ine.
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Let 7G' intersect the smaller circle again at X ; then
AK is parallel to BH (14); therefore the angle AKT is
equal to the angle BH@ ; and the angle 4 KG is equal to the
| angle AGK, which is equal to the angle OGH, which is
| equal to the angle OHG. Therefore the angles BHG and
OHG@ together are equal to AKT and AKG together;
fil:]at is, to two right angles. Therefore OHB is a straight

e, :

Two solutions will be obtained, because there are two
solutions of the problem in 10. Also, if each of the given
circles is without the other, two other solutions can be
obtained by taking for 7' the point between A4 and B
where a straight line touching the two given circles meets
AB. The various solutions correspond to the circum-
stance that the contact of circles may be external or

internal.
16. 7o describe a circle which shail ‘wk three given
circles.

Let 4 be the centre of that circle “which is not greater
than either of the other circles; lui" > and C be the centres
of the other circles. With centre 3 and radius equal to
the excess of the radius of the circle with centre B over
the radius of the circle with centre A, describe a circle.
Also with centre C, aud radius equal to the excess of the
radius of the circlc with centre C over the radius of the
circle with centre 4, describe a circle. Describe a circle
to touch exwrnall;i?tlhese two described circles and to pass
through 4 (15). en a circle having the same centre as
the last described circle, and having a radius equal to

20
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the excess of ite radius over the radius of the circle with
centre A4, will touch externally the three given circles.

In a similar way we may describe a circle touching
internally the three given circles, or touching one of them
externally and the two others internally, or touching one of
them internally and the two others externally.

17. In a given indefinite straight line it is required
to find a point such that the sum of its distances from
two given points on the same side of the straight line
shall be the least posstble. i

D

let A and B be the two given points. From 4 draw
a perpendicular to the given straight line meeting it at C;
and produce AC to D so that CD may be equal to AC.
Join DB meetine the given straight line at Z. Then £
shall be the requirid point.

For, let F be any otaer point in the given straight line.
Then, because AC 18 equal to DC, and EC is common to
the two triangles ACE, DCE; and that the right angle
ACE is egual to the right angle DCE; therefore AL is
equal to DE. Similarly, AF is equal to DF. And the
sum of DF and FB is ter than BD (1. 20): therefore
the sum of AF and FB is greater than BD; that is, the
sum of AF and FB is greater than the sum of DE and
EB; therefore the sum of AF and FB is greater than
the sum of 4E and EB.
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18. The perimeter of an isosceles triangle is less than
that of any other triangls of equal area standing on the
#ame base.

rinegle 40O any other. trt
triangle; any other tri-
angle equal in area and stand- 3
ing on the same base 4C. ‘

Join BQ; then BQ is paral-
lel to AC (1. 39).

And it will follow from 17
that the sum of 4Q and QC-
is ter than the sum of 4B
and BC.

19. If a polygon be not equilateral a polygon may be

found of the same number of sides, and equal in area, but
having a less perimeter.

For, let CD, DE be two adjacent unequal sides of
the polygon. Join CE. Through D draw a straight line
rzmxl‘; to CE. Biseot CE at L; from L draw a straight
ine at right m%les to CE meeting the straight line drawn
through D at X. Then by removing from the given Cpoli:-
gon the triangle CDE and alt)glying the triangle CKE,
we obtain a polygon having the same number of sides
as the given eg:;lygcm, and equal to it in area, but having
a less perimeter (18). 9

20—
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" 920. A and B are two given poinis on the same side of
a given straight line, and AB produced meets the given
straight line at C; of all points in the given straight line
on each side of C, it is required to determine that at
which AB subtends the greatest angle.

Describe a circle to pass through 4 and B, and to
touch the given straight line on that side of C which is to
be considered (6). iet D be the point of contact: D
shall be the required point.

A~

E D C

For, take any other point Z in the given stmli ht lin
on the same side of C as D is; draw Egjl, EB; then oneé
j.:g,gst of these straight lines will cut the circumference .

Sna;l)oae that BE cuts the circamference at F'; join AF.
Then the angle 4 B is equal to the angle 4 DB (II1. 21);
and the angle 4 B is greater than the angle 4EB (I.16);
therefore the angle 4.DB is greater than the angle 4 E£B.

21. A and B are two given points within a circle;
and AB is drawn and produced b{;m ways 8o as to divids
g;emlza c:;zumfe:tme z’n‘fz two arcs; it 18 required to
point in ea t 7
cubtends the grams an 22 of these arcs at which AB
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Describe a circle to pass through 4 and B and to touch
the circumference considered (10): the point of contact
will be the required point. The demonstration is similar
to that in the preceding proposition,

22. A and B are two given poinis without a given
circle ; it i3 required to determine the points on the cir-
cumference of the given circle at which AB subtends the
‘greatest and least angles.

Suppose that ncither 4B nor 4B produced cuts the
given circle.

Describe two circles to pass through 4 and B, and to
touch the given circle (10): the point of contact of the
circle which touches the given circle externally will be the
point where the angle is greatest, and the point of contact
of the circle which touches the given circle internally will
be the point where the angle is least. The demonstration
is similar to that in 20.

If AB cuts the given circle, both the circles obtained
by 10 touch the given circle internally ; in this case the
angle subtended by 4B at a point of contact is less than
the angle subtended at any other point of the circumferenceé
of the given circle which is on the same side of 4B. Here
the angle is tirea’t.est; at the points where 4B cuts the
circle, and is there equal to two right angles.

If AB produced cuts the given circle, both the circle
obtained by 10 touch the given circle externally; in this
case the angle subtended by 4B at a point of contact is
greater than the angle subtended at any other point of
the circumference of the given circle which is on the
same side of 4B. Here the angle is least at the points
whero 4B produeed cuts the circle, and is there zero.
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23. If there be four magnitudes such that the first is
to the second as the third is to the fourth ; then shall the
JSirst together with the second be to the excess of the first
above the second as the third together with the fourth is to
the excess of the third above the fourth.

For, the first together with the second is to the second
as the third together with the fourth is to the fourth (V. 18).
Therefore, alternately, the first together with the second is
to the third together with the fourth as the second is to
the fourth (V. 16). .

Similarly, by V. 17 and V. 16, the excess of the first
above the second is to the excess of the third above the
fourth as the second is to the fourth,
Therefore, by V. 11, the first together with the second is
to the excess of the fifst above the second as the third
t.l:;)lgeft.her with the fourth is to the éxcess of the third above

e fourth.

24. The straight lines drawn at right angles to the
sides of a triangle from the points qf bisection of the sides
meet at the same point. .

Let ABC be a triangle; bisect BC at D, and bisect C4
at £ ; from D draw a straight line at right angles to BC,
and from E draw a straight line at right angles to C4;

) — ‘ p:

let these straight lines meet at G': we have then to shew
that the straight line which bisects A8 at rizht angles
also passes through G. From the triangles BDG and
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CDG we can shew that BG is equal to CG ; and from the
triangles CEG and A EG we can shew that CQ is equal to
AG ; therefore BG is equal to AG. Then if we draw a
straight line from G to the middle point of 4B we
can shew that this straight line is at rigg:;. angles to AB:
that is, the line which bisects 4B at right angles passes
through G.

25. The straight lines drawn from the angles of a
triangle to the points of bisection of the opposite. sides
meet at the same point. .

Let ABC be a triangle; bisect BC at D, bisect C4 at
L, and bisect 4B at F'; join BE and CF meeting at G;

C

join AG and GD: then AG and GD shall lie in a st;raight

e.

The triangle BEA is equal to ‘the triangle BEC, and
the triangle GEA is equal to the tl.'ian§le GEC (1. 38);
therefore, by the third Axiom, the triangle BG4 is equal
to the triangle BGC.

Similarly, the triangle CG A4 is equal to the triangle CG'B.

Therefore the triangle BGA is equal to the triangle CGA.
And the triangle BG'D is equal to the triangle CG.D (1.38);
therefore the triangles BGA and BG.D together are equal
to the triangles CGA and CGD together. Therefore the .
triangles BG A and BGD together are equal to half the
triangle ABC. 'Therefore G must fall on the straight line
AD; that is, AG and G.D lie in a straight line.
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26. The straight lines which bisect the angles of a
triangle meet at the same point.

Let ABC be a triangle; bisect the angles at B and C

(o}

A ¥ B

by straight lines meeting at G'; join 4G : then 4G shall
bisect the angle at 4.

From G draw GD perpendicular to BC, GE perpen-
dicular to C4, and GF perpendicular to 4B, e

From the triangles BGF and BGD we can shew that
GF is equal to GD; and from the triangles CGE and
CGD we can shew that GE is equal to GD; therefore GF
is equal to GE. Then from the triangles AFG and AEG
}:'34 2n shew that the angle F’/AG is equal to the angle

The theorem may also be demonstrated thus. Produce
AG to meet BC at H. Then AB is to BH as AG is to
GH, and AC is to CH as AG is to GH (VL. 3); there-
fore AB is to BH a8 AC is to CH (V. 11); therefore 4B
is to AC as BH is to CH (V. 16); therefore the straight
line 4 H bisects the angle at 4 (V1. 3).

27, Let two sides of a triangls be produced through
the base; then the straight lines which bisect the two
exterior angles thus formed, and the straight line which
bisects the vertical angle of the triangle, meet at the sams
poind,

This may be shewn like 26: if we adopt the second
method we shall have to use VI. 4.
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28. The }p‘:mendiculara drawn from the angles of a
triangle on the opposite sides meet at the same point.

Let 4BC be a triangle; and first suppose that it is not
obtuse angled. From B draw BE perpendicular to C4;

C
C
A ¥ B G

from C draw CF perpendicular to 4B ; let these perpen-
diculars meet at G ; join 4G, and produce it to meet BC
at D: then 4D shall be perpendicular to BC.

For a circle will go round A EGF (Note on I11. 22); there-
fore the angle FAG is equal to the angle FEG (III. 21).
And a circle will go round BCEF (111. 31, Note on 111. 21);
therefore the angle FEB is equal to the le FCB.
Therefore the angle BA.D is equal to the angle BCF. And
the angle at B is common to the two triangles BAD and
BCF. Therefore the third e BDA is equal to the
third angle BFC (Note on 1. 32). But the angle BFC is
a right angle, by construction; therefore the angle BDA is
a right angle.

In the same way the theorem may be demonstrated
when the triangle is obtuse angled. Or this case may be
deduced from l:vghat has been already shewn. For suppose
the angle at 4 obtuse, and let the perpendicular from B
on the opposite side meet that side produced at E, and let
the perpendicular from C on the opposite side meet that
side produced at F; and let BE and CF be produced to
meet at G. Then in the triangle BCG the perpendiculars
BF and CE meet at 4 ; therefore by the former case the
straight line @4 producod will be perpendicular to BC.
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29, If from any point in the circumference of the
circle described round a triangle peryendiculars be drawn
to the sides of the triangle, the three points of sntersection
are in the same straight line. -

Let ABC be a triangle, P any point on the circum-
ference of the circumscribing circle; from P draw PD,

PE, PF perpendiculars to the sides BC, (4, AB respec-
tively: D, E, F shall be in the same straight line.

[We will suppose that P is on the arc cut off by 4B, on
the opposite side frdm C, and that E is on CA4 produced
through A ; the demonstration will only have to be slightly

ed for any other figure.] .

" A circle will go round PEAF (Note on IIL 22); there-
fore the angle PFE is eqtal to the angle PAE (IIL 21).
But the angles PAE and PAC are together equal to two -
right angles (I. 13); and the angles PAC and PBC are
together equal to two right angles (III. 22). Therefore
the angle PAE is equal to the angle PBC; therefore the
angle PFE is equal to the angle P BC,

Again, a circle will go round PFDB (Note on I1I. 21);
therefore the angles PFD and PBD are together equal
to two right angles (II1. 22). But the angle PBD has
been shewn equal to the an%:e PFE. Therefore the angles
PFD and PFE are together equal to two right es.
Thereforo EF and F.D are in the samo straigh?fine. i
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30. ABC is a triangle, and O i3 the point of inter-
section of the perpendiculars from A, B, C on the ¥
sides of the triangle: the circle which passes through the
middle points of OA, OB, OC will pass through the feet
of the perpendiculars and through ‘he middle points of
the sides of the triangle.

Let D, .E'i F be the middle points of 04, OB, OC-

respectively; let G be the foot of the perpendicular from
A on BC, and H the middle point of :BC.
A ,
D\\ :
B [ — ¢

. Then OBG is a right-angled. triangle and E is the
middle point of the hypotenuse OB ; therefore EG is equal
to EO; therefore the angle EGQ is equal to the angle
EO0G. Similarly, the angle GO is equal to the angle
FOG. Therefore the angle FGE is equal to the angle
FOE. But the angles FOE and BAC are together equal
to two riﬁht angles; therefore the angles #GE and BAC
are together equal to two right angles. And the angle BAC
is equal to the angle EDF, because D, DF are parallel
to BA, AC (VL. 2). Therefore the angles FGE and EDF
are together equal to two right angles. Hence & is on the
circumference of the circle which passes through D, E, ¥
(Note on I1L. 22).

Aga.in, FHis el to OB, and EH parallel to OC;
therefore the angle EHF is equal to the angle EGF.
Therefore H is also on the circumference of the circle.
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Similarly, the two points in each of the other sides of
the triangle 4BC may be shewn to be on the circum-
ference of the circle.

The circle which is thus shewn to pass through these
nine points may be called the Nine points circle: it has
some curious properties, of which we will now give two.

The radius of the Nine points circle is half of the
radius of the circle described round the original triangle.

For the triangle DEF has its sides respectively halves
of the sides of the triangle 4BC, so that the triangles are
similar. Hence the radius of the circle described round
DEF is half of the radius of the circle described round
ABC.

If 8 be the centre of the circle described round the
triangle ABC, the centre of the Nine points circle is the
middle point of SO.

For HS is at right angles to BC, and therefore parallel
to GO. Hence the straight line which bisects HG at right
angles must bisect SO. And A and G are on the circum-
ference of the Nine points circle, so that the straight line
which bisects HG' at right angles must pass through the
centre of the Nine points circle. Similarly, from the other
sides of the triangle ABC two other straight lines can be
obtained, which pass through the centre of the Nine points
circle and also bisect SO. Hence the centre of the Nine
points circle must coincide with the middle point of SO.

‘We may state that the Nine points circle of any trian{e
touches the inscribed circle and the escribed circles of the
triangle: a demonstration of this theorem will be found
in the Nouvelles Annales de Mathématiques for 1842,

196. For the history of this theorem see the volume
of the same Journal for 1863, page 562.

31. If two straight lines bisecting two angles of a tri-
angle and terminated at the opposile sides be equal, the
biseeted angles shall be equal.

Let ABC be a triangle; let the straight line B.D bisect
the angle at B, and be terminated at the side AC; and
let the straight line CE bisect the angle at C, and be ter-
minated at the side 4.B; and let the stra.i%ht line BD be
equal to the straight line CE: then the angle at B shall be
equal to the angle at ¢
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o

For, let BD and CE meet at O; then if the angle 0BC
be not equal to the angle OCB, one of them must be
i;reater than the other ; let the angle O.BC be the greater.
Then, because CB and B.D are equal to BC and CE, each
to each; but the angle CBD is greater than the angle
BCE; therefore CD is greater than BE (1. 24).

On the other side of the base BC make the triangle
BCF equal to the triangle CBE, so that BF may be equal
to CE, and CF equal to BE (1. 22); and join DF.

Then because BF is equal to BD, the angle BFD is
equal to the angle BDF. And the ar:gle OCD is, by hy-
pothesis, less than the angle OBE ; and the angle COD 1s
equal to the angle BOE; therefore the angle ODC is
greater than the angle OEB (1. 32), and therefore the
angle ODC is greater than the angle BFC. ’ ’

Hence, by taking away the equal angles BDF and
BFD, the angle ¥DC is greater than the angle DFC;
and therefore CF is greater than CD (1. 19) ; therefore BE
is greater than CD.

But it was shewn that CD is greater than BE; which
is absurd.

Therefore the angles OBC and OCB are not unequal,
that is, they are equal; and therefore the angle ABC is
oqual to the a.ngleeg CB.

[For the history of this thecorem see Lady’s and Gen-
tleman’s Diary for 1859, page 88.) ,
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32. If a quadrilateral figure does not admit of having
a circle described round it, the sum of the rectangles con-

tained by the te sides 18 greater than the rectangle
contained by t% diagonals. "

Let ABCD be a quadrilateral figure which does not
admit of having a circle described round it; then the rect-
angle AB, DC, together with the rectangle BC, 4D, shall
‘be greater than the rectangle AC, BD.

N
v

A _ b

and the angle BAE equal to the angle BDC; then the
triangle ABE is similar to the triangle BDC (V1. 4);
therefore 4B is to AE as DB is to DC'; and therefore the
rectangle 4B, DC is equal to the rectangle 4 E, DB.

Join EC. Then, since the angle ABE is equal to the
angle DBC, the angle CBE is equal to the angle DBA.
And because the triangles A BE and DBC are similar, 4B
is to DB as BE is to BC; therefore the triangles 4ABD
and EBC are similar (V1. 6); therefore CB is to CE as
DB is to DA; and therefore the rectangle CB, DA is
equal to the rectangle CE, DB.

Therefore the rectangle AB, DC, together with the
rectangle BC, AD is equal to the rectangle 4E, BD
together with the rectangle CE, BD; that is, equal to the
rectangle contained by BD and the sum of AE and EC.
But the sum of AE and EC is greater than AC (1. 20);
therefore the rectangle 4.8, DC, together with the rect-
angle BC, 4D is greater than the rectangle AC, BD.

For, make the angle ABE equal to the angl'% DBC,
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33. If the rectangle contained by the diagonals of a
quadrilateral be equal to the sum of the rectangles con-
tained by the opposite sides, a circle can be described round
the quadrilateral.

This is the converse of V1. D; it can be demonstrated
indirectly with the aid of 32,

34. Iiis re%z;z’red to find a point in a given straight
line, such that the rectangle contained by its distances from
two given points in the straight line may be equal to the
rectangle contained by its distances from two other given
points in the straight line.

Let 4, B, C, D be four given points in the same
straight line: it is required to find a point in the straight

E

tine, such that the rectangle contained by its distances
from A and B may be equal to the rectangle contained by
its distances from C and D.

On AD describe any triangle AED; and on CB de-
zcribe a similar triangle OFB, so_that CF is parallel to
AE, and BF to DE; join EF, and let it meet the given
straight line at 0. Then O shall be the required point.

For, OF is to 04 as OF is to OC (VL. 4); therefore
OF is to OF as OA is to OC (V. 16). Rimilarly OF is to
OF as OD is to OB. Therefore 04 is to OC as OD is to
OB (V. 11). Therefore the rectangle 04, OB is equal to
the rectangle OC, OD.
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The figure will vary slightly according to the situation
of the four given points, but corresponding to an assigned
gituation there will be only one point such as is required.
For sugposa there could be such a point P, besides the
point O which is determined bi the construction given
above ; and that the points are in the order 4, C, D, B, O, P.
Join PE, and let it meet CF, produced at @ ; join BG.
Then the rectangle P4, PB is, by hypothesis, equal to the
rectangle PC, PD; and therefore P4 is to PC as PD is
to PB. But PAisto PCas PEis to PG (VL. 2); there-
fore PD is to PB as PE is to PG (V. 11); therefore BG
is parallel to DE.

