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1 Introduction

EXERCISES

SECTION 1.la, page 2

Y. (a) For any fixed integer ¢ > 1, prove that the set of points z = p/g°,
p,s ranging over all positive integers, is dense on the number line.
7 (b) Show that if p is required to range only over a finite interval, p < M
for some fixed M, the set of all = is not dense on any interval.

(c¢) Prove that if we demand only that p < ¢°, then the set of all = is dense
on the interval 0 <z < 1.

2. Prove that for n,p ranging over all positive integer values, the irrational

numbers z = p/(\/ 2)27+1 are dense on the real line.

PROBLEMS

SECTION 1.1a, page 2

. L. (a) If a is rational and if  is irrational, prove that a + « is irrational,
and if a # 0, that ax is irrational.

\(/b) Show that between any two rational numbers there exists at least one
irrational number and, consequently, infinitely many.

2.Prove that the following numbers are not rational: (a) V3. (b) Vn,
where the integer n is not a perfect square, that is, not the square of an
integer. (c) V2. (d) v ;z, where 7 is not a perfect pth power.

3. v) Prove for any rational root of a polynomial with integer coefficients,

a,x" + a, "' + -+ + a;x + a,, (a, #0),

if written in lowest terms as p/g, that the numerator p is a factor of a, and
the denominator g is a factor of a,. (This criterion permits us to obtain all
rational real roots and hence to demonstrate the irrationality of any other
real roots.)

(b) Prove the irrationality of v/ 2+ V2and V3 + V2.

(Hint: For each of these numbers obtain a polynominal which has the
given number at a root. Then apply the result of part a.)
































































































































































































































































































































































































































































































































































































































































































































































































