But, by the construction, BF is parallel to £D; there-
fore BG' and BF are themselves parallel (I. 30); which is
absurd. Therefore P is not such a point as is required.

ON GEOMETRICAL ANALYSIS.

35. The substantives analysis and synthesis, and the
corresponding adjectives analytical and synthetical, are of
frequent occurrence in mathematics. In general analysis
means decomposition, or the separating a whole into its
parts, and synthesis means composition, or making a whole
out of its parts. In Geometry however these words are
used in a more special sense. In synthesis we begin with
results already established, and end with some new result;
thus, by the aid of theorems already demonstrated, and
problems already solved, we demonstrate some new theo-
rem, or solve some new problem. In analysis we begin
with assuming the truth of some theorem or the solution of
some problem, and we deduce from the assumption con-
sequences which we can compare with results already esta-
blished, and thus test the validity of our assumption.

36. The propositions in Euclid’s Elements are all ex-
hibited synthetically; the student is only employed in ex-
amining the soundness of the reasoning by which each
successive addition is made to the collection of geometrical
truths already obtained; and there is no hint given as to
the manner in which the propositions were originally dis-
covered. Some of the constructions and demonstrations
appear rather artificial, and we are thus naturally induced
to enquire whether anlf ‘rules can be discovered by which
we may be guided easily and naturally to- the investigation
of new propositions,
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- 87. Geometrical analysis has sometimes been described

in language which might lead to the expectation that
directions could be given which .would enable a student
to proceed to the demonstration of any pro;ilosed theorem,
or the solution of any proposed problem, with confidence of
success ; but no such directions can be given. We will
state the exact extent of these directions. Suppose that a
new theorem is proposed for investigation, or a new
problem for trial. Assume the truth of the theorem or the
solution of the problem, and deduce consequences from
this assumption combined with results which have been
already established. If a consequence can be deduced
which contradicts some result already established, this
amounts to a demonstration that our assumption is inad-
missible ; that is, the theorem is not true, or the problem
cannot be solved. If a consequence can be deduced which
coincides with some result already established, we cannot
say that the assumption is inadmissible ; and it may happen
that by starting from the consequence which we deduced,
and retracing our steps, we can succeed in giving a syn-
thetical demonstration of the theorem, or solution of the
problem. These directions however are very vague, be-
cause no certain rule can be prescribed by which we are to
combine our assumption with results already established ;
and moreover no test exists by which we can ascertain
whether a valid consequence which we have drawn from
an assumption will enable us to establish the assumption
itself. That a proposition may be false and yet furnish
consequences wgic are true, can be seen from a simple
example. Suppose a theorem were proposed for investi-
gation in the following words ; one angle of a triangle is to
another as the side opposite to the first angle is to the side
opposite to the other. 1f this be assumed to be true we
can immediately deduce Euclid’s result in I. 19; but from
Euclid’s result in I. 19 we cannot retrace our steps and
establish the proposed thecorem, and in fact the proposed
theorem is false. -

Thus the only definite statement in the directions
respecting Geometrical analysis is, that if a consequence
can be deduced from an assumed proposition which con-
tradicts a result already esba.blishe(f,’ that assumed propo-

sition must be false. 01



322 . APPENDIX.

38. We may mention, in particular, that a consequence
would contradict results a,lrea(il;ﬂ established, if we could
ghew that it would lead to the solution of a problem
already given up as impossible. There are three famous
problems which are now admitted to be beyond the power
of . Geometry ; namely, to find a straight line equal in ength
to the circumference of a given circle, to trisect any given
angle, and to find two mean proportionals between two
given straight lines. The grounds on which the geometrical
solution of these problems is admitted to be impossible
cannot be explained without a knowledge of the higher
Ea:ta of mathematies ; the student of the Elements may

owever be content with the fact that innumerable attempts
have been made to obtain solutions, and that these attempts
have been made in vain.

The first of these problems is usually referred to as
the Quadrature of the Circle. For the history of it the
student should consult the article in the English- Cyclo-
pedia under that head, and also a series of papers in the
‘Athenceum for 1863 and subsequent years, entitled a
Budget of Paradozes, by Professor De Morgan.

For approximate solutions of the problem we may
refer to Davies’s edition of Hutton’s Cpourse of Mathe-
matics, Vol. 1. page 400, the Lady's and Gentleman’s
Diary for 1855, page 86, and the Philosophical Magazine
for April, 1862.

The third of the three problems is often referred to as
the Duplication of the Cube. See the note on VI. 13 in
Lardner's Euclid, and a dissertation by C. H. Biering en-
titled Historia Problematis Cubi Duplicandi...Haunise,
1844.

. _We will now give some examples of Geometrical ana-
lysis.

89, From two given points it is required to draw to
the same point in a given straight line, two straight lines
equally inclinéd to the given straight line.

Let A and B be the given points, and CD the given
straight line, given points, &

Suppose AE and EB to be the two straight lines
equally inclined to CD. Draw BF perpendicular to CD,
and produce AE and BF to meet at G. Then the angle
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BED ig equal to the angle 4 EC, by hypothesis ; and the
angle AEC is equal to the angle DEG (1. 15). Hence the

B

G

triangles BEF and GEF are equal in all respects (1. 26);
therefore @ is equal to ¥ B,

This result shews how we may synthetically solve the
problem. Draw BF perpendicular to OD, and produce
1t to G, so that FG may be equal to FB; then join 4G,
and 4G will intersect CD at the required point,

40. To divide a given straight line into two parts
such that the difference of the squares on the parts may be
equal to a given square.

Let AB be the ogiven straight
line, and suppose C' the required A —C B
point. .

Then the difference of the
squares on 4C and BC is to be equal to a given square.
But the difference of the squares on 4C and BC is equal
to the rectangle contained%y their sum and difference;
therefore this rectangle must be equal to the given square.
Hence we have the following synthetical solution. On AD
describe a rectangle equal to the given square (1. 45); then
the difference of 4C and CB will be equal to the side
of the rectangle adjacent to 4B, and is therefore known.
And the sum of AC and CB is known, Thus 4C and CB
are known,

It is obvious that the given square must not exceed the
square on 4B, in order that the problem may be possible.

There are two positions of C, if it is not specified which
of the two ents AC and CB is to be greater than the
other; but-only one position, if it is specified.

21—2
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In like manner we may solve the problem, to produce
a given etraight line so that the square on the whole
straight line made up of the given straight line and the
par:dproduced, may exceed the square on the part pro-
duced by a given square, which is not less than the squares
on the given straight kne.

The two problems may be combined in one enunciation
thus, fo dicede a given straight line internally or exter-
nally so that the difference of the squares on the segments
may be equal to a given square.

41. To find a point in the circumference of a given
segment of a corcle, so that the straight lines which join
the point to the extremities of the straight line on which
the segment stands may be together equal to a given
straight line.

A ' B

Let ACB be the circumference of the given segment
and suppose C the required point, so that the sum of 4
and Cg is equal to a given straight line.

Produce AC to D so that CD may be equal to CB;
and join DB.

Then AD is equal to the given straight line. And the
angle ACB is equal to the sum of the mgles CDB and
CBD (1. 32), that is, to twice the angle CDB (1. 5). There-
fore the angle A DB is half of the angle in the given seg-
ment. Hence we have the following synthetical solution.
Describe on 4B a segment of a circle containing an angle
equal to half the angle in the given segment. ith 4 as
centre, and a radius equal to the given straight line,
describe a circle. Join 4 with a point of intersection o
this circle and the segment which has been described ; this
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Jjoining straight line will cut the circumference of the
given segment at a point which solves the problem.,

The given straight line must exceed 4B and it must
not excecd a certain straight line which we will now deter-
mine. Suppose the circumference of the given segment
bisected at E: join 4E, and produce it to meet the cir-
cumference of the described segment at #. Then AE is
equal to EB (11I. 28), and EB is equal to EF for the
same reason that CB 1s equal to CD. Thus Ed, EB, EF
are all equal ; and therefore E is the centre of the circle
of which 4DB is a segment (II1. 9). Hence AF is the
longest straight line which can be drawn from A4 to the cir-
cumference of the described segment; so that the given
straight line must not exceed twice 4 L.

42,  To describe an isosceles triangle having each of
the angles at the base double of the third angle.

This problem is solved in IV. 10 ; we may suppose the
solution to have been discovered by such an analysis as the
following.

Suppose the triangle 4BD such a A
triangle as is required, so that each of
the angles at B and D is double of the
angle at 4.
Bisect the angle at D by the straight C
line DC. Then the angle 4.DC is equal
to the angle at 4 ; therefore C4 is g D)
equal to CD. The angle CBD is equal
to the angle 4D B, by hypothesis ; the angle CDB is equal
to the angle at 4 ; therefore the third angle BCD is equal
to the third angle ABD (I.32). Therefore BD is equal
to CD (1. 6); and therefore B.D is equal to AC.

Since the angle BDC is equal to the angle at 4, the
straight line BD will touch at D the circle described
round the trian%le ACD (Note on 111. 32). Therefore the
rectangle 4B, BC is equal to the square on BD (ILI. 36).
The‘;egore the rectangle 4B, BC is equal to the square
on AC. :

i I’Il‘herefore AB is divided at C in the manner required
.11,

Hence the synthetical solution of the problem is evident.
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43. To inscribe a square in a given triangle.

Let ABC be the
given triangle, and A
suppose DEFG the y
required square.
Draw AH perpen-
dicular to 1%, and
AK parallel to BC; e
and let BF produc-
ed meet 4K at K. & : 0
Then BG is to GF
a8 BA isto AK, and BG isto GD as B4 isto AH (V1. 4).
But GF'is equal to G-D, by hgothesis.

Therefore BA is to AK as BA is to AH (V. 7, V.11).
Therefore AH is equal to AK (V. 7).

Hence we have the following synthetical solution. Draw
AK parallel to BC, and equal to AH; and join BK. Then
BK meets AC at one of the corners of the required square,
and the solution can be completed. :

44. Through a given point between two given straitght
lines, it is required to draw a straight line, such that the
rectangle contained by the parts between the given point and
the given straight lines may be equal to a given rectangle.

Let P be the given point,
and 4B and AC the ﬁiven
straight lines ; suppose MPN
the required straight line, so
that the rectangle P, PN
is equal to a given rectangle.

Produce AP to @, so that
the rectangle AP, PQ may
be equal to the given rect- A M B
angle. Then the rectangle
MP, PN is equal to the
rectangle AP, PQ. Therefore a circle will go round
AMQN (Note on 111. 35). Therefore the angle PNQ is
equal to the angle PAM (I11. 21).

Hence we have the following synthetical solution. Pro-
duce AP to @, so that the rectangle 4P, PQ may be

ual to the given rectangle; desc:iie on PQ a segment
of a circle containing an angle equal to the angle PAM;
join P with a point of intersection of this circle and AC';
the straight line thus drawn solves the problem,
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45. In a given circle it is required to inscribe a tri-
angle so that two sides may pass through two given points,
and the third side be parallel to a given straight line,

Cc D

B

Let 4 and B be the given points, and CD the given
straight line. Suppose PMN to be the required triangle
inscribed in the given circle.

Draw IVE parallel to 4B; join EM, and produce it if
necessary to meet 4B at F.

If the point # were known the problem might be con-
sidered solved. For ZNM is a known angle, and therefore
the chord EM is known in magnitude. And then, since #
is & known point, and £/ is a known magnitude, the posi-
tion of M becomes known. :

‘We have then only to shew how # is to be determined.
The angle MEN is equal to the angle MFA (1. 29). The
angle MEN is equal to the angle };PN III. 2121‘ Hence

AF and BAP are similar trian'ﬁlles( 1. 4). Therefore
MAisto AF as BA is to AP. erefore the rectangle
MA, AP is equal to the rectangle BA, AF (V1 16). But
since A is a given point the rectangle M4, AP is known;
and 4B is known; thus 4F is determined.
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- 46. In a given circle it 8 required to inscribe a tri-
angle 8o that the sides may pass through three givem
pornls. . . )

Let 4, B, C be the three given egoini;s. Suppose PMN
to be the required triangle inscribed in the given circle.

P

B

Draw NE parallel to 4B, and determine the point #
as in the %receding problem. We shall then bave to de-
scribe in the given circle a triangle EMN so that two of
its sides may pass through given points, #' and C, and the
third side be parallel to a given straight line 4B. This
can be done by the preceding problem.

This example and the preceding are taken from the
work of Catalan alrcady cited. The present problem is
sometimes called Castillon’s and sometimes Cramer’s; the
history of the general researches to which it has given rise
will be found in a series of papers in the Mathematician,
Vol. 111. by the late T. 8. Davies. -

ON LOCI.

. 47. A locus consists of all the points which satisfy cer-
tain conditions and of those points alone. Thus, for exam-
ple, the locus of the points which are at a given distance
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from a given point is the surface of the sphere described
from the given point as centre, with the given distance as
radius; for all the points on this surface, and no other
points, are at the given distance from the given point. If
we restrict ourselves to all the points in a tixed plane which
are at a given distance from a given point, the locus is the
circumference of the circle described from the given point
as centre, with the given distance as radius. In future we
shall restrict ourselves to loci which are situated in a fixed
plane, and which are properly called plane loct.

Several of the propositions in Euclid furnish }jood exam-
ples of loci. Thus the locus of the vertices of all triangles
which are on the same base and on the same side of it, and
which have the same area, is a straight line parallel to the
base; this is shewn in I. 37 and L. 39.

Again, the locus of the vertices of all triangles which
are on the same base and on the same side of it, and which
have the same vertical angle, is a segment of a circle de-
scribed on the base; for it is shewn in III. 21, that all the
points thus determined satisfy the assigned conditions, and
1t is easily shewn that no other points do.

‘We will now give some examples. In each example we
ought to- shew not onl{ that all the points which we indi-
cate as the locus do fulfil the assigned conditions, but that
no other points do. This second part however we leave to
the student in all the examples except the last two; in
these, which are more difficult, we have given the complete
investigation.

48. Required the locus of points which are equidis-
tant from two given points.

.. Let 4 and B be the two given points; join 45; and
draw a straight line through the middle point of AB at
right angles to 4.8 ; then it may be easily shewn that this
straight line is the required locus.

49. Required the locus of the vertices of all triangles
on a given base AB, such that the square on the side ter-
minated at A may exceed the square on the side termi-
nated at B, by a given square.

Suppose C to denote a point on the required locus ; from
C draw a perpendicular on the given base, meeting it, pro-
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duced if necessary, at D. Then the square on AC is equal
to the squares on 4D and CD, and the square on B( is
equal to the squares on BD and CD (1. 47); therefore the
square on 4C exceeds the square on BC by as much as the
square on AD exceeds the square on BD, Hence Disa
fixed }l)loint either in 4B or in 4B produced through B (40).
And the required locus is the straight line drawn througzx
D, at right angles to 4B.

50. Required the locus of a point such that the straight -
lines drawn from it to touch two given circles may be

Let A be the centre of the freater circle, B the centre
of a smaller circle; and let P denote any point on the re-
quired locus. Since the straight lines drawn from 2 to
touch the given circles are equal, the squares on these
straight lines are equal. But the squares on P4 and PB
exceed these equal squares by the squares on the radii of
the respective circles. Hence the square on P4 exceeds
the square on PB, by a known square, namely a square
ual to the excess of the square on the radius of the circle
of which A is the centre over the square on the radius of
the circle of which B is the centre. Hence, the required
12(}1}15 is a certain straight line which is at right angles to
49).
. ’{‘ ‘s)straight line is called the radical azis of the two
circles. .

If the given circles intersect, it follows from III. 36,
that the straight line which is the locus coincides with the
produced parts of the common chord of the two circles.

51. Required the locus of the middle points of all
the chords of a circle which pass through a _/L{;?d point.

Let A be the centre of the given circle; B the fixed
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point; let any chord of the circle be drawn so that, pro-
duced if necessary, it mﬁ pass through B. Let P be the
middle point of this chord, so that 2 is a point on the re-
quired locus,

The straight line AP is at right angles to the chord of
which 2 is the middle point (I11. 3); therefore 2 is on the
circumference of a circle of which 4B is a diameter.
Hence if B be within the given circle the locus is the cir-
cumference of the circle described on 4B as diameter; if
B be without the given circle the locus is that part of the
circumference of the circle described on 4B as diameter, .
which is within the given circle.

52. O is a fized point from which any straight line
ts drawn meeling a fized straight line at P; in OP a
point Q is taken such that OQ 18 to OP in a fized ratio:
determane the locus of Q.

‘We shall shew that the locus of @ is a straight line.

For draw a perpendicular from O on the fixed straight
line, meeting it at C'; in OC take a point D such that OD
is to OC in the fixed ratio; draw from O any straight line
OP meeting the fixed straight line at P, and in OP take a
point @ such that OQ is to OP in the fixed ratio; join

//Q

6~

D. The triangles 0DQ and OCP are similar (V1. 6);

erefore the angle 0.DQ is equal to the angle OCP, and is
therefore a riiht angle. Hence @ lies in the straight line
drawn through D at right angles to 0.D.
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53. O is a fized point from which any straight line
ts drawn meeting the circumference of a fized circle at P;
tn OP a point Q is taken such that CQ s to OP tn a fized
ratio: determine the locus of Q.

‘We shall shew that the locus is the circumference of a
circle.

For let C be the centre of the fixed circle; in OC take
a point D such that 0D is to OC in the fixed ratio, and
draw any radius CP of the fixed circle; draw DQ el
to C'P mecting OP, produced if necessary, at Q. Then the
triangles OCP and ODQ are similar (V1. 4), and therefore
0Q 18 to OP as OD is to OC, that is, in the fixed ratio.
Therefore @ is a point on the locus. And DQ is to CP
in the fixed ratio, so that D@ is of constant length. Hence
thetlocus is the circumference of a circle of which .D is the
centre,

54. There are four given points A, B, C, D in a
straight line; required the locus of a point at which AB
and CD subtend equal angles. :

Find a point O in the straight line, such that the rect-
anglo 0A, 0D may be equal to the rectangle OB, OC (34),
and tako OK such that the square on OK may be equal to
cither of these rectangles (I1. 14): the circumference of the
circle described from O as centre, with radius OK, shall be
the required locus.

[We will take the case in which the points are in’ the
following order, 0, 4, B, C, D.] -

For let P be any point on the circumference of this
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circle. Describe a circle round PAD, and also a circle

round PBC; then OP touches each of these circles (II1. 37);
therefore the anglo OP4 is equal to the angle PDA,
and the angle OPB is equal to the angle PCB (I1I. 32).
But the angle OP B is equal to the angles OPA4 and APB
together, and the angle PCB is cqual to the angles CPD
and PDA together (I. 32). Therefore the angles OPA
and APB together are equal to the angles CPD and
PDA together; and the angle OPA has been shewn ﬁual
to the angle PD A ; theréfore the angle 4PB is equal to
the angle CPD.

‘We have thus shewn that any point on the circumference of
the circle satisfies the assigned conditions; we shall now
shew that any point which satisfies the assigned conditions
is on the circumference of the circle.

For take any point @ which satisfies the required con-
ditions. Describe a circle round @A4D, and also a circle
round QBC. These circles will touch the same straight
line at @; for tho angles AQB and C@D arc equal, and
the converse of ITI. 32 is true. Let this straight line which
touches both circles at @ be drawn; and let it meet the
straight line containing the four given points at 2. Then
the rectangle R4, RD is cqual to the rectangle RB, RC;
for cach is equal to the square on RQ (IIL. 36). Therefore
R must coincide with O (34); and therefore £Q must be
equal to OK. Thus @ must be on the circumference of the
circle of which O is the centre, and OK the radius.
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- 55, Required the locus of the vertices of all the tri-
angles ABO which stand on a given base AB, and have
the side AC to the side BC in a constant ratio.

If the sides AC and BC are to be equal, the locus is

the straight line which bisects 4B at right angles. We
will sup) that the ratio is greater than a ratio of equal-
ity; so that 4Cis to be the greater side.

Divide AB at D so that AD is to DB in the given ratio
(VI 10); and produce 4B to E, so that AE is to EB in
the given ratio. Let P be any point in the required locus;
join PD and PE, Then PD bisects the angle APB, and
PE bisects the anf)le between BP and AP produced.
Therefore the angle DPE is a right angle. Therefore 2 is
on the circumference of & circle descri on DE as dia-
meter.

We have thus shewn that any point which satisfies the
assigned conditions is on the circumference of the circle
described on DE as diameter; we shall now shew that any
point on the circumference of this circle satisfies the as-
gigned conditions. ’

- Let @ be any point on the circumference of this circle,
QA shall be to @B in the assigned ratio. For, take O the
centre of the circle; and join Q0. Then, by construction,
AE is to EB as AD is to DB, and therefore, alternately,
AEis8 to AD as EB is to DB ; therefore the sum of A
and 4D is to their difference as the sum of £B and DB is
to their difference (23); that is, twice 40 is to twice DO as
twice DO is to twice BO; therefore A0 is to DO as DO is
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to BO; that is, 40 is to 0Q as QO isto OB. Therefore
the triangles 40Q and QOB are similar triangles (V1. 6);
and therefore AQ is to @B as QO is to BO. This shews
that the ratio of 4Q to BQ is constant; we have still to
ghew that this ratio is the same as the assigned ratio,

‘We have already shewn that 40 is to DO as DO is to
B0 ; therefore, the difference of 40 and DO is to DO as
the difference of DO and BO is to BO (V. 17); that is,
AD isto DO as BD is to BO; therefore AD is to BD as
DO is to BO; that is, 4D is to DB as QO is to BO.
This shews that the ratio of QO to BO is the same as the
assigned ratio.

'ON MODERN GEOMETRY.

56. We have hitherto restricted ourselvestto Euclid’s
Elements, and propositions which can be demonstrated
by strict adherencesto Euclid’s methods. In modern times
various other methods have been introduced, and have
led to numerous and important results, These methods
may be called semi-geometrical, as they are not confined
within the limits of the ancient pure metry; in fact
the power of the modern methods is obtained chiefly by
combining arithmetic and algebra with geometry. The
student who desires to cultivate this part of mathematics
may consult Townsend’s Chapters on the Modern Geo-
metry of the Point, Line, and Circle.

We will give as specimens some important theorems,
taken from what is called the theory of transversals,

Any line, straight or curved, which cuts a system of
other lines is called a ¢ramsversal; in the examples which
we shall give, the lines will be straight lines, and the sys-
tem will consist of three straight lines forming a triangle.

‘We will give a brief enunciation of the theorem which
we are about to prove, for the sake of assisting the memory
in retaining the result; but the enunciation will not be
fully comprehended until the demonstration is completed.
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57. If a straight line cut the sides, or the stdes pro-
duced, of a triangle, the product of three segments in
order is equal to the product of the other three segments.

Let ABC be a triangle, and let a straight line be drawn
cutting the side BC at D, the side C4 at E, and the side
AB produced through B at #. Then BD and DC are

C

B ¥

called segments of the side BC, and CE and EA are called
segments of tho side CA, and also AF and FB are called
segments of the side AB.

Through 4 draw a straight line parallel to BC, meeting
DF produced at H. ’

Then the triangles CED and EAH are equianEgular to one
another; therefore AH is to OD as AE is to EC (V1. 4).
Therefore the rectangle 4 H, EC is equal to the rectangle
CD, AE (VI. 16).

Again, the triangles 4 H and F'BD are equiangular to
one another ; therefore 4 H is to BD as F4 isto FB (VL 4).
Therefore the rectangle 4H, FB is equal to the rectangle
BD, FA (VL. 16).

Now suppose the straight lines represented by numbers
in the manner explained in the notes to the second Book of
the Elemecnts. e have then two results which we can ex-
press arithmetically : namely, the product AH.EC is equal
to the product CD.AE ; and the product AH.FB is equal
to the product BD.FA. i
Therefore, by the principles of arithmetic, the product
AH.EC.BD.FA is equal to the product AH.FB.CD. AE,;
and therefore, by the principles of arithmetic, the product
BD.CE.AF is equal to the product DC.EA.FB.

This is the result intended by the enunciation given
nbove. Each product is made by three segments, one from
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every side of the triangle : and the two segments -which ter-
minated at any angular point of the triangle are never in the
same product. Thus if we begin one product with the seg-
ment BD, the other segment of the side BC, namely DC,
occurs in the other product; then the segment CE occurs
in the first product, so that the two segments CD and CE,
wh‘ilch terminate at C, do not occur in the same product;
and =0 on.

The student should for exercise draw another fi
for the case in which the transversal meets all the sides
produced, and obtain the same result.

58. Conversely, it may be shewn by an indirect proof
that if theipmduct BD.CE. AF be equal to the product
DC.EA. FB, the three points D, E, F lie in the same
straight line. .

59. If three straight lines be drawn through the
angular points of a triangle to the opposite sides, and
meet at the sams point, the product of three segments in
order 18 equal to the product of the other three segments.

Let ABC be a triangle. From the ahgular points to
the opposite sides let the straight lines 40D, BOE, COF
be wn, which meet at the point O: the product
AF.BD.CE shall be equal to the product #B.DC. EA.

For the triangle ABD is cut by the transversal #00,
and therefore by the theorem in 57 the following products
are equal, A¥. BC.DO, and FB.CD,0A. s

Aguin, the triangle ACD is cut by the transversal
EOB, and therefore by the theorem in 57 the following
products are equal, 40, DB.CE and OD.BC.EA.

4 . 22
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Therefore, by the principles of arithmetic, the followi

;;-oducts are equal, A¥.BC. DO.AO.DB.CE an
'B.CD.0OA.0OD.BC.EA. Therefore the following

A B

products are equal, A¥.BD.CE and FB.DC.EA.
‘We have supposed the point O to be within the triangle;
if O be without the trizzglc two of the points D, E, F will
fall on the sides produced.

 60. Conversely, it may be shewn by an indirect proof
that if the product 4#. BD . CE be equal to the product
FB.DC.EA, the three straight lines 4D, BE, CF meet
at the same point.

61. We may remark that in geometrical problems the
following terms sometimes occur, used in the same sense as
in arithmetic; nameli;ritkmetical progression, geometri-
cal progression, and harmonical progression. A proposi-
tion respecting harmonical progression, which deserves
notice, will now be given, i

62. Let ABC be a triangle; let the angle A be bisected
by a straight line which meets BC at D, and let the ex-
terior angle at A be bisected by a straight line which meets
BG, produced through C,at E: then BD, BC, BE shall
be sn harmonical progression.

A

=~
=
Q)
=,
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For BD is to DC as B4 is to AC(VI. 3); and BE is
to ECas BA isto AC (V1. A). Therefore BD is to DC
as BE is to £C (V. 11). Therefore BD is to BE as D(C is
to EC (V.16). Thus of the three straight lines BD, BC,
BE, the first is to the third as tho excess of the second
over the first is to the excess of the third over the second.
Therefore BD, BC, BE are in harmonical progression.

This result is sometimes expressed by saying that BE
is divided harmonically at D and C.

22—2



EXERCISES IN EUCLID.

L 1to1s.

1. ON a given straight line describe an isosceles tri-
i‘i?xgle having each of the sides equal to a given straight
0.

2. In the figure of I. 2 if the diameter of the smaller
circle is the ius of the larger, shew where the given
point and the vertex of the constructed triangle be
situated.

3. If two straight lines bisect each other at right an-
gles, any point in either of them is equidistant from the
extremities of the other.

4. If the angles ABC and ACB at the base of an
isosceles triangle be bisected by the straight lines BD,
CD, shew that DBC will be an isosceles triangle.

5. BAC s a triangle having the angle B double of the
angle A. If BD bisects the angle B and meets AC at D,
shew that BD is equal to AD.

6. In the figure of 1. 5 if FC and BG meet at H
shew that #H and G H are equal.

7. In the figure of 1. 5 if C and BG meet at H,
shew that 4 H bisects the angle BAC.

8. The sides AB, AD of a quadrilateral 4 BCD are
equal, and the diagonal .4 C bisects the angle BAD: shew
that the sides CB and CD are equal, and the diagonal
AC bisects the angle BCD.

9. ACB, ADB are two triangles on the same side of
AB, such that AC is equal to BD,and AD is equal to
BC,and AD and BC intersect at O: shew that the tri-
angle A OB is isosceles.

10. The opposite angles of a rhombus are equal.

11. A diagonal of a rhombus bisects each :? the angles
through which it passes, K
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12, If two isosceles triangles are on the same base the
straight line joining their vertices, or that straight line
produced, will bisect the base at right angles.

13. Find a point in & given straight line such that its
distances from two given points may be equal.

14. 'I'hrouﬁh two given points on opposite sides of a
given straight line draw two straight lines which shall meet
in that given straight line, and include an angle bisected
by that given straight line, .

15. Atﬁiven angle BAC is bisected ; if C4 is produced
to G and the a.nfle BAG bisected, the two bisecting lines
are at ri?ht angles.

16. If four straight lines meet at a point so that the
opposite angles are equal, these straight lines are two and
two in the same straight line.

-

I. 16 to 26.

~17. ABC is a triangle and the angle A is bisected by
a straight line which meets BC at D; shew that B4 is
greater than BD, and CA greater than CD.

18. In the fi of 1. 17 shew that ABC and ACB
are together less than two right angles, by joining 4 to any
point in BC. .

19. ABCD is a quadrilateral of which 4D is the
longest side and BC the shortest; shew that the angle
ABCis ém.ter than the angle ADC, and the angle BCD
greater the angle BAD.

20, If a straight line be drawn through A4 one of the

points of a square, cutting one of the opposite sides,
and meeting the other produced at 7, shew that AF is
greater than the diagonal of the square.

21. The perpendicular is the shortest straight line
that can be drawn from a f‘ven point to a given straight
line; and of others, that which 1s nearer to the perpen-
dicular is less than the more remote; and two, and only
two, equal straight lines can be drawn from the given point
to the given straight line, one on each side of the perpen-
dicular

22. The sum of the distances of any point from the
three angles of a triangle is greater than half the sum of
the sides of the triangle.
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23. 'The four sides of any quadrilateral are together
greater than the two diagonals together. '
24, The two sides of a triungle are together greater
than twice the straight line drawn from the vertex to the
middle point of the base. '

25. If one angle of a triangle is equal to the sum of
the other two, the triangle can be divided into two isosceles
triangles. ‘

26. If the angle C of a triangle is equal to the sum
of the angles 4 and B, the side 4B is equal to twice the
straight line joining C to the middle point of 4 B.

- 27. Construct a triangle, having given the base, one of
the angles at the base, and the sum of the sides. :

28. The perpendiculars let fall on two sides of:a tri:
angle from any point in the straight line bisecting the angle
between them are equal to each other.

29. In a given straight line find a point such that the
perpendiculars drawn from it to two given straight lines
shall be equal,

30. rough a given point draw a straight line such
that the perpendiculars on it from two given points may be
on oppostte sides of it and equal to each other.

31. A straight line bisects the angle 4 of a triangle
ABC; from B a perpendicular is drawn to this bisectin;
smigﬁt line, meeting it at D, and B.D is produced to mee
AC or AC produced at £: shew that BD is equal ta D E.

32. Ag, AC are any two straight lines meeting at 4 ¢
through any point P draw a straight line meeting themat &
and F, such that 4 £ may be equal to 4 F.

33. Two right-angled triangles have their hypotenuses
equal, and a side of one equal to a side of the other: shew
that they are equal in all respects.

I 27to 3L

34. Any straiéht line parallel to the base of an iso-
sceles triangle makes equal angles with the sides.

35. If two straight lines 4 and B are respectively
parallel to two others C and D, shew that the inclination of
4 to B is equal to that of O to D.

36. A stral&ht line is drawn terminated by two parallel
straight lines; through its middle point any straight line is
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drawn and terminated by the parallel straight lines. Shew
that the second straight line is bisected at the middle point
of the first,

37. If through any point equidistant from two parallel
straight lines, two. straight lines be drawn cutting the pa-
rallel strai‘%ht lines, they will intercept equal portions of
these parallel straight lines.

38. If the straight line bisecting the exterior angle of
a triangle be parallel to the base, shew that the triangle is
isosceles.

39. Find a point B in a given straight line CD, such
that if 4B be drawn to B from a given point 4, the angle
ABC will be equal to a.given angle.

40. 1f a straight line be drawn bisecting one of the
angles of a triangle to meet the opposite side, the straight
lines drawn from the point of section parallel to the other
sides, and terminated by these sides, will be equal.

4]1. The side BC of a triangle 4BC is produced to a
point D; the angle ACB is bisected by the straight lme
CE which meets AB at E. A straight line is drawn
through £ ;{)arallel to BC, meeting AC at F, and the
straight line bisecting the exterior angle ACD at G. Shew
that £F is equal to FG.

42. AB is the hypotenuse of a right-angled triangle
ABC: find a point D in AB such that DB may be equal
to the pe! icular from D on AC.

43." ABC is an isosceles triangle: find points D, £ in
the eg:lal sides 4B, AC such that BD, DE, EC may all
be . : - .

) iﬁl{ A straight line drawn at right angles to BC
the base of an isosceles triangle A BC cuts the side AB at
D and C4 produced at £: shew that AED is an isosceles
triangle.

I. 32

45. From the extremities of the base of an isosceles
triangle straight lines are drawn perpendicular to the sides;
shew that the angles made by them with the base are each
equal to half the vertical angle.

46. On the sides of any triangle 4BC equilateral tri-
angles BCD, CAE, ABF are described, all external : shew
that the straight lines 4D, BE, CF are all equal.



344 EXERCISES IN EUCLID.

47. ?What is the magnitude of an angle of a regular
octagon . .

48. Through two given points draw two straight lines
forming with a straight line given in position an equilateral

triangle.

. 49. If the straight lines bisecting the angles at the
base of an isosceles triangle be produced to meet, they will
contain an angle equal to an exterior angle of the triangle.

50. A is the vertex of an isosceles triangle 4.BC, and
BA is produced to D, so that AD is equal to B4; and
DC is drawn: shew that BCD is a right angle.

51. ABC is a triangle, and the exterior angles at B
and O are bisected by the straight lines BD, CD respec-
tively, meeting at D: shew that the angle BDC together
with half the angle BAC make up a right angle.

52. Shew tgat any angle of a triangle is obtuse, ri?bt,
or acute, according as it is greater than,equal to, or less
than the other two angles of the triangle taken together.

»53. Construct an isosceles triangle having the vertical
angle four times each of the angles at the base.

64. In the triangle 4 BC the side BC is bisected at &
and AB at G; AE is produced to # so that EF is equal
to AE, and CG is uced to H so that GH is equal to
CG: shew that FB and HB are in one straight line.

65. Construct an isosceles triangle which shall have
one-lt.hird of each angle at the base equal to half the vertical

e.

56. AB, AC are two straight lines given in position:
it is required to find in them two points P and @, such
that, PQ being joined, 4P and PQ may together be equal
to a given straight line, and may contain an angle equal to
a given angle.

57. Straight lines are drawn through the extremities of
the base of an isosceles triangle, making angles with it on
the side remote from the vertex, each equal to one-third of
one of the equal angles of the triangle and meeting the
sides produced: shew that three of the triangles thus
formed are isosceles.

68. AEB, CED are two straight lines intersecting at
E ; straight lines AC, DB are drawn forming two triangles
ACE, BED; the angles ACE, DBE are bisected by the
straight lines CF, BF, meeting at F. Shew that the angle
CF'B is equal to half the sum of the angles £AC, EDAB.
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59, The straight line joining the middle point of the
hypotenuse of a right-angled triangle to the right angle is
equal to half the hypotenuse,

60. From the angle A4 of a triangle ABC a perpen-
dicular is drawn to the opposite side, meeting it, produced
if neoessag, at D; from the angle B a perpendicular is
drawn to the opposite side, meeting it, produced if neces-
sary, at £: shew that the straight lines which join D and
E to the middle point of 4B are equal.

61. From the angles at the base of a triangle -
diculars are drawn to the opposite sides, produced lf neces-
sary : shew that the straight line joining the points of inter-
section will be bisected by a perpendicular drawn to it from
the middle point of the base.

62. In the figure of 1.1, if C' and H be the points of
intersection of the circles, and 4B be produced to meet
one of the circles at K| shew that CHK is an equilateral
triangle.

63. The straight lines bisecting the angles at the base
of an isosceles triangle meet the sides at D and E: shew
that DE is lel to the base.

64. AB, A0 are two given straight lines, and P is a

iven point in the former: it is required to draw through

a straight line to meet AC at @, so that the angle 4P@Q
may be three times the angle 4QP.

65. Construct a right-angled triangle, having given the
hypotenuse and the sum of the sides.

66. Construct a right—angled triangle, having given the
hypotenuse and the difference of the sides.

67. Construct a right-angled triangle, having given the
hypotenuse and the perpendicular from the right angle
on it.

68. Construct a right-angled triangle, having given the
perimeter and an mile.

69. Trisect a right angle.

70. Trisect a given finite straight line.

71. From a given point it is required to draw to two
parallel straight lines, two equal straight lines at right
angles to each other.

72. Describe a triangle of given Yerimeter, having its
angles equal to those of a given triangle,
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1 33, 34

73. If a quadrilateral have two of its opposite sides
parallel, and the two others equal but not el, any two
of its opposite angles are together equal to two right
angles,

74. If a straight line which joins the extremities of two
equal straight lines, not parallel, make the angles on the
same side of it equal to each other, the straight line which
Jjoins the other extremities will be parallel to the first.

76. No two straight lines drawn from the extremities
of the base of a triangle to the opposite sides can possibly
bisect each other.

76. If the opposite sides of a quadrilateral are equal it
is a parallelogram.

77. If the opposite angles of a quadrilateral are equal
it is a parallelogram. »

78.  The diagonals of a parallelogram bisect each other.

79. If the diagonals of a quadrilateral bisect each other
it is a parallelogram.

80. If the straight line joining two opposite angles of
a lelogram bisect the angles the four sides of the pa-

lelogram are equal.

81. Draw a straight line through a given point such
that the part of it intercepted between two given parallel
straight lines may be of given length. -

82. Btraight lines bisecting two adjacent angles of a
parallelogram intersect at right angles.

83. Btraight lines bisecting two opposite angles of a
parallelogram are either parallel or coincident. -

84. If the diagonals of a parallelogram are equal all its

angles are equal.
"~ 85. Find a point such that the perpendiculars let fall
from it on two given straight lines shall be resiectively
equal to two given straight Tines. How many such points
are there? ’ .

86. It is required to draw a strai%ht line which shall
be equal to one straight line and parallel to another, and be
T O the st A8, DS el G rallelogram

. On the sides , BC, and CD of a o]
ABCD three equilateral triangles are descxgabed, that on
BC towards the same parts as the parallelogram, and those
on AB, CD towards the opposite parts: shew that the
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distances of the vertices of the triangles on 4B, CD from
that on BC aro respectively equal to the two diagonals of
the parallelogram, .

88. If the angle between two adjacent sides of a paral-

lelogram be increased, while their lengths do not alter, the
diagonal through their point of intersection will diminish.
- 89. A, B, C are three points in a straight line, such
that 4B is equal to BC': shew that the sum of the perpen-
diculars from 4 and C on any straight line which does not
pass between 4 and C is double the perpendicular from B
on the samo straight line.

90. If straight lines be drawn from the angles 8f any
parallelogram perpendicular to any straight line which is
outsido the parallelogram, the sum of those from one pair -
of opposite angles is equal to the sum of those from the
other pair of opposite angles.

- 91, If asix-sided plane rectilineal figure have its op-
ite sides equal and parallel, the three straight lines join-
ing the opposite angles will meet at a point.

92. AB, AC arc two given straight lines; through a
given point £ between them it is required to draw a straight

ine GEH such that the intercepted portion GH shall be
bisected at the point E.

> 93. Inscribe a rhombus within a given rhombus, so
that one cf tho angular points of the inscribed figure may
bisect a side of the other. .

94. ABCD is a parallelogram, and E, F, the middle
points of 4D and BC respectively; shew that BE and DF
will trisect the diagonal 4C.

I 35to0 45

95. ABCD is a quadrilateral having BC parallel to
AD; shew that its area is the same as that of the parallelo-
gram which can be formed by drawing through the middle
point of DC a straight line parallel to 43.

96. ABCD is a quadrilateral having BC parallel to
AD, E is tho middle point of D(; show that the triangle
AEB is half the quadrilateral.

" 97. Shew that any straight line passing through the
middle point of the diameter of a paraﬁﬁogmm and termi-
nated by two opposite sides, bisects the parallelogram.
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98. Bisect a parallelogram by a straight line drawn
through a given point within it.
99. Construct a rhombus equal to a given parallelo-

gram.

100. If two triangles have two sides of the one equal
to two sides of the other, each to each, and the sum of the
two angles contained by these sides equal to two right an-
gles, the trianglesharehnequal dx; a.re% .

101. A straight line is drawn isectinga;enlleogmm
ABCD and meeting AD at E and BC at F': shew that
the trian%es EBF and CED are equal.

102, Shew that the four triangles into which a paral-
lelogram is divided by its diagonals are equal in area.

103. Two straight lines AB and CD intersect at E,
and the triangle 4 £C is equal to the triangle BED: shew
that BC'is parallel to 4.D. :

104. ABCD is a parallelogram ; from any point P in
the diagonal BD the straight lines P4, PC are drawn.
Shew that the triangles 4B and PCB are equal.

105. If a triangle is described having two of its sides
equal to the diagonals of any quadrilateral, and the in-
cluded angle equal to either of the angles between these
diaglonals, then the area of the triangle is equal to the area
of the quadrilateral.

106. The straight line which joins the middle points of
two sides of any triangle is parallel to the base. ,

107. Straight lines joining the middle points of ad-
jacent sides of a quadrilateral form a parallelo, .

108. D, E are the middle points of the sides 4B, AC
of a triangle, and CD, BE intersect at #': shew that the
triangle lgFC’ is equal to the quadrilateral ADFE.

109. The straight line which bisects two sides of any
triangle is half the base.

110. In the base AC of a triangle take any lgoint D;
bisect 4D, DC, AB, BC at the soints E, F, G,
tively: shew that £ is equal and paralle] to FA.

111, @iven the middle points of the sides of a triangle,
construct the tﬁa.nﬁle.

112, If the middle points of any two sides of a trilmﬁle
be joined, the triangle so cut off is one quarter of the whole.

113. The sides 4B, AC of a given triangle 4BC are
bisected at the points Z, F'; a perpendicular is drawn from
A to the opposite side, meeting it at D. Shew that the
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le FDE is equal to the angle BAC. Shew also that
%DE is half the triangle 4.BC. .

114. Two triangles of equal area stand on the same
base and on opposite sides: shew that the stxm;iht line
Jjoining their vertices is bisected by the base or the base
produced. . :

115, Three llelograms which are equal in all re-
spects are pl with their equal bases in the same straight
line and contiguous; the extremities of the base of the first
are joined with the extremities of the side o;;gosite to the
base of the third, towards the same parts: shew that the
portion of the new parallelogram cut off by the second is
one half the area of any one of them.

116. ABCD is a parallelogram; from D draw any
straight line DF@ meeting BC at # and 4B produced at
G; draw AF and CG: shew that the triangles ABF,

CF@ are etgal 4
117. ABCisa given triangle: construct a triangle of
equal area, having for its base a given straight line 4D,
coinciding in position with 4B.

118. ABC is a given triangle: construct a triangle of
equal area, having its vertex at a given point in BC and its
base in the same straight line as 458,

119. ABCD i8 a given quadrilateral: construct ano-
ther quadrilateral of e(ilua.l area having 4B for one side,
and for another a straight line drawn through a given point
in CD parallel to 4B.

120. ABCD is a quadrilateral: construct a triangle
whose base shall be in the same straight line as 4 B, vertex
at a given point P in CD, and area equal to that of the
given quadrilateral.

121. ABC is a given triangle: construct a triangle of
equal area, having its base in the same straight line as 4B,
and its vertex in a given straight line parallel to 4B,

122. Bisect a given triangle .by a straight line drawn
through a Ifivcn point in a side,

123. Bisect a given quadrilateral by a straight line
drawn through a given angular point. -

124, If through the point O within a parallelogram -
ABCD two straight lines are drawn parallel to the sides,
and the parallelograms OB and OD are equal, the point O
is in the diagonal 40, S



850. EXERCISES IN EUCLID.

I 46to48.

. 125. On the sides 4C, BC of a triangle 4 BC, squares
ACDE, BCFH are described: shew that the straight
lines AF and BD are equal.

126. The sciuare on the side subtending an acute an-
gle of a triangle is less than the squares on the sides
containing the acute angle.

127. o square on the side subtending an obtuse an-
gle of a triangle is greater than the squares on the sides
containing the obtuse angle. .

128. If the square on one side of a triangle bo less
than the squares on the other two sides, the angle contained
by fihese sides is an acute angle; if greater, an obtuse
angle.

129. A straight line is drawn parallel to the hypotenuse
of a right-angled triangle, and each of the acute angles is
Jjoined with the points where this straight line intersects
the sides respectively opposite to them: shew that the
squares on the joining straight lines are together equal to
tho square on the hypotenuse and the square on the straight
line drawn lel to it.

130. If any point P be joined -to 4, B, C, D, the an-
gular points of a rectangle, the squares on P4 and PC are
together equal to the stiuaros on PB and PD.

131. Ina right-antieed triangle if the square on one of
the sides containing right angle be three times the
square on the other, and from the right angle two straight
lines be drawn, one to bisect the opposite side, and the
other perpendicular to that side, these straight lines divide
the right angle into three equal parts.

132. If ABC be a triangle whose angle 4 is a riﬁht
angle, and BE, CF be drawn bisecting the (;ppositae sides
res 've‘liy, shew that four times the sum of the squares
on BE and CF is equal to five times the square on BC,

133. On the hypotenuse BC, and the sides CA4, 4B of
a right-angled triangle 4BC, squares BDEC, AF, and
AG are described : shew that the squares on DG and EF -
are together equal to five times the square on BC.



EXERCISES IN EUCLID. 351

II. 1to1l.

134. A straight line is divided into two parts; shew
that if twice the recta:fle of the parts is equal to the sum
of the squares described on the parts, the straight line is
bisected. '

135. Divide a given straight line into two parts such
thnt.{;)llle rectangle contained by them shall be the greatest
possible.

136. Construct a rectangle equal to the difference of
two given squares,

137. Divide a given straight line into two parts such
that the sum of the squares on the two parts may be the
least possible.

138, Shew that the square on the sum of two straight
lines together with the square on their difference is double
the squares on the two straight lines.

139. Divide a given straight line into two parts such
that the sum of their squares shall be equal to a given
square.

140. Divide a given straight line into two parts such
that the square on one of them may be double the square
on the other.

*141. In the figure of II. 11 if CH be produced to meet
BF at L, shew that CL is at right angles to BF.

142. In the figure of IL 11 if BE and CH meet at O,
shew that A0 is at right angles to CH,

143. Shew that in a straight line divided as in II. 11
the rectangle contained by the sum and difference of the
parts is equal to the rectangle contained by the parts.

II. 12to 14.

144, The sqgmre on the base of an isosceles triangle is
equal to twice the rectangle contained by either. side and
by the straight line intercepted between the perpendicular
let fall on it from the opposite angle and the extremity of
- the base. :

145. In any triangle the sum of the squares on the
sides is equal to twice the square on half the base together
with twice the square on the straight line drawn from the
vertex to the middle point of the
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146. ABC is a triangle having the sides 4B and AC

ual; if AB is produced beyond the base to D so that
?D is equal to 4B, shew that the square on CD is equal
to glg square on AB, together with twice the square
on BC.

147. The sum of the squares on the sides of a paral-
lelogram is equal to the sum of the squares on the

nals.

148. The base of a triangle is given and is bisected by
the centre of a given circle: if the vertex be at any point
of the circumference, shew that the sum of the squares on
the two sides of the triangle is invariable. -

149. In any quadrilateral the squares on the diagonals
are together equal to twice the sum of the squares on the
‘straight lines joining the middle points of opposite sides.

150. If a circle be described round the point of inter-
section of the diameters of a parallelogram as a centre,
shew that the sum of the squares on the straight lines
g;laawn from al;y 1;:;1“ ilis circumference tt.f) the four an-

r points of the elogram is constan

15{1.0 The squares on tlgasides of a quadrilateral are
together greater than the squares on its diagonals by four
times the square on the straight line joining the middle
points of its diagonals.

152. In AB the diameter of a circle take two points C'
and D equally distant from the centre, and from any point
E in the circumference draw EC, ED: shew that the
squares on EC and ED are together equal to the squares
on AC and 4D.

153. In BC the base of a triangle take D such that
the squares on 4B and BD are together equal to the
squares on AC and CD, then the middle point of 4D will
be equally distant from B and C.

154. The square on any straight line drawn from the
vertex of an isosceles triangle to the base is less than the
square on a side of the triangle by the rectangle contained
by the segments of the base.

156. A square BDEC is described on the hypotenuse
BC of a right-angled triangle 4 BC': shew that the squares
ondDAABand AC are together equal to the squares on £4
an .

156. ABC is a triangle in which C is a right angle,
aud DF is drawn from a point D in AC perpendicular to

- —
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AB: shew that the rectangle 4B, AE is equal to the
rectangle AC, AD.

157. If a straight line be drawn through one of the
angles of an equilateral triangle to meet the opposite side
produced, so that the rectangle contained by the whole
straight line thus produced and the part of it produced is
equal to the square on the side of the triangle, shew that
the square on the straight line so drawn will be double the
square on g side of the triangle.

158. In a triangle whose vertical angle is a right azfle
a straight line is drawn from the vertex perpendicular
to the base: shew that the square on this perpendicular is
gqual’t.o the rectangle contained by the segments of the

ase,

159. In a triangle whose vertical angle is a rght angle
a straight line is drawn from the vertex perpendicular to
the base: shew that the square on either of the sides adja-
cent to the right angle is equal to the rectangle contained
by the base and the segment of it adjacent to that side.

160. In a triangle A BC the angles B and C are acute:
if £ and F be the points where perpendiculars from the
opposite angles meet the sides AC, 4B, shew that the

uare on BC is equal to the rectangle 4B, BF, together
with the rectangle AC, CE.

161. Divide a given straight line into two parts so that
the rectangle contained by them may be equal to the square
described on a given straight line which is less than half
the straight line to be divided.

III. 1to15.

162. Describe a circle with a given centre cutting a
given circle at the extremities of a diameter.

. 163. Shew that the straight lines drawn at right angles
to the sides of a quadrilateral inscribed in a cir¢le from
their middle points intersect at a fixed point.

164. If two circles cut each other, any two parallel
straight lines drawn through the points of section to cut
the circles are equal.

165. Two circles whose centres are 4 and B intersect
at C; through O two cherds DCE and FCG are drawn
equally inclined to AB and terminated by the circles:
shew that DE and F'G are equal. 23
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. 166. Through either of the points of intersection of
two given circles draw the greatest possible straight line
" terminated both ways by the two circumferences.

167. If from any point in the diameter of a circle
straight lines are drawn to the extremities of a parallel
chord, the squares on these straight lines are together equal
z ﬂ(iid squares on the segments into which the diameter is

vided.

168. A and B are two fixed points without a circle
PQR; it is required to find a point P in the circumfer-
ence, 80 that the sum of the-squares-described on 42 and

- BP may be the least possible.

169. If in any two given circles which touch one an-
other, there be drawn two parallel diameters, an extremity
of each diameter, and the point of contact, shall lie in the
same straight line.

170. A circle is described on the radius of another
circle as diameter, and two chords of the larger circle are
drawn, one through the centre of the less at right angles to
the common diameter, and the other at right angles to the
first through the point where it cuts the less circle. Shew
that these two chords have the segments of the one equal
to the segments of the other, each to each. -

171. Through a given point within a circle draw the
shortest chord.

172. O is the centre of a circle, P is any point-in its
circumference, PN a perpendicular on a fixed diameter:
shew that the straight line which bisects the angle OPN

always passes through one or the other of two fixed points.

173. Three circles touch one another externally at the
points A, B, C; from A, the straight lines 4B, AC are

roduced to cut the circle BC at D and E: shew that DE
18 a diameter of BC, and is parallel to the straight line
Jjoining the centres of the other circles.

174. Circles are described on the sides of a quadr-
lateral as diameters: shew that the common chord of any
adjacent two is parallel to the common chord of the other
t' .

0.
175. Describe a circle which shall touch a given circle,
*have its centre in a given straight line, and pass through a
given point in the given straight lil;e.
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III. 16 to19.

176. Shew that two tangents can be drawn to a circle-

grmélth a given external point, and that they are of equal
ength.

. 177. Draw parallel to a given straight line a straight
line to touch a given circle. : .

178. Draw perpendicular to a given straight line a
straight line to touch a given circle.

179. In the diameter of a circle produced, determine
a point so that the tangent drawn from it to the circum-
ference shall be of given length. . ’

180. Two circles have the same centre: shew that all
cborclis of the outer circle which touch the inner circle are
equal.

~ 181. Through a given point draw a straight line so that
the part intercepted by the circumference of a given circle
shall be equal to a given straight line not greater than the
diameter.

182. Two tangents are drawn to a circle at the oppo-
site extremities of a diameter, and cut off from a third
tangent a portion 4B: if C be the centre of the circle
shew that 4CB is a right angle.

183. Describe a circle that shall have a given radius
and touch a given circle and a given straight line.

184. A circle is drawn to touch a given circle and a
given straight line. Shew that the points of contact are
always in the same straight line with a fixed point in the
circumference of the given circle.

185. Draw a straight line to touch each of two given
circles.

186. Draw a straight line to touch one given circle so
that the part of it contained by another given circle shall
be equal to a given straight line not greater than the dia-
meter of the latter circle.

187. Draw a straight line cutting two given circles so
that the chords intercepted within the circles shall have
given lengths.

188. A quadrilateral is described so that its sides
touch a circle: shew that two of its sides are together
equal to the other two sides.

189. Shew that no parallelogram can be described
about a circle except a rhombus,

23—2
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190. ABD, ACE are two straight lines bouching 3
circle at B and C, and if DE be joined DE is equal to BD
and CE together: shew that DK touches the circle.

191. If a quadrilateral be described about a circle the
angles subtended at the centre of the circle by any two
opposite sides of the figure are together equal to two
right angles. : .

192. Two radii of a circle at right angles to each other
when produced are cut by a straight line which touches the
circle: shew that the tangents wn from the points of
section are parallel to each other.

193. A straight line is drawn touching two circles:
shew that the chords are parallel which join the points of
contact and the points where the straight line through the
centres meets the circumferences.

194. If two circles can be described so that each
touches the other and three of the sides of a' quadrilateral
figure, then the difference between the sums of the opposite
sides is double the common tangent drawn across the quad-
rilateral.

195. AB is the diameter and C the centre of a semi-
circle: shew that O the centre of any circle inscribed in
the semicircle is equidistant from C' and from the tangent
to the semicircle parallel to 4B.

196. If from any point without a circle straight lines
be drawn touching it, the angle contained by the tangents
is double the angle contained by the straight line joining
t?et ints of contact and the diameter drawn through one
of them. :

197. A quadrilateral is hounded by the diameter of a
circle, the tangents at its extremities, and a third tangent:
shew that its area is equal to half that of the rectangle con-
tained by the diameter and the side opposite to it.

198. If a quadrilateral, having two of its sides parallel,
be described about a circle, a straight line drawn through
the centre of the circlmmllel to either of the two paral-
lel sides, and terminated by the other two sides, shall be
equal to a fourth part of the perimeter of the figure.

199. A series of circles touch a fixed straight line at
a fixed point: shew that the tangents at the points where
they cut a parallel fixed straight line all touch a fixed circle.

. 200. Of all straight lines which can be drawn from two
given points to meet in the convex circumference of a
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given circle, the sum of the two is least which make equal
angles with the tangent at the point of concourse.
201, C is the centre of a given circle, CA a radius, B
& point on a radius at right angles to C4 ; join AB and
produce it to meet the circle again at D, and let the tan-
gent at D meet CB produced at £: shew that BDE is an
1sosceles triangle. .
202. Let the diameter B4 of a circle be produced to
P, so that AP equals the radius; through 4 draw the
tangent 4 ED, and from P draw PEC touching the circle
at C and meeting the former tangent at £; join BC and
roduce it to meet AED at D then will the triangle
EC be equilateral,

I 20 to 22.

203. Two tangents 4B, AC are drawn to a circle;
D is any point on the circumference outside of the triangle
ABC': shew that the sum of the angles ABD and ACD
is constant.

204. P, @ are any points in the circumferences of two
segments described on the same straight line 4.8, and on
the same side of it ; the angles PAQ, PBQ are bisected
by the straight lines 4R, BR meeting at & : shew that the
angle AR B is constant.

205. Two segments of a circle are on the same base
AB, aud P is any point in the circumference of one of the
segments ; the straight lines A PD, BP( are drawn meet-
ing the circumference of the other segment at D and C;
AC and BD are drawn intersecting at Q. Shew that the
angle 4@QB is constant. .

206. APB isa fixed chord passing through P a point
of intersection of two circles AQP, PBR; and QPR is
any other chord of the circles passing through P: shew
thaii AQ and RB when produced meet at a constant
angle. :

207. AOB is a triangle; C and D are points in BO
and 40 re?ectively, such that the angle ODC is equal to
the angle OBA: shew that a circle may be described
round the quadrilateral 4 BCD.
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208. ABCD is a quadrilateral inscribed in a circle, and
the sides 48, CD when produced meet at O: shew that
the triangéelals AObG, BOD arel.1 uiangular.

209. ew that no elogram except a rectangle
can be inscribed in a circ{:m P

210. A triangle is inscribed in a circle: shew that the
sum of the angles in the three segments exterior to the
triangle is equal to four right angles.

211. A quadrilateral is inscribed in a circle: shew
that the sum of the angles in the four segments of the circle
exterior to the quadrilateral is equal to six right angles.

212. Divide a circle into two parts so that the angle
contained in one segment shall be equal to twice the angle
contained in the other.

213. Divide a circle into two parts so that the le
contained in one ent shall be equal to five time:ntghe
angle contained in the other. :

. 214. If the angle contained by any side of a quadri-

lateral and the adjacent side p uce(i, be equal to the
opposite angle of the quadrilateral, shew that any side of
the quadrilateral will subtend equal angles at the opposite
angles of the quadrilateral

215. If any two consecutive sides of a hexagon inscribed
in a circle be respectively parallel to their opposite sides,
the remaining sides are parallel to each other.

216. A, B, C, D are four poinis taken in order on the
circumferenco of a circle; the straight lines 4B, CD pro-
duced intersect at P, and 4D, BC at Q: shew that the
straight lines which respectively bisect the angles 4PC,
AQC are i)erpendicular to each other.

217. If a quadrilateral be inscribed in a circle, and a
straight line be drawn making equal an§103 with one pai
of opposite sides, it will make equal angles with the other

pair. . .

218. A quadrilateral can have one circle inscribed in
it amlil 1;.n0 er circnt!;llscribed about it: t.shew 1shat;f &
straight lines joinjing the opposite points of contact o
inscribed circle are perpengicu.lar to each other.

IIL 23 to 30. "

219. The straight lines joining the extremities of the
chords of two equal arcs of a circle, towards the same parts
are parallel to each other.
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220. The straight lines in a circle which join the ex-
tremities of two parallel chords are equal to each other.

221. AB is a common chord of two circles; thro ¢
any goint of one circumference straight lines C4D, CBE
are drawn terminated by the other circumference: shew
that the arc DE is invariable.

222. Through a goint C in the circumference of a circle
two straight lines ACB, DCE are drawn cutting the circle
at B and £ : shew that the straight line which %)isects the
angles ACE, DCB meets the circle at a point equidistant
from B and E.

223. The straight lines bisecting any angle of a quadri-
lateral inscribed in a circle and the orposite exterior angle,
meet in the circumference of the circle. .

224. AB is a diameter of a circle, and D is a given
point on the circumféerence: draw a chord DE on one side
of AB so that one arc between the chord and diameter
may. be three times the other.

225. From A and B two of the angular points of a
triangle 4 BC, straight lines are drawn s0 as to meet the
opposite sides at P and @ in given equal angles: shew
that the straight line joining P and @ will be of the same
length in all triangles on the same base 4.B, and having
vertical angles equal to C. .

226. If two equal circles cut each other, and if through
one of the points of intersection a straight line be drawn
terminated by the circles, the straight lines joining its
extremities with the other point of intersection are equal.

227. OA, OB, OC are three chords of a .circle; the
angle AOB is equal to the angle BOC, and 04 is nearer
to the centre than OB. From B a perpendicular is drawn
on 04, meeting it at P, and a perpendicular on OC pro-
duced, meeting it at @: shew that 4P is equal to CQ.

228. AB is a given finite straight line; through
A two indefinite straight lines are drawn egually inclined
to AB; any circle passing through 4 and B meets these
straight lines at Z and M, Shew that if 4B be between
AL and AM the sum of AL and AM is constant; if AR
be not between AL and 4 M the difference of AL and 4M
is constant.

229. AOB and COD are diameters of a circle at right

angles to each other; F is a point in the arc 4C, and
EF@G is a chord meeting COD at F, and drawn in such a
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direction that EF is equal to the radius. Shew that the
arc B@ is equal to three times tho arc A E.

230. The straight lines which bisect the vertical angles
of all triangles on the same base and on the same side of
it, and having equal vertical angles, all intersect at the
same point.

231. If two circles touch each other internally, an
chord of the greater circle which touches the less sbx.l{
be divided at the point of its contact into segments which
s!xb:aend equal angles at the point of contact of the two
circles.

III. 31

232. Right-angled triangles are described on the same
hypotenuse: shew that the angtﬂal.)re(f»oints o%]posibe the
hypotenuse all lie on a circle descri on the hypotenuse
as diameter. .

233. The circles described on the equal sides of an
isosceles triangle as diameters, will intersect at the middle
point of the base.

234, The greatest rectangle which can be inscribed in
a circle is a square.

235. The hypotenuse 4B, of a right-angled triangle

ABC is bisected at D, and EDF is drawn at right angles
to 4B, and DE and DF are cut off each equal to D4;
CE and CF are joined: shew that the last two straight
line? will bisect the angle C' and its supplement respec-
tively.
2:’;6. On the side 4B of any triangle 4 BC as diameter
8 circle is described; EF is a diameter parallel to BC':
shew that the straight lines £B and #B bisect the interior
and exterior angles at B.

237. If AD, CE be drawn J)erpendicular to the sides
BC, AB of a triangle ABC, and DE be joined, shew that
the angles A DE and ACE are equal to each other.

238. If two circles 4 BC, ABD intersect at 4 and B,
and AC, AD be two diameters, shew that the straight’
line CD will through B.’

239. If O be the centre of a circle and OA4 a radius
and a circle be described on 04 as diameter, the circun:-
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ference of this circle will bisect any chord drawn through
it from 4 to meet the exterior circle,

240. Describe a circle touching a given straight line at
. & given point, such that the tangents drawn to it from two
given points in the straight line may be parallel.

241. Describe a circle with a given radius touching a

iven straight line, such that the tangents drawn to it
m two given points in the straight line may be parallel.

242. If from the angles at the base’'of any triangle
perpendiculars are drawn to the opposite sides, produced
if necessary, the straight line joining the points of inter-
section will be bisected by a perpendicular drawn to it from
the centre of the base.

243. AD is adiameter of a circle; B and C are points
on the circumference on the same side of 4.D; a perpen-
dicular from D on BC produced through C, meets it at £:
shew that the square on 4D is greater than the sum of the
squares on 4B, BC, CD, by twice the rectangle BC, CE.

244. AB is the diameter of a semicircle, P is a point
on the circumference, PM is perpendicular to AB; on
AM, BM as diameters two semicircles are described, and
AP, BP .meet these latter circumferences at @, B: shew
that @R will be a common tangent to them.

245. AB, AC are two straight lines, B and C are given
points in the same; BD is drawn perpendicular to AC,
and DE perpendicular to 4B ; in like manner CF is drawn
perpendicular to 4B, and G to AC. Shew that £G is
parallel to BC.

246. Two circles intersect at the points 4 and B, from
which are drawn chords to a point Cin one of the circum-
ferences, and these chords, produced if necessary, cut the
other circamference at D and E: shew that the straight
line DE cuts at right angles that diameter of the circle
ABC which passes through C.

247. If squares be described on the sides and hy-
potenuse of a right-angled triangle, the straight line joininﬁ
the intersection of the diagonaﬁx of the latter square wit|
the right angle is perpendicular to the straight line joining
the intersections of the diagonals of the two former.

248. ' C is the centre of a given circle, CA a straight
line less than the radius; find the point of the circum-
ference at which C4 subtends the greatest angle. -
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249. AB is the diameter of a semicircle, D and £ are
any two points in its circumference. Shew that if the
chords joininiA and B with D and E each way intersect
at F and G, then F@ produced is at right angles to 4B.

250. Two equal circles touch one another externally,
and through the point of contact chords are drawn, one
to each circle, at right angles to each other: shew that
the straight line djoining; the other extremities of these
chords is equal and parallel to the straight line joining the
centres of the circles.

251. A circle is described on the shorter diagonal of a
rhombus as a diameter, and cuts the sides; and the points
oﬁntersecgc:ln a:g joinzd cr(l)lsswise witih the eﬁremét.ies :'{
that diagonal: shew that the parallelogram thus form
is a rhombus with angles equal to those of the first.

252. If two chords of a circle meet at a right angle
within or without a circle, the squares on their segments
are together equal to the squares on the diameter.

III. 32 to 34. .

253. B is a point in the circumference of a circle, whose
centre is C'; PA, a tangent at any point P, meets CB
produced at A, and PD is drawn perpendicular to CB:
shew that the straight line P B bisects the angle A PD.

254, If two circles touch each other, any shﬁﬁkt line
drawn through the point of contact will cut off similar seg-
ments.

255. A B is any chord, and 4D is a tangent to a circle
at 4. DPQ is any straight line parallel to 4B, meeting
the circumference at 2 and Q. Shew that the triangle
PAD is equiangular to the triangle Q4 8.

256. Two circles ABDH, ABG, intersect each other
at the points 4, B; from B a straight line BD is drawn in
the one to touch the other; and from A4 any chord what-
ever is drawn cutting the circles at G' and A : shew that
BG@ is parallel to DH.

257. Two circles intersect at 4 and B. At A the
tangents 4C, 4D are drawn to each circle and terminated
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by the circumference of the other. If CB, BD be joined,
shew that 4B or 4B produced, if necessary, bisects the
angle CBD. .

258. Two circles intersect at 4 and B, and through
P any },)oint in the circumference of one of them the
chords P4 and PB are drawn to cut the other circle at
Cand D: shew that CD is parallel to the tangent at P.

259. If from any point in the circumference of a circle
a chord and tangent be drawn, the perpendiculars dropped
on themn from the middle point of the subtended arc are
equal to one another.

260. AB is any chord of a circle, P any point on the
circumference of the circle; P is a perpendicular on 4B
and is produced to meet the circle at Q ; and AN is drawn

ndicular to the tangent at P: shew that the triangle
%‘?;I is equiangular to the triangle PA4Q.

261. Two diameters A0B, COD of a circle are at
right angles to each other; P is a point in the circum-
ference; the tangent at P meets COD produced at @,
and AP, BP meet the same line at R, S respectively:
shew that R@Q is equal to S@

262. Construct a triangle, having given the base, the
vertical angle, and the point in the base on which the per-
pendicular falls.

263. Construct a triangle, having given the base, the
- vertical angle, and the altitude.

264. Construct a triangle, having given the base, the
vertical angle, and the length of the straight line drawn
from the vertex to the middle point of the base.

265. Having given the base and the vertical angle of a
triangle, shew that the triangle will be greatest when it is
isosceles. .

266. From a given point A4 without a circle whose
centre is O draw a straight line cutting the circle at the
pOin'tls)lB and C, so that the area BOC may be the greatest

ssible.

v 267. Two straight lines containing a constant angle
always pass through two fixed points, their %osition being
otherwise unrestricted: shew that the straight line bisect-
ing the angle always passes through one or other of two
fixed points. .
268. Given one angle of a triangle, the side opposite
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it,‘ and the sum of the other two sides, construct the
triangle. : -

III. 35to 37,

269. If two circles cut one another, the tangents drawn
to the two circles from any point in the common chord
produced are equal.

270. Two circles intersect at 4 and B: shew that AB
produced bisects their common tangent.

271. If AD, CE are drawn perpendicular to the sides
BC, AB of a tﬁmgle ABC, shew that tho rectangle con-
tained by BC and BD is equal to the rectangle contained
by BA and BE,

272, If through any point in the common chord of two
circles which intersect one another, there be drawn any two
other chords, one in each circle, their four extremities shall
- all lie in the circumference of a circle.

273. From a given point as centre describe a circle
cutting a given straight line in two points, so that the rect-
angle contained by their distances from a fixed point in the
straight line may be-equal to a given square.

274. Two circles ABCD, EBCF, having the common
tangents AE and DF, cut one another at B and C, and
the chord BC is produced to cut the tangents at G and H:
shew that the square on GH exceeds the square on AE or
DF by the square on BC. .

275. A series of circles intersect each other, and are
such that the tangents to them from a fixed point are

ual: shew that the straight lines joining the two points
of intersection of each pair will pass through this point.

276. ABC is a x}'ght-angled triangle ; from any point
D in the hypotenuse BC a straight line is drawn at right
angles to BC, meeting C4 at £ and BA produced at F':
shew that the square on DE is equal to the difference of
the rectangles BD, DC and AE, 1‘0 ; and that the square
on DF is equal to the sum of the rectangles BD, DC and
AF, FB,

277. 1t is required to find a point in the straight line
which touches ;eglrcle at the end of a given diameter, such
that when a straight line is drawn from this point to the
other extremity of the diameter, the rectangle contained
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by the part of it without the circle and the part within the
circle may be equal to a given square not greater than that
on the diameter.

IV. 1 to 4

278. In IV, 3 shew that the straight lines drawn
through 4 and B to touch the circle will meet.

279. In IV. 4 shew that the straight lines which bisect
the angles B and C will meet.

280. In IV. 4 shew that the straight line DA will
bisect the angle at 4.

281. If the circle inscribed in a triangle ABC touch
the sides 4B, AC at the points D, E, and a straight line
be drawn from A to the centre of the circle meeting the
circumference at G, shew that the point G is the centre of
the circle inscribed in the triangle ADE. -

282, Shew that the straight lines joining the centres of
the circles touching one side of a triangle and the others
produced, Eass through the angular points of the triangle.

283. circle touches the side 52’ of a triangle 4B0O
and the other two sides produced: shew that the distance
between the Eoints of contact of the side BC with this
circle and with the inscribed circle, is equal to the differ-
ence between the sides 4B and AC. _

284. A circle is inscribed in a triangle ABC, and a
triangle is cut off at each angle by a tangent to the circle.
Shew that the sides of the three triangles so cut off are
together equal to the sides of 4BC.

285. D is the centre of the circle inscribed in a tri-
angle BAC, and 4D is produced to meet the straight line
drawn through B at right angles to BD at O: shew that O
is the centre of the circle which touches the side BC and
the sides 4B, 4C produced.

286. Three circles are described, each of which touches
one side of a triangle ABC, and the other two sides pro-
duced. If D be the point of contact of the side BC, E that
of AC, and F that of 4B, shew that AE is equal to BD,
BF to CE, and CD to AF.

287. Describe a circle which shall touch a given circle
and two given straight lines which themselves touch the
given circle.
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288. If the threc points be joined in which the circle
inscribed in a triangle meets the sides, shew that the re-
sulting triangle is acute angled.

289. Two opposite sides of a quadrilateral are toge-
ther equal to the other two, and each of the angles is less
than two right angles. Shew that a circle can be inscribed
in the quadrilateral. .

290. Two circles HPL, KPM, that touch each other
externally, have the common tangents HK, LM ; HL and
KM being joined, shew that a circle may be inscribed in
the quadrilateral ZKML.

291, Straight lines are drawn from the angles of a
triangle to the centres of the opposite escril circles :
shew that these straight lines intersect at the centre of the
inscribed circle.

292. Two sides of a triangle whose perimeter is con-

" stant are given in position: shew that the third side

always touches a certain circle.
293. @iven the base, the vertical angle, and the radius
of the inscribed circle of a triangle, construct it.

- IV. 5¢t009.

294, In IV. 5 shew that the perpendicular from F on
BC will bisect BC.

295. If DE be drawn parallel to the base BC of a
triangle 4BC, shew that -the circles described about the
triangles 4 BC and A DE have a common tangent.

296. If the inscribed and circumscribed circles of a
triangle be concentric, shew that. the triangle must be
equilateral.

297. Shew that if the straight line joining the centres
of the inscribed and circumscribed circles of a triangle
passes through one of its angular points, the triangle is
isosceles.

298. The common chord of two circles is produced to
any point P ; PA touches one of tho circles at 4, PBC is
any chord of the other. Shew that the circle which gasses
through 4, B, and C-touches the circle to which P4 is
a tangent.

299. A quadrilateral 4BCD is inscribed in a circle,
and 4D, BC are produced to meet at %: shew that the
circle described about the triangle ZCD will have the
tangent at & parallel to 4B.
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300. Describe a circle which shall touch a given straight
line, and pass through two given points.

301. Describe a circle which shall pass through two
given points and cut off from a given straight line a chord
of given length.

302. Describe a circle which shall have its centre in a

iven straight line, and cut off from two given straight
Filnes chords of equal given length. '

303. Two triangles haye equal bases and equal vertical
angles: shew that the radius of the circumscribing circle
of one triangle is equal to that of the other.

304. Describe a circle which shall pass through two
given points, so that the tangent drawn to it from another
given point may be of a given length. -

305. C is the centre of a circle; C4, OB are two
radii at right angles; from B any chord BP is drawn
cutting C4 at INV: a circle being described round ANP,
shew that it will be touched by BA4.

306. AB and CD are parallel straight lines, and tho
straight lines which join their extremities intersect at E:
shew that the circles described round the triangles ABE,
CDE touch one another.

307. Find the centre of a circle cutting off three equal
chords from the sides of a triangle.

308. If O be the centre of the circle inscribed in the
triangle 4BC, and 40 be produced to meet the circum-
scl"ialbed circle at F, shew that F B, FO, and FC are all

“ 309. The opposite sides of a (&u’adrilateral inscribed in
a circle are produced to meet at P and @, and about the
triangles so formed without the quadrilateral, circles aro
described meeting again at R: shew that P, R, @ are in
one straight line.

310. The angle ACB of any triangle is bisected, and
the base 4B is bisected at right angles, by straight lines
which intersect at D: shew that the angles ACB, 4ADB
are together equal to two right angles.

© 311. ACDB is a semicircle, AB being the diameter,
and the two chords 4D, BC intersect at £: shew that if
a circle be described round CDE it will cut the former at
right angles, -
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312. The diagonals of a given quadrilateral A BCD
intersect at O: shew that the centres of the circles de-
scribed about the triangles 048, OBC, OCD, ODA, will
lie in the angular points of a parallelogram.,

313. A circle is described round the triangle ABC';
the tangent at C meets 4B produced at D; the circle
whose centre is D and radius DC cuts 4B at E: shew
that £C bisects the angle ACB.

314. AB, AC are two straight lines given in position;
BC is a straight line of given length ; D, E are the middle
points of AB, AC; DF, EF are drawn at right angles to
AB, AC respectively. Shew that 47 will be constant for
all positions of BC.

815. A circle is described about an isosceles triangle
ABC in which AB is equal to AC; from 4 a straight
line is drawn meeting the base at D and the circle at &':
shew that the circle which passes through B, D, and E,
touches A B.

316. AC is a chord of a given circle; B and D are
two given points in the chord, both within or both without
the circle: if a circle be described to pass through B and
D, and touch the given circle, shew that 4B and CD
subtend equal angles at the point of contact.

317. A and B are two points within a circle: find the

int 2 in the circumference such that if PAH, PBK be

rawn meeting the circle at A and X, the chord HK shall
be the greatest possible.

318. The centre of a given circle is equidistant from
two given straight lines : describe another circle which shall
touch these two straight lines and shall cut off from the
givein circle a segment containing an angle equal to a given
angle.

319. O is the centre of the circle circumscribing a
triangle A BC; D, E, F the feet of the perpendiculars from
A, B, C on the opposite sides: shew that 04, OB, OC are

respectively perpendicular to £F, F.D, DE,

320. If from any point in the circumference of a given
circle stmi%)l;t lines be drawn to the four angular points
of an inscribed square, the sum of the squares on the four
straight lines is double the square on the diameter.
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321. Shew that no rectangle except & square can be
described about a circle. ph e '

322. Describe a circle about a given rectangle.

323. If tangents be drawn through the extremities of
two diameters of a circle the parallelogram thus formed
will be a rhombus,

1v. 10.

. 324, Shew that the a,nile ACD in the figure of 1V. 10
is equal to three times the angle at the vertex of the
triangle.

_ 325, Shew that in the figure of IV. 10 there are two
triangles which possess the required property: shew that
there is also an isosceles triangle whose equal angles are
each one third part of the third angle.

326. Shew that the base of the triangle in IV. 10 is
equal to the side of a regular pentagon inscribed in the
smaller circle of the figure.

327. On a given straight line as base describe an isos-
celes triangle having the third angle treble of each of the
angles at the base.

328, In the figure of IV. 10 suppose the two circles to
cut again at E: then DE is equal to DC.

329. If A be the vertex and BD the base of the con-
structed triangle in IV. 10, D being one of the two points
of intersection of the two circles employed in the construc-
tion, and E the other, and AE be drawn meeting BD pro-
duced at G, shew that GAB is another isosceles triangle
of the same kind.

330. - In the figure of IV. 10 if the two equal chords
of the smaller circle be produced to cut the larger, and
these ({)oints of section be joined, another tnangle.v;vﬂl be
formed having the property required by the proposition.

331, In the figure of IV. 10 suppose the two'circles to
cut again at E; join AE, CE, and produce AE, BD to
meet at G : then CDGE is a parallelogram.

332, Shew that the smaller of the two circles employed
in the figure of IV. 10 is equal to the circle describéd
round the required triangle. T g
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333. In the figure of IV. 10 if 47 be the diameter of
the smaller circle, DF is equal to a radius of the circle
which circumscribes the triangle BCD.

IV. 11to16.

334. The straight lines which connect the angular
points of a regular pentagon which are not adjacent inter-
sect at the angular points of another regular pentagon.

" 335, ABCDE is a regular pentagon; join 4AC and
BE, and let BE meet AC at F'; shew that 4C is equal to
the sum of 4B and BF. .

336. Shew that each of the triangles made by joining
the extremities of adjoining sides of a regular pentagon is
less than a third and greater than a fourth of the whole
area of the pentagon.

337. Shew how to derive a regular hexagon from an
equilatetal triangle inscribed in a circle, and from the con-
struction shew that the side of the hexagon equals the
radius of thé circle, and that the hexagon is double of the
triangle. :

338. Ina given circle inscribe a triangle whose angles
are as the numbers 2, 5, 8.

339. If ABCDEF is a regular hexagon, and AC, BD,
CE, DF, EA, FB be joined, another hexagon is formed
whose area is one third of that of the former.

. 340. Any equilateral figure which is inscribed in a
circle is also equiahgular.

VI 1,2

341. Shew that one of the triangles in the figure of
IV. 10 is a mean proportional between the other two.

342. Through D, any %int in the base of a triangle
ABC, strajght lines DE, DF are drawn parallel to the
sides 4B, AC, and meeting the sides at E, #': shew that
the triangle 4 £F is a mean proportional between the tri-
angles #¥BD, EDC, -
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343. Perpendiculars are drawn from any point within
an equilateral triangle on the three sides : shew that their
sum 18 invariable.

344. Find a point within a triangle such that if straight
lines be drawn from it to the three angular points the tri-
angle will be divided into three equal triangles.

345. From a point £ in the common base of two tri-
angles ACB, ADB, straight lines are drawn parallel to
AC, AD, meeting BC, BD at F, G : shew that #G is par-
allel to CD.

346. From any point in the base of a triangle straight
lines are drawn parallel to the sides : shew that the inter-
section of the diagonals of every parallelogram so formed
lies in a certain straight line.

347. In a triangle ABC a straight line 4D is drawn
perpendicular to the straight line BD which bisects the
angle B : shew that a straight line drawn from D parallel
to BC will bisect AC.

348. ABC is a triangle; any straight line parallel to
. BC meets AB at D and AC at E; join BE and CD meet-
ing at F': shew that the triangle ADF is equal to the :
e 50 1 ht 1 llel to

349, 4 is a triangle; any straight line parallel
BC meets AB at D and AC at £ joingBE and CD meet-
ing at 7': shew that if 4 # be produced it will bisect BC,

350. If two sides of a quadrilateral figure be parallel
to each other, any straight line drawn el to them will
;:Jult the other sides, or those sides produced, proportion-
y351. ABC is a triangle ; it is required to draw from
a given point P, in the side 4B, or 4B produced, a straight
%ne to AC, or AC produced, so that it may be bisected by

0

VL 3 A.

352. The side BC of a triangle 4 BC is bisected at D,
and the angles 4DB, ADC are bisected by the straight
lines DE, DF, meeting AB, AC at E, Iy respectively :
shew that EF is parallel to BC.

. 353. AB is a diameter of a circle, CD is a chord at
right angles to it, and Z is any point in CD ; AE and BE
24—2
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are drawn and produced to cut the circle at ¥ and G:
shew that the quadrilateral CFDG has any two of its
gdjacent sides in the same ratio as the remaining two.

354. Apply VI. 3 to solve the problem of the trisec-
tion of a finite straight line. :

355. In the circumference of the circle of which 4 B is
a diameter, take any point P; and draw PC, PD on
opposite sides of AP, and equally inclined to it, meeting
AB at Cand D: shew that ACis to BCas AD is to BD.

356. .ADB is a straight line, and D is any point in it:
determine a point P in 4.8 produced such that P4 is to
PBas DA is to DB.

857. From the same point 4 straight lines are drawn
making the angles BAC, CAD, DAE each equal to half a
riﬁht angle, and they are cut by a straight line BCDE,
which makes BAE an isosceles triangle: shew that BC or
DE is a mean proportional between BE and CD.

358. The angle A of a triangle ABC is bisected by
AD which cuts the base at D, and O is the middle point
of BC: shew that 0D bears the same ratio to OB that the
difference of the sides bears to their sum.

359. AD and AE bisect the interior and exterior
angles at 4 of a triangle 4BC, and meet the base at
D and E; and O is the middle point of BC: shew that
OB is a mean proportional between 0.D and OF.

360. Three points D, E, F in the sides of a triangle
ABC being joined form a second triangle, such that any
two sides make equal angles with the side of the former at
which they meet: shew that 4D, BE, CF are at right
angles to BC, CA, AB respectively.

VI. 4to6.

361. If two triangles be on equal bases and between
the same els, any straight line parallel to their bases
will cut off equal areas from the two triangles.

362. AB and CD are two parallel straight lines ; E is
the middle point of CD ; AC and BE meet at F, and AE
and BD meet at G : shew that #'G is parallel to 45,

363. A, B, Care three fixed points in a straight line;
any straight line is drawn througg) C; shew that the per-
pendiculars on it from 4 and B are in a constant ratio.
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364. If the perpendiculars from two fixed points on a
straight line passing between them be in a given ratio, the
straight line must pass through a third fixed point.

365. Find a straight line such that the perpendiculars
on it from three given points shall be in a given ratio to
cack Othe'i“.h h t d ht 1

366. rough a given point draw a straight line, so
that the parts of it gtereepted between that point and
perpendiculars drawn to the straight line from two other
given points may bave a given ratio. . :

367. A tangent to a circle at the point A4 intersects
two parallel tangents at B, C, the points of contact of
which with the circle are D, E respectively; and BE, CD
lgt;rsce% at F': shew that AF is parallel to the tangents

, CE.

868. Pand @ are fixed points ; 4.8 and CD are fixed
parallel straight lines; any straight line is drawn from P
to meet 4B at M, and a straight line is drawn from @
g}ra]lel to PM meeting CD at NV : shew that the ratio of

M to QN is constant, and thence shew that the straight
line through M and NN passes through a fixed point.

369. Shew that the diagonals of a quadrilateral, two
of whose sides are parallel and one of them double of the

| other, cut one another at a point of trisection.

370. A and B are two points on the circumference of a
circle of which C is the cenire ; draw tangents at 4 and B
meeting at 7'; and from A draw AN ndicular to
CB: shew that BT is to BC as BN is to })e

371. In the sides 4B, AC of a triangle ABC are
taken two points D, E, such that BD is equal to CE;
DE, BC are produced to meet at #': shew that 4B is to
ACas EF is to DF.

372. If through the vertex and the extremities of the
base of a triangle two circles be described intersecting
each other in the base or base produced, their diameters
are proportional to the sides of the triangle.

-. 373. Find a point the ndiculars from which on
the sides of a given triangle shall be in a given ratio:

374. On 4B, AC, two adjacent sides of a rectangle,
two similar triangles are constructed, and perpendiculars
are drawn to 4B, AC from the angles which they subtend,
intersecting at the point P. If AB, AC be homologous
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sides, shew that P is in all cases in one of the diagonals of
the rectangle.

375. In the figure of 1. 43 shew that if EG and FH
be produced they will meet on .4 C produced.

376. APB and CQD are parallel straight lines, and
AP is to PB as DQ is to QC: shew that the straight
lines PQ, AC, BD, produced if necessary, will meet at a

int: shew also that the straight lines PG, A.D, BC, pro-
uced if necessary, will meet at a point.

377. ACB is a triangle, and the side 4C is produced
to D so that CD is equal to AC, and BD is joined : if any
straight Jine drawn parallel to 4B cuts the sides 4C, OB,
and from the points of section straight lines be drawn
parallel to DB, shew that these straight lines will meet
AB at points equidistant from its extremities.

378. If a circle be described touching externally two
given circles, the straight line passing through the points
of contact will intersect the straight line passing through
the centres of the given circles at a fixed point.

379. D is the middle point of the side BC of a tri-
angle ABC, and P is any point in 4D ; through P the
straight lines BPE, CPF are drawn meeting the other
sides at B, 7': shew that EF is parallel to BC.

380. AB is the diameter of a circle, £ the middle
point of the radius OB ; on AE, EB as diameters circles
are described ; PQL is a common tangent meeting the
circles at P and @, and 4B produced at L: shew that
BL is equal to the radius of the smaller circle.

381. ABCDE is a regular pentagon, and 4D, BE
intersect at O : shew that a side of the pentagon is & mean
proportional between 40 and A4D.

382. ABCD is a llelogram ; P and @ are points
in a straight line lel to AB; PA and @B meet at
R, ;nl(; PD and QC meet at §; shew that RS is parallel
to AD.

383. A and B are two given points ; 4C and BD are
perpendicular to a given straight line CD; 4D and BC
intersect at £, and EF is perpendicular to CD: shew that
AF and BF make equal angles with CD.

384._ From the angular points of a parallelogram 4 BCD
perpendiculars are drawn on the diagonals meeting them at
E, F, G, H respectively : shew that £FGH is a parallelo-
gram similar to 4 8CD. .
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385. If at a given point two circles intersect, and thefr
centres lie on two fixed straight lines which pass through
that point, shew that whatever be the magnitude of tie
circles their common tangents will always meet in one of
two fixed straight lines which pass through the given point.

- VI. 7to1s.

386. If two circles touch each other, and also touch
a given stmi%ht line, the part of the straight line between
the points of contact is a mean proportional between the
diameters of the circles.

387. Divide a given arc of a circle into two parts, so
that the chords of ‘these parts shall be to each other in a
given ratio. .

388. Ina given triangle draw a straight line parallel
to one of the sides, so that it may be a mean proportional
between the segments of the base.

389. ABC is a triangle, and a perpendicular is drawn
from A4 to the opposite side, meeting it at D between B
and C': shew that if 4D is a mean proportional between
BD and CD the angle BAC is a right angle.

890. ABC is a triangle. and a perpendicular is drawn
from A4 on the opposite side, meeting it at D between
B and C': shew that if BA is a mean proportional between
BD and BC, the angle BAC is a right angle.

391. C'is the centre of a circle, and 4 any point within
it ; C4 is produced through 4 to a point B such that the
radius is a mean proportional between C4 and CB: shew
- that if P be any point on the circumference, the angles
CPA and CBP are equal.

392. O is a fixed point in a given straight line 04,
- and a circle of given radius moves so as always to be
touched by 04 ; a tangent OP is drawn from O to the
circle, and in OP produced PQ is taken a third propor-
tional to OP and the radius: shew that as the circle
moves along 04, the point @ will move in a straight
lin

’

e.

393. Two given parallel straight lines touch a circle,
and SPT is another tangent cutting the two former tan-
gents at S and 7, and meeting the circle at P : shew
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tl;alt) the rectangle SP, PT is constant for all positions
of P.
394. Find a point in a side of a triangle, from which
two straight lines drawn, one to the opposite angle, and the
other parallel to the base, shall cut oft towards the vertex
and towards the base, equal triangles.

395. ACB is a triangle having a right angle at C'; from
A a straight line is drawn at right angles to 4.5, cutting
BC produced at E; from B a straight line is drawn at
right angles to 4B, cutting 4C produced at D: shew that
the triangle £CD is equal to the triangle 4CB.

" 396. The straight line bisecting the angle ABC of

the triangle 4 BC meets the straight lines drawn through
A and C, parallel to BC and 4B respectively, at E-and #';
shew that the triangles CBE, ABF are equal.

- 397. Shew that the diagonals of any quadrilateral
figure inscribed in a circle divide the quadrilateral into
foar triangles which are similar two and two ; and deduce
the theorem of I11. 35.

398. AB, CD are any two chords of a circle passing
through a point O ; EF is any chord parallel to OB ; join
CE, DF meeting AB at the points G and H, and DE, CF
meeting 4B at the points K and Z : shew that the rect-
angle OG, OH is equal to the rectangle OK, OL.

" 399. ABCD is a quadrilateral in a circle; the straight
Fnes CE, DE which bisect the angles ACB, ADB cut BD
and AC at F and G respectively : shew that EF is to EG
as ED is to EC.

400. From an angle of a triangle two straight lines are
drawn, one to any point in the side opfposite to the angle,
gnd the other to the circumference of the circumscribing
circle, 8o as to cut from it a segment containing an angle
equal to the angle contained by the first drawn line and
the side which it meets: shew that the rectangle con-
tained by the sides of the triangle is equal to the rectangle
contained by the straight lines thus drawn.

:.401, The vertical angle C of a triangle is bisected by a
straight line which meets the base at D, and is produced
to a point E, such that the rectangle contained by CD and
OF 18 equal to the rectangle contained by 4C and CB:
shew that if the base and vertical angle be given, the posi-
tion of % is invariable.
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402. A square is inscribed in a right-angled triangle
ABC, oneside DE of the square coinciding with the hypo-
tenuse 4B of the triangle: shew that the area of the
square is equal to the rectangle 4D, BE.

403. ABCD is a parallelogram; from B a straight
line is drawn cutting the diagonal AC at F, the side D¢
at G, and the side 4D uced at £: shew that the
rectangle EF, FG is equa? to the square on BE.

404. If a straight line drawn from the vertex of an
isosceles triangle to the base, be produced to meet the
circumference of a circle descril about the triangle,
the rectangle contained by the whole line so produced,
and the part of it between the vertex and the base shall
be equal to the square on either of the equal sides of the
triangle.

405. Two straight lines are drawn from a point 4 to
touch a circle of which the centre is £; the points of con-
tact are joined by a straight line which cuts £4 at H; and
on HA as diameter a circle is described: shew that the
straight lines drawn through £ to touch this circle will
meet it on the circumference of the given circle,

VI. 19 to D.

406. An isosceles triangle is described having each
of the angles at the base double of the third angle: if tho
angles at the base be bisected, and the points where the
lines bisecting them meet the opposite sides be joined,
the triangle will be divided into two parts in the proportion

of the base to the side of the triangle.
- 407. Any regular polyion inscribed in a circle is a
mean proportional between the inscribed and circumscribed
regular polygouns of half the number of sides.

408. In the figure of VI. 24 shew that £G and KH
are parallel.

409. Divide a triangle into two equal parts by a
straight line at right angles to one of the sides.

410. Through any point P in the diagonal AC of a
parallelogram 4 BCD a straight line is drawn meeting BC
at E, amD at #'; and through P another straight line
is drawn meeting 4B at G, and CD at H: shew GF

is parallel to EH.
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411. Through a given point draw a chord in a given
circle so that it shall be divided at the point in a given
ratio.

412. From a point without a circle draw a straight
line cutting the circle, so that the two segments shall be
equal to each other. .

413. In the figure of II. 11 shew that four other
straight lines, besides the given straight line are divided
in the required manner. .

414. Construct a triangle, having given the base, the
vertical angle, and the rectangle contained by the sides.

415. A circle is described round an equilateral triangle,
and from any point in the circumference straight lines
are drawn to the angular points of the triangle: shew
that one of these straight lines is equal to.the other two
together.

416. From the extremities B, C of the base of -an
isosceles triangle .4 BC, straight lines are drawn at right
angles to 4B, AC respectively, and intersecting at D:
shew that the rectangle BC, 4D is double of the rectangle
.. AB, DB.

417. ABC is an isosceles triangle, the side 4B being
equal to AC; #"is the middle point of BC; on any straight
line through A4 perpendiculars #G and CE are drawn:
shew that the rectangle 4C, EF is equal to the sum of the
rectangles #C, EG aud FA4, FG.

XI. 1 to 12

418. Shew that equal straight lines drawn from a given
point to a given plane are equally inclined to the plane.

419. If two straight lines in one plane be equally in-
clined to another ?lane, they will be equally inclined to the
common section of these planes.

420. From a point 4 a perpendicular is drawn to a
plane meeting it at B; from B a perpendicular is drawn
on g straight line in the plane meeting it at C': shew that
AC is perpendicular to the straight line in the plane.

421. ABC is a triangle; the perpendiculairs from 4
and B on the opposite sides meet at D ; through D a
straight line is men perpendicular to the plane of the
triangle, and £ is any point in this straight line: shew that
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the straight line joining £ to any angular point of the tri-
angle is at right angles to the straight line drawn through
t.hal; angular point parallel to the opposite side of the tri-
angle.

. 422." Btraight lines are drawn from two given points
without a given plane meeting each other in that plane :
find when their sum is the least possible.

423. Three straight lines not in the same plane meet
at a point, and a plane cuts these straight lines at equal
distances from the goint of intersection: shew that the
gfrpendicular from that point on the plane will meet it at

e centre of the circle described about the triangle formed
by the portion of the plane intercepted by the planes pass-
ing through the straight lines. :

424, %ive a geometrical construction for drawing a
straight line which shall be equally inclined to three
straight lines meeting at a point. :

425. From a point £ draw EC, ED perpendicular to
two planes CAB, DAB which intersect in 4B, and from
D draw DF perpendicular to tholplane CA B meeting it at
F': shew that the straight line CF, produced if necessary,
is perpendicular to 4.B.

426. Perpendiculars are drawn from a point to a plane,
and to a straight line in that plane: shew that the straight
line joining the feet of the perpendiculars is perpendic
to the former straight line,

XI. 13 to2l.

427. BCD is the common base of two pyramids, whose
vertices A and E lie in a plane gum'ng through BC; and
AB, AC are respectively perpendicular to the faces BED,
CED: shew that one of the angles at 4 together with the
angles at £ make up four right angles.

428. Within the area of a given triangle is inscribed
another triangle: shew that the sum of the angles sub-
tended by the sides of the interior triangle at any point
not in the plane of the triangles is less than the sum of the

les subtended at the same point by the sides of the ex-
terior angle.

429. From the extremities of the two parallel straight
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. lines AB, CD parallel straight lines Aa, Bb, Ce, Dd are

drawn meeting a plane at @, b, ¢, d: shew that 4B is to
CD as ab to cd.

430. Shew that the perpendicular drawn from the ver-
tex of a re; tetrahedron on the opposite face is threo
times that drawn from its own foot on any of the other faces.

431. A triangular %ymmid stands on an equilateral
base and the angles at the vertex are right angles: shew
that the sum of the perpendiculars on the faces from any
point of the base is constant.

432, Three straight lines not in the same plane inter-
sect at a point, and through their point of intersection
another straight line is drawn within the solid angle formed
by them: shew that the angles which this straight line
makes with the first three are together less than the sum,
but greater than half the sum, of the angles which the first
three make with each other.

433. Three straight lines which do not all lie in one
plane, are cut in the same ratio by three planes, two of which
are parallel: shew that the third will be parallel to the
other two, if its intersections with the three straight lines
are not all in the same straight line.

434. Draw two parallel planes, one through one straight
line, and the other throughl;,nother straight line which d%?as
not meet the former.

435 If two planes which are not t‘pa.rs,llel be cut by two
mrallel pianes, the lines of section of the first two by the

t two will contain equal angles.

436. From a point 4 in one of two planes are” drawn
ARB at right anfles to the first plane, and 4C qi;pendicnlar
to the second plane, and meeting the second plane at B, C':
shew that BC is perpendicular to the line of intersection of
the two planes. i :

437. Polygons formed by cutting a prism by parallel
planes are equal. .

438. Polygons formed by cutting a pyramid by parallel
planes are similar, .

439. The straight line PBbp cuts two parallel planes
at B, b, and the points P, p are equidistant from the planes ;
P Aa, pcC are other straight lines drawn from P, p to cut
the planes : shew that the triangles 4 BC, abc are equal.

440. Perpendiculars AFE, BF are drawn to a plane
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from two points 4, B above it; a plane is drawn through
A gr ndicular to 4B: shew that its line of intersection
wi e given plane is perpendicular to EF.

I 1to 48

441. ABC is a triangle, and P is any point within it:
shew that the sum of P4, PB, PC is less than the sum of
the sides of the triangle. i

442. From the centres 4 and B of two circles parallel
radii AP, BQ are drawn ; the straight line PQ meets the
(til)r%l;lferences again at R and S: shew that AR is parallel

443. If any point be taken within a llelogram the
sum of the triangles formed by joining he;]foint with the
extremities of a pair of opposite sides is the parallelo-
gram.

444. If a quadrilateral figure be bisected by one dia-
gonal the second diagonal is bisected by the first.

445. Any quadrilateral ﬁgnre which is bisected by
both of its diagonals is a parallelogram.

446, In the figure of L. 5 if the equal sides of the tri-
angle be produced upwards through the vertex, instead of
down through the base, a demonstration of I. 15 may
be obtained without assuming any proposition beyond I. 5.

447. A is a given point, and B is a given point in a
given straight line: it is required to draw from 4 to the
given straight line, a straight line 4 P, such that the sum
of AP and P B may be equal to a given length.
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448. 8hew that by superposition the first case of 1. 26
may be immediately demonstrated, and also the second
case with the aid of I. 16.

449. A straight line is drawn terminated by one of the
sides of an isosceles triangle, and by the other side pro-
duced, and bisected by the base: shew that the straight

lines thus intercepted between the vertex of the isosceles -

triangle and this straight line, are together equal to the
two equal sides of the triangle.

450. Through the middle point M of the base BC of a
triangle a straight line DA% is drawn, so as to cut off
equal parts from the sides 4.8, 4C, produced if necessary:
shew that BD is equal to CE.

451. Of all parallelograms which can be formed with
diameters of given lengths the rhombus is the greatest.

452. Shew from I. 18 and I. 32 that if the hypote-
nuse BC of a right-angled triangle 4.BC be bisected at D,
then 4D, BD,CD are all equal.

453, If two equal straight lines intersect each other
any where at right angles, the quadrilateral formed by
joining their extremities is equal to half the square on
either straight line.

454. Inscribe a parallelogram in a given triangle, in
such a manner that its diagonals shall intersect at a given
point within the triangle.

455. Construct a triangle of given area, and having two
of its sides of given lengths. & e

456. Construct a triangle, having given the base, the
difference of the sides, and the difference of the angles at
the base.

457. AB, AC are two given straight lines: it is re-
quired to find in 4B a point P, such that if PQ be drawn
perpendicular to 4 C, the sum of 4P and 4Q may be equal
to a given straight line.

458. The distance of the vertex of a triangle from the
bisection of its base, is equal to, greater than, or less than
half of the base, according as the vertical angle is a right,
an 2%1;150, ftl“ 'antgbtuﬁe angle. .

X in the sides of a given square, at equal distances
from the four angular points, fou:q other poigts be taken,
one on each side, the figure contained by the straight lines
which join them, shall also be a square.

[

| SO
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460. On a given stmig_ht line as base, construct a tri-
angle, having given the difference of the sides and a point
through which one of the sides is to pass.

461. ABC is a triangle in which B4 is greater than
CA ; the angle A is bisected by a straight line which meets
-BC at D; shew that BD is greater than CD.

462. If one angle of a triangle be triple another the
triangle may be divided into two isosceles triangles.

463. If onme angle of a triangle be double another, an
isosceles triangle may be added to it so as to form toge-
ther with it a single 180sceles triangle.

464. Let one of the equal sides of an isosceles triangle
be bisected at D, and let it also be doubled by being pro-
duced through the extremity of the base to E, then the
distance of the other extremity of the base from % is double -
its distance from D. .

465. Determine the locus of a point whose distance
from one given point is double its distance from another
given point. :

466. A straight line 4B is bisected at C,and on AC
and CB as diagonals any two parallelograms 4 DCE and
CFBG@G are described; let the parallelogram whose adja-
cent sides are CD and CF bo completed, and also that
whose adjacent sides are CE and CG : shew that the diago-
;1_9.13 of these latter parallelograms are in the same straight
ine.

467. ABCD is a rectangle of which 4, C are opposite
angles; £ is any }i:)int in BC and ¥ is any point in CD:
shew that twice the area of the triangle A4 EF, together
Ziglagm rectangle, BE, DF is equal to the rectangle

468. ABC, DBC are two triangles on the same base,
and 4 BC has the side 4 B equal to the side AC; a circle
passing through C and .D has its centre £ on C4, produced
if necessary; a circl(;oﬁassing through B and D has its
centre -7’ on BA, uced if necessary: shew that the
quadrilateral 4 EDF has the sum of two of its sides equal
to the sum of the other two.

469. Two straight lines 4B, 4C are given in position:
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it is required to find in 4B a point P, such that a perpen-
dicular being drawn from it to AC, the straight line 4P
may exceed this perpendicular by a proposed length.

470. Shew that the opposite sides of any equiangular
hexagon areparallel and that any two sides whichareadjacent
are together equal to the two to which they are parallel.

471. From D and E, the corners of the square BDEC
described on the hypotenuse BC of a right-angled triangle
ABC, perpendiculars DM, EN are let fall on AC, AB
respectively: shew that A is equal to 48, and AN
equal to 4C. '

472. AB and AC are two given straight lines, and
P is a given point: it is require§ to draw through P a
stm'%ht line which shall form with 48 and AC the least
possible triangle.

473. ABC is a trianile in which C is a right angle:
shew how to draw a straight line parallel to a given straight

line, 80 a8 to be terminated by C4 and CB, and bisected

by AB.

474. ABC is an isosceles triangle having the angle at

B four times either of the other angles; 4B is produced
to D so that BD is equal to twice 4B, and CD is joined:
shew that the triangles 4CD and 4BC are equiangular to
one another.

475. Through a point X within a parallelogram 4 BCD
straight lines are dxl)-:.wn llel to the sides: shew that

the difference of the parallelograms of which X4 and XC |

are diagonals is equal to twice the triangle BKD.

476. Construct a right-angled triangle, having given :

one side and the difference between the other side and the
hypotenuse.
477. 'The straight lines 4D, BE bisecting the sides

BC, AC of a triangle intersect at G: shew t A@ is

double of G-D.

' 478. BAC is a right-angled triangle ; one straight line
is drawn bisecting the right angle 4, and another bisecting
the base BC at right angles ; these straight lines intersect
at E: if D be the middle point of BC, shew that DE is
equal to DA,

" 479. On A(C the diagonal of a square 4.BCD, a rhom-
bus AEFC is described of the same area as the square,
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and having its acute angle at 4 : if AF be joined, shew
that the angle BAC is divided into three equal angles.

480. AB, AC are two fixed straight lines at right
angles ; D is any point in 4B, and £ is any point in AC;
on DE as diagonal a half square is described with its
vertex at G': shew that the locus of G is the straight line
which bisects the angle BAC,

481. Shew that a square is greater than any other par-

allelogram of the same perimeter.

482, Inscribe a square of given magnitude in a given
square,

483, ABC is a triangle; AD is a third of 4B, and
AE is a third of 4C; CD and BE intersect at ¥': shew
that the triangle BFC is half the triangle BAC, and that
the quadrilateral ADFE is equal to either of the triangles
CFlg or BDPF. -

484. ABC is a triangle, having the angle O a right
angle ; the angle A is bisected by a mht line which
meets BC at D, and the angle B is bi by a strai
line which meets AC at E; AD and BE intersect at O:
shew that the triangle 40B is half the quadrilateral
ABDE,

485. Shew that a scalene triangle cannot be divided
by a straight line into two parts which will coincide.

486. ABCD, ACED are parallelograms on equal bases
BC, CE, and between the same parallels 4D, BE; the
straight lines BD and AE intersect at #: shew that BF
is equal to twice DF,

487. Parallelograms AFGC, CBKH are described on
AC, BC outside the triangle ABC; FG and KH meet at
'Z; ZC is joined, and through 4 and B straight lines 4.D
and BE are drawn, both parallel to ZC, and meeting FG
and KH at D and E respectively: shew that the ‘
ADERB is a parallelogram, and that it is equal to the sum
of the parallelograms ¥'C, CK.

488. If a quadrilateral have two of its sides parallel
shew that the straight line drawn parallel to these sides

, through the intersection of the diagonals is bisected at that

point.

489, Two triangles are on equal bases and between
the same parallels : shew that the sides of the triangles in-
tercept equal lengths of any straight line which is paralle}
to their bases, o .

28
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- 490. In a right-angled triangle, right-angled at 4, i
the side 4 C be double of the side 4.8, the angle B is mory
than double of the angle C.

491, Trisect a parallelogram by straight lines drawr
through one of its angular points.

492, AHK is an equilateral triangle; ABCD is a
rhombus, a side of which is equal to a side of the triangle,
and the sides BC and CD of which pass through' /A and
K respectively : shew that the angle A of the rhombus is
ten-ninths of a right angle. :

- 493, Trisect a given triangle by straight lines drawn
from a given point in one of its sides.

494, In the fi of I. 35 if two diagonals be drawn
to the two lelograms respectively, one from each ex-
- tremity of the base, and the intersection of the diagonals be
joined with the intersection of the sides (or sides produced)
in the figure, shew that the joining straight line will bisect
the base. ’ :

II. 1to14.

495. Produce one side of a given triangle so that the
rectangle contained by this side and the produced part
may be equal to the difference of the squares on the other
two sides.

496. Produce a given straight line so that the sim of
the squares on the given straight line and on the part
produced may be equal to twice the rectangle contained by
‘tlhzeg.hole straight line thus produced and the part pro-

¢ o

497. Produce a given straight line so that the sum. of
the squares on the given straight line and on the whole
straight line thus produced may be equal to twice the
rectangle contained by the whole straight line thus pro-
duced and the part produced. . .

.. 498. Produce a given straight line so that.the rectmg:
contained by the whole straight line thus produced and thy
part produced may be equal to the square ou the giver |
straight line, . !
" 499. Describe an isosceles obtuse-an%}ed triangle such
that the square on the largest side may be equal to thres
times the square on either of the equal sides. '

500. Find the obtuse angle of a triangle when the ‘I

.
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square 'on the side opposite to the obtuse angle is greater
than the sum of the sguares on the sides containing it, by
the rectangle of the sides. S
.~ 501. Construct a rectangle eaual to a given scﬂuare
when the sum of two adjacent sides of the rectangle is
equal to a given quantity. -

- 502. Construct a rectangle equal to a given square
when the difference of two a&jacent sides of the rectangle
is equal to a given quantity. - N :

- 503: The least square which can be inscribed in a
given square is that which is half of the given square. :
504. Divide agiven straight line into two parts so that
the squares on the whole line and on one of the parts
may be together double of the square on the other part.
" 505. Two rectangles have equal areas and edual peri-
meters: shew that they are equal in all respects, .
506. ABCD is a rectangle; P is a point such that
the sum of PA and PC is equal to the sum of PB and
PD: shew that the-locus of P consists of the two straight
gﬁqs through the centre of the rectangle parallel to its
es, : .

IIL 1to37. _ »

507. Describe a circle which shall pass through a given
point and touch a given straight line at a given point., =
. 508, Describe a circle which shall pass through a given
point and touch & given circle at a given point. _
509, Describe.a circle which shall touch a given circle
‘at a given point and touch a given straight line. .
510. ‘g;), BE are perpendiculars from the anglés
A4 and B of a triangle on the opposite sides; BF is per-
dicular to ED or ED produced : shew that the angle
FBD is equal to the angle EBA. . ‘ .
i - 5ll. If ABC be a triangle, and BE, CF the (PeKrpen-
* diculars from the angles on the opposite sides, an the
, middle point of the third side, shew that the angles FEK,

" EFK are each equal to A. .
512. AB is a diameter of a circle; AC and AD are
two chords meeting the tangent at B at £ and F re-
%t[ively:‘ shew that the angles FCE and FDE are

. P e N [

25—2
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513. Shew that the four straight lines bisecting the
angles of any quadrilateral form a quadrilateral whicﬁ can
be inscribed in a circle. |

514. Find the shortest distance between two circles
which do not meet.

515. Two circles cut one another at a point 4 : it is
required to draw through 4 a straight line so that the
extreme length of it intercepted by the two circles may be
-equal to that of a given straight line.

-~ 516, If a polygon of an even number of sides be in-
scribed in a circle, the sum of the alternate angles together
with two right angles is equal to as many right angles
as the figure has sides.

517. Draw from a given point in the circumference of a
circle, 'a chord which shall be bisected by its point of inter-
section with a given chord of the circle.

518. When an equilateral polygon is described about
a circle it must neccssarily be equiangular if the number
of sides be odd, but not otherwise.

519. AB is the diameter of a circle whose centre is C,
and DCE is a sector having the arc DE constant ; join
AE, BD intersecting at P; shew that the angle 4P 2B is
constant.

520. If any number of triangles on the same base BC,
and on the same side of it have their vertical angles equal,
and sevrpendiculars! intersecting at D, be drawn from B
and C on the opposite sides, find the locus of D ; and shew
that all the straight lines which bisect the angle BDC
pass through the sameapoint.

521. -Let O and C be any fixed points on the circam-
ference of a circle, and 04 antimchord; then if 4C be
joined and produced to B, so that OB is equal to OA,
the locus of B is an equal clrcle. '

* 622, From any point P in the diagonal BD of a

pargllelogram ABCD, straight lines PE, PF, PG, PH
are drawn dicular to the sides 4B, BC,CD, DA:

shew that .£F i8 lel to G H.

* 523, Through any fixed point of a chord of a circle
other chords are drawn; shew that the stmi%ht lines from

the middle point of the first chord to the middle points of

the others will meet them all at the same angle.

524. ABC is a straight line, divided at any point B
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into two parts; ADB and CDB are similar ents of

circles, having the common chord BD; CD and 4D are
uced to meet the circumferences at # and £

tively, and AF, CE, BF, BE are joined: shew that ABF

a.a(‘i CBE are isosceles triangles, equiangular to one an-

other. '

525. If the centres of two circles which touch each
other extermllc{l be fixed, the common tangent of those
circles will touch another circle of which the straight line:
joining the fixed centres is the diameter.

526. A is a given point: it is required to draw from
A two straight lines which shall contain a given angle and
intercept on a given straight line a part of given length.

527. A straight line and two circles are given: find °
the point in the straight line from which the tangents
drawn to the circles are of equal length.

528. Ina circle two chords of given length are drawn.
80 as not to intersect, and one of them is fixed in position ;.
the opposite extremities of the chords are joined by
straight lines intersecting within the circle : shew that the
locus of the point of intersection will be a portion of the
circumference of a circle, passing through the extremities
of the fixed chord.

529. A and B are the centres of two circles which
touch internally at C, and also touch a third circle, whose
centre is D, externally and internally respectively at:
E and F: shew that the angle ADB is double of the
angle ECF. :

530. C is the centre of a circle, and CP is a -
dicular on a chord APB: shew that the sum of CP and
AP is greatest when CP is equal to AP.

531. 4B, BC, CD are adjacent sides of any

lygon inscribed in a circle; the arcs 4B, BC, CD are

isected at Z, M, N; and LM cuts BA, BC respectively.
at P and @: shew that BPQ is an isosceles triangle; anc
that the angles ABC, BCD are together double of the
angle ZLMN.

532. In the circumference of a {Zen circle determine
'a point so situated that if chords drawn to it from
the extremities of a given chord of the circle their differ-
ence shall be equal to a given straight line less than the
given chord.

. 533. Construct a triangle, having given the sum of the

N
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gides, the difference of the segments of the base made by,
the. perpendicular from the vertex, and -the difference of
the base angles. :

* 534, On a straight line 4B as base, and on ti
same side of it are described two segments of circles;
P is any point in the circumference of one of the seg.|
nients, and the straight line BP cuts the circumference of
the other segment at Q: shew that the angle PAQ is
equal to the angle between the tangents at 4.

535. AKL is a fixed straight line cutting a given
circle at X and Z; APQ, ARS are two other straight
lines making equal angles with AKZ, and cutting the
circle at P, @ and R, §: shew that whatever be the posi-
tion of 4 PQ and A RS, the straight line joinin% the mid-
dle points of PQ and RS always remains parallel to itself
- 536. _If about a quadrilateral another quadrilateral
can be described such &mt every two of its adjacent sides
are equally inclined te that side of the former quadrilateral
which meets them beth, then a circle may be described
about the former quadrilateral. :

537, Two circles touch one another internally at the |
point 4 : it is required to draw from A4 a straight line
such that the part of it between the circles may be equal
to a given straight line, which is not greater than the
difference between the diameters of the circles. -
- 538. ABOD is a parallelogram ; AZ is at right angles -
to 4B, and CE is at right angles to CB: shew that ED, if .
produced, will cut AC at right angles.

539. From each angular point of a triangle a perpen- |
dicular is let fall on the opposite side: shew that the rect-
angles contained by the segments into which each pemen- I
dicular is divided by the point of intersection of the three
are equal to each other. ' |

540. The two angles at the base of a triangle are |
bisected By two straight lines on which perpendic: are
drawn from the vertex: shew that the straight line which
passes thiough the feet of these t;g«arpendichlm's will be |
parallel to the base and will bisect the sides. 1

541. In a given circle inscribe a rectangle equal to a
given rectilinea?ﬁgure.

542. In an acute-angled triangle 4 BC perpendiculars_
4D, BE are let fall on BC, U4 respectively; circles

i
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described on AC, BC as diameters meet BE, AD
tively at 7, G and H, K : shew that F, G, H, K lie on the
circumference of a circle. -
" 543. Two diameters in a circle are at right angles;
from their extremities four parallel straight lines are
drawn ; shew that they divide the circumference into four
equal parts. :
544. E is the middle point of a semicircular arc AEB,
and CDE is any chord cutting the diameter at D, and the
circle at C': shew that the square on CZ is twice the quad-
rilateral AEBC. _
545. AB is a fixed chord of a circle, 4C is a move-
able chord of the same circle; a parallelogram is described
of which 4B and A4C are adjacent sides: find the locus of
the middle points of the diagonals of the parallelogram.

546. AB is a fixed chord of a circle, AC is a moveable
chord of the same circle; a parallelogram is described of
which 4B and AC are adjacent sides: determine the
greatest possible length of the diagonal drawn through A.

547. If two equal circles be placed at such a distance
apart that the tangent drawn to either of them from the
centre of the other is equal to a diameter, shew that they
will have a common tangent equal to the radius.

548. Find a point in a given circle from which if two
tangents be drawn to an equal circle, given in position, the
chord joining the points of contact is equal to the chord
of the first circle formed by joining the points of inter-
section of the two tangents produceg ; and determine the
limit to the possibility of the problem.

549. AB is a diameter of a circle, and 4F is any
chord; C is any point in 4B, and through C a straight
line is drawn at right angles to 4B, meeting AF, pro-
ducéd if necessary at @, and meeting the circumference at
D: shew that the rectangle #'4, AG, and the rectangle
BA, AC, and the square on 4.D are all equal.

550. Construct a triangle, having given the base, the
vertical angle, and the length of the straight line drawn
from the vertex to the base bisecting the vertical aagle.

551. A, B, C are three given points in the circumfer-
ence of a given circle: find a point P such that if 4P,
BP, CP meet the circumference at D, E, F respectively,
the arcs DE, EF may be equal to given arcs, .
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552. Find the point in the circumference of a given
circle, the sum of whose distances from two given straight |
lines at right angles to each other, which do not cut the '
circle, is the greatest or least possible.

553. On the sides of a triangle segments of a circle are
described ¢nternally, each containing an angle equal to the
excess of two nﬁ? angles above the opposite angle of the
triangle : shew that the radii of the circles are equal, that
the circles all pass through one point, and that their chords
of -intersection are respectively perpendicular to the oppo-
site sides of the triangle.

IV, 1to1le.

554. From the angles of a triangle ABC perpendi-
culars are drawn to the opposite sides meeting them at
D, E, F respectively: shew that DE and DF are equally
inclined to 4D,

555. The points of contact of the inscribed circle
of a trianglo are joined; and from the angular points of
the triangle so formed perpendiculars are drawn to the
opposite sides: shew that tho triangle of which the feet of

ese perpendiculars are tho n:ﬁ%nr points has its sides
parallel to the sides of the original triangle. .

556. Construct a triangle having given an angle and
the radii of the inscribed and circumgcribed circles.

557. 'Triangles are constructed on the same base with
equal vertical angles; shew that the locus of the centres of
the escribed circles, each of which touches one of the sides
externally and the other side and base produced, is an
arc of a circle, the centre of which is on the circumference
of the circle circumscribing the triangles.

558. From the angular points 4, B, C of a triangle
perpendiculars are drawn on the opposite sides, and ter-
minated at the points D, E, F on the circumference of the

scribing circle: if Z be the ﬁ)oint of intersection of
the perpendiculars, shew that LD, LE, LF are bisected
by the sides of the triangle,
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559. ABCDE is a regular pentagon ; join AC and BD

intersecting at O : shew that 40 is equal to DO, and that
the rectangle .AC, CO is equal to the square on BC.
. 560. A straight line P@ of given length moves so that
. its ends are always on two fixed atraight lines CP, CQ ;
straight lines from P and @ at right angles to CP and CQ
respectively intersect at R ; perpendiculars from P and @
on CQ and CP respectively intersect at S: shew that the
locioof R and S are circles having their common’ centre
at O,

561. Right-angled triangles are described on the same
hypotenuse : shew that the locus of the centres of the in-
scribed circles is a quarter of the circumference of a circle
of which the common hypotenuse is a chord. :

562. On a given straight line 4.8 any triangle ACB is
described ; the sides AC, BC are bisected and straight
lines drawn at right angles to them through the points of
bisection to intersect at a point D; find the locus of D.

563. Construct a triangle, having given its base, one.of
the angles at the base, and the distance between the centre
of the inscribed circle and the centre of the circle touching
the base and the sides produced.

564. Describe a circle which shall touch a given straight
line at a given point, and bisect the circumference of a.
- given circle.

565. Describe a circle which shall pass through a given
point and bisect the circumferences of two given circles.

566. Within a given circle inscribe three equal circles,
touching one another and the given circle.

567. If the radius of a circle be cut as in II. 11, the
greater segment will be the side of a regular decagon in-
scribed in the circle.

568. 1If the radius of a circle be cut as in II. 11, the
square on its greater ent, together with the square on
the radius, is equal to the square on the side of a regular
pentagon mscribed in the circle. -

569. From the vertex of a triantﬁle draw a straight
line to the base so that the square on the straight line may’
be equal to the rectangle contained by the segments of the

570. Four straight lines are drawn in a plane forming
four triangles; shew that the circumscribing circles of
these triangles all pass through a common point.
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571. The perpendiculars from the angles 4 and B of a
triangle on the opposite sides meet at D ; the circles de-
scribed round 4.DC and DBC cut 4B or A B produced at
the points E and F': shew that 4 is equal to BF.

572. The four circles each of which passes through the
centres of three of the four circles touching the sides of a
triangle are equal to one another.

573. Four circles are described so that each may
touch internally three of the sides of a quadrilateral: shew
that a circle may be described so as to pass through the
centres of the four circles. . :

574. A circle is described round the triangle 4BC,
and from any point P of its circumference perpendiculars
are drawn to BC, CA4, AB, which meet the circle again at
D, E, F: shew that the triangles 4 BCand DEF are equal
in allurclespects, and that the straight lines 4D, BE, CF are
parallel. .

575. With any point in the circumference of a given
circle as centre, describe another circle, cutting the former
at 4 and B ; from B draw in the described circle a chord
BD equal to its radius, and join 4D, cutting the given
circle at @: shew that @D is equal to the radius of the
given circle.

576. A point is taken without a square, such that
straight lines being drawn to the angular points of the
square, the a:gle contained by the two extreme straight
lines is divided into three equal parts by the other two
straight lines : shew that the locus of the point is the cir-

erence of the circle circumscribing the square.

577. Circles are inscribed in the two triangles formed
by drawing a perpendicular from an angle of a triangle on
the opposite side ; and analogous circles are described in
relation to the two other like perpendiculars: shew that
the sum of the diameters of the six circles together with
the sum of the sides of the original triangle is equal to
twice the sum of these perpendiculars.

578. Three concentric circles are drawn in the same
lane: draw a straight line, such that one of its segments
tween the inner and outer circumference may be bisected
at one of the points at which the straight linc meets the
middle circumference, .
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VI 1toD.

579. AB is a diameter, and P any point in the circum-
ference of & circle; AP and BP are joined and produced
if necessary; from any point C' in AB a straight line is
. drawn at right angles to AB meeting AP at D and BP
at E, and the circumference of the circle at #': shew that

CD is a third proportional to CE and CF.

- 580. A, B, C'are three points in a straight line, and D
a point at which 48 and BC subtend equal angles: shew
that the locus of D is the circumference of a circle.

581, If a straight line be drawn from one corner of a
szuare cutting off one-fourth from the diagonal it will cut
- off one-third from a side. Also if straight lines be drawn
similarly from the other corners so as to form a square, this
square will be two-fifths of the original square. .

582. The sides 4B, AC of a given triangle ABC are

roduced to any points D, E; so that DE is parallel to BC.

he straight line DE is divided at # so that DF is to FE
as BD is to CE: shew that the locus of Fis a straight

e.

583. . 4, B, C are three points in order in a straight
line: find a point P in the straight line so that P.B may be
2 mean pr:)})ortional between PA and PC.

. 584, A, B are two fixed points on the circumference
of a given circle, and P is a moveable point on the circum-
ference; on PB is taken a point D such that PD is to
PA in a counstant ratio, and on P4 is taken a point £
such that PE is to PB in the same ratio: shew that DE
always touches a fixed circle. N

585. ABC is an isosceles triangle, the angle at 4 bei:g
four times either of the others: shew that if BC be bisec
at D and E, the triangle 4 DE is equilateral. '

586. Perpendiculars are let fall from two opposite
angles of a rectangle on a diagonal: shew that they will
divide the diagonal into O%l)lal &am, if the square on one
side of the rectangle be double that on the other.

587. A straight line 4B is divided into any two parts
at C, and on the whole straight line and on the two parts
of . it equilateral triangles A DB, ACE, BCF are de-
scribed, the two latter being on the same side of the straight.
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line, and the former en the opposite side; @, H, K are the
centres of the circles inscribed in. these triangles: shew
that the angles AGH, BGK are respectively equal to the
angles ADC, BDC, and that GH is equal to GK,

588. Onthe two sides of a right-angled triangle squares
are described: shew that the straight lines joining the
acute angles of the triangle and the opposite angles of the
squares cut off equal segments from the sides, and that
each of these equal segments is a mean proportional be-
tween the remaining segments.

689. Two straight lines and a %)int between them are
given in position: draw two straight lines from the given
point to terminate in the given straight lines, so that they
shall contain a given angle and have a given ratio.

590. With a point 4 in the circumference of a circle
ABC as centre, a circle PBC is described cutting the
former circle at the points B and C'; any chord 4D of the
former meets the common chord BC at E, and the circam-.
ference of the other circle at O: shew that the angles
EPO and DPO are equal for all positions of P.

591. ABC, ABF are triangles on the same base in the
ratio of two to one ; AF and BF produced meet the sides
at D and E; in FB a part FG is cut off equal to FE, and
gﬁis bisected at O: shew that BO is to BE as DF is to

592. A is the centre of a circle, and another circle
passes through 4 and cuts the former at Band O; 4D is
a chord of the latter circle meeting BC at E, and from D
are drawn DF and D@ tangents to the former circle: shew
that @G, E, F lie on one straight line.

593. In 4B, AC, two sides of a triangle, are taken -

ints D, E; AB, AC are produced to ¥, G such that BF
18 equal to 4D, and CG equal to AE; BG, CF are joined
meeting at Z: shew that the triangle ZHG is equal to the
triangles BHC, A DE together. .

694. In any triangle ABC if BD be taken equal to
onefourth of. BC, and CE one-fourth of AC, the straight
line drawn from C through the intersection of BE and.
AD will divide 4B into two parts, which are in the ratio of

nine to one.
' 595, Any rectilineal figure is inscribed in a circle:
shew that by bisecting the arcs and drawing tan‘g:nts to
the points of bisection parallel to the sides of the recti-
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lineal we can form a similar rectilineal figure cir-
cumscribing the cirdle.

596. Find a mean proportional between two similar
right-angled triangles which have one of the sides contain-

ing the n%ht. angle common.
597. In the sides 4C, BC of a triangle 4BC points

..D and E are taken, such that OD and CE are respectively

the third parts of AC and BC; BD and AE are drawn

-intersecting at O: shew that £O and DO are respectively

the fourth of AE and BD.
° 598. CA, OB are diameters of two circles which touch

‘mli other externally at C; a chord AD of the former

circle, when produced, touches the latter at %, while a

.chord BF of the latter, when produced, touches the former

at G': shew that the rect.an%le contained by 4D and BF
is four times that contained by DE and FG.

599. Two circles intersect at 4, and BAC is drawn
meeting them at B and C; with B, C as centres are de-
scribed two circles each of which intersects one of the
‘former at right angles: shew that these circles and the .
circle whose diameter is BC meet at a point.

600. ABCDEF is a regular hexagon : shew that BF
-divides 4D in the ratio of one to three.

601. ABC, DEF are triangles, having the angle 4 equal
to the angle D; and 4B is equal to DF; shew that the
areas of the triangles are as AC to DE.

602. If M, N be the points at which the inscribed and
an escribed circle touch the side AC of a triangle ABC';
shew that if BM be produced to cut the escribed circle
again at P, then VP is a diameter. :

" 603. The angle 4 of a triangle 4BC is a right a.ngle,
and D is the foot of the perpendicular from 4 on BC;
‘DM, DN are perpendiculars on 4B, AC: shew that the
angles BMC, BNC are equal.

© 604, If from the ﬁ;oi.nt of bisection of any given arc of
a circle two straight lines be drawn, cutting the chord of
the arc and the circamference, the four points of intersec-
tion shall also lie in the circumference of a circle.

.- -605, The gide 4B of a triangle 4ABC is touched by the
inscribed circle at D, and by the escribed circle at E:
shew that the reet,a.n%e contained by the radii is equal to
the rectangle 4 D, DB and to the rectangle AE, EB.
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" 606. Shew- that the locus of the middle points of

stmght lines parallel to the base of a triangle and termi-
‘nated by its sides is a straight line.
- 607. A parallelogram is inscribed in -a triangle, having
Jone side on the base of the triangle, and the adjacent sides
el to-a ifi.xe{ll d;ect.xonls sl}evzh that th;a locus of the
mtersectnon of the diagonals o eparaleogramm a
‘straight line bisecting the base of the triangle.
" 608.. On & given straight line 4B as hypotenuse a
right—an%ied triangle is described; and from 4 and B
straight lines are drawn to bisect the opposite sides: shew
that the locus of their intersection is a circle.

609. From 'a given- point outside two given (nrcles
which do not meet, draw a straight line such that the por-
tions of it. mtercepted by each circle shall be respectively
proportional to their radii.

610. Tn a given triangle inscribe a rhombus which
-shall have one of its angular points coincident with a pomt
in the base, and a side on that base.

. 611. ABQ is a triangle having a right angle at 6'

ABDE is the square described on the hypotenuse; 7, G, H
are the peints of intersection of the diagonals of the 8quAares
on_the hypotenuse and sides: shew that the angles DOE,
GFII are togebher equal to a right angle.

MISCELLANEOUS,

. 612. O isafixed point from which a Py straight line is
-drawn meeting a fixed straight line at P; in OPa point
‘Q is taken such that the rectangle OP, 0Q is constant:
‘strew that the locus of @ is the circumference of a circle.
. 613, Oisa fixed ;})lomt on the circumference of a circle,
from which any straight line is drawn meeting the‘circum-
ference at P; in OP a point @ is taken such that the
‘rectangle OP, OQ is oonstant shew that the locus of @1 is
a straight line.

614. The opposite sides of a quadrilateral inscribed in
‘a circle when produoed meet at% and Q: shew' that the
‘square on PQ is eg 1 to the sum of the 8quares on the
tangents from P @ tothe circle;~ -
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615. . ABCD is & quadrilateral inscribed in a circle;
the opposite sides 4.8 and DC are produced to meet at F;
and t&me site sides BC and 4D at E: shew that the
circle described on ZF as diameter cuts the circle 4BCD
at right angles.

. 616, From the vertex of a right-angled triangls a
perpendicular is drawn on the hypotenuse, and from the
foot of this perpendicular another is drawn on each side of
the triangle : shew that the area of the triangle of which
these. twodatter perpendiculars are two of the sides cannot
bx?l gr;eater' than one-fourth of the area of the original
triangle. . o

617. If the extremities of.{wo. intersecting straight
lines be joined 80 as to form two vertically opposite tri-
angles, the figure made by connecting the points of bisec-
tion of the given straight lines, will be a parallelogram
equal in area to half the difference of the triangles.

618. 4B, AC are two tangents to a circle, touching it
at B and C; R is any Foint in the straight line which
Jjoins the middle points of 4B and AC; shew that AR is
equal to the tangent drawn from R to the circle.

619. AB, AC are two tangents to a circle; PQ is
a chord of the circle which, produced if necessary, meets
the straight line joininf the middle points of 45, AC at
R ;t;hew that the angles RAP, 4 are equal to one
another.

620, Shew that the four circles each of which passes
through the middle points of the sides of one of the four
triangles formed by two adjacent sides and a diagonal of
any quadrilateral aﬁ intersect at a point.

621. Perpendiculars are drawn from any point on the
three straight lines which bisect the angles of an equi-
lateral triangle: shew that one of them is equal to the sum
of the other two.

622. Two circles intersect at 4 and B, and CBD is
drawn through B perpendicular to 4B to meet the circles;
through 4 a straight line is drawn bisecting either the
interior or exterior angle between 4C and 4D, and meet-
ing the circumferences at Z and #': shew that the tangents
:10 tgg circamferences at £ and F will intersect in 4.5 pro-

uced.

623. . Divide a triangle by two.straight lines into three

’Q
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rts, which, when pr_operlfy arranged, shall form a paralle-
ﬁ)agmm whose angles are o fiven magnitude.

624. ABCD is a parallelogram, and P is any point:
shew - that the triangle PAC is equal to the difference
of the triangles PAB and PAD; if P is within the angle |
BAD or that which is vertically opposite to it ; and that
the triangle PAC is equal cﬂ) the sum of the triangles PAB
and PA%, if P has any other position. ’

625. Two circles cut each other, and a straight line
ABCDE is drawn, which meets one circle at 4 and D,
the other at B and E, and their common chord at C':
shew that the Z%are on BD is to the square on A E as the
rectangle BC, is to the rectangle AC, CE,

THE END,
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