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OnNiemand'sFactoringofPolynomials

R.EarleHarris(r.earle.harris@gmx.com)

ProfessorNiemand

Lateonenight,Iwasconsideringtheproblemofreducingthistolowestterms:

x⁴+2x³-10x²-11x-12
x⁴+3x³-7x²-21x-36

Ihadnotintendedtothinkaboutthisproblematall.Ihappenedtoseeitinpassingandthesight
ofitwasupsettingtome.IfeltasifIshouldbeabletosolveiteasily.Butnoideascame.Ifurther
madethemistakeofcopyingitoutofTodhunter'sAlgebraontomyscratchpaper.Andthereitsat,
fillingmewithdarknessanddoubt–Isaiditwaslate.

It'sadivisionproblem,obviously.ButIwastiredandsawitasafactoringproblem.IfeltIshould
beabletofactorthosetwopolynomialsandhadsomehowmissedorforgottenthemethodof
factoringthem.

Itwasatthismomentthatacloudoftobaccosmokefilledthedoorwayandnotthesmokeofa
blendthatshouldbesmokedindoors.Fromoutofthiscloudcamethebowlofanimmense
Meerschaumpipe,followedbyitssmoker--alarge,beardedmaninanill-fittingsuit.Irecognized
himimmediately,justasyouwould.

ItwasHerrDoktorNiemand.We'veheardofhimallourlives.HeissmarterthanNewtonor
Gauss.Hecansquarethecircleortrisectananglewithonlyastraight-edgeandcompass.Andhe
regularlyderivestherootsofpolynomialsofarbitrarydegreesgreaterthanfourth.JustthemanI
wantedtosee.

"HerrNiemand,"Isaid."Welcome.Comein.Whatbringsyouhere?"

"Youappeartobestruggling,"hereplied."Andthesufferingsoflessermathematiciansare
pleasingtome."

Nobodyeversaidhewasaniceman.

"Iamstruggling,"Isaidandshowedhimmyproblem.

"Kinderspiel,"heshrugged."Iseenodifficultyhereatall."

"Enlightenme,"Ireplied.
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"Verywell,"hesaid."Whatisapolynomial?"

OnPolynomials

"Analgebraicexpression?"Ireplied.

"MeinGott,"herumbled,"andamanisahairlessbipedwhichdoesnotlayeggs."

"Ihavehair,"Isaid.

"Lessandless,"hesaid,gesturingatmyrecedinghairline."Nextyouwilltellmeyoulayeggs.
Whatisapolynomial?"

"Aseriesofvalues?"Iventured.

"Onlyfromthevantagepointofeternity.Formeremortals?"

"Avaluedependingonx,then,"Isaid.

"Verygood,meinKind,"hesaid."Andofwhatnatureisthatvalue?"

"Anumber?"

"Youareslow,butalmostthere,"hesaid."Asyoulookatthesepolynomials,thisx⁴+3x³-7x²-21x-
36,whatdoesitremindyouof?"

"Chaosandoldnight?"Isaid,yawning.

"AmIboringyou?"hethundered.

"No,meinHerr,"Iansweredpromptly."Whatshoulditremindmeof?"

"Thinkbacktoarithmetic,"hesaid."YourecentlyreadHerrDeMorgan'sElementsofArithmetic,
didyounot?Thinkatleastthatfarback."

Ididasinstructed.

"IsupposeitcouldremindmeofDeMorgan'sexplanationofournumbersystem.Thirty-sixones,
twenty-onetens,sevenhundreds.Andthenyou..."

"Excellent,"saidNiemand."Andtherefore?"

"Alright,"Isaid."Thiscouldbeanumber.Butthex's,theplusandminussigns,andthedouble
digitsconfusetheissue.Andhowisthisaparticularnumberifwedon'tchooseavalueforx?"
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"Howindeed,"hereplied."Letustakeasimplerexample."

WhenAllX'sareTens

"Considerthefollowing,"saidthelearnedprofessor:"

x³+3x²+3x+2
3x³+8x²+5x+2

Nowtherearenotrickyminussignsordoubledigitstoconfuseyourtinymind.Ifweproceed
withyourremembranceofHerrDeMorgan'sarithmeticlesson,whatisthevalueofx?"

"Ten,"Isaid,foroncesureofmyself.

"Youbegintoshowpromise,"smiledthedoctor."Andthefractionbecomes?"

"
1332
3852

,"Isaid.

“Correct.Factor,please,”hecommanded.

Ifactored,arrivingat:

2²∙3²∙37
2²∙3²∙41

andshowedHerrNiemandmyresult.

"Yes.Verygood.AndthustheGreatestCommonMeasureofthesenumbers?"hesaid.

"36,"Ireplied.

AgainIwasprettysureofmyself.

"Nowrestoreyourx,"hesaid,withatoneofourhavingarrived.

Apparently,IwasstillItransit.

"Mywhat?"Iasked.

"Youareslow,meinKind,"hesaid,"andthick.Butweoverlookyourfailings.Inourdiscussionso
far,whatisx?"
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"Ten?"

Iwasbeginningtodoubteventheobvious.

"Yes.Ofcourse.Sorestoreit,"hesaid."Restoreitto36."

"3x+6?"Isaid,slowly.

"Theremaybehopeforyouyet,"hesaid.Butheshookhisheaddoubtfully.

OntheNatureofFactors

"Letusproceed,"saidHerrNiemand."Pleasedivideyourpolynomialsby3x+6."

Ididso:

⅓x²+⅓x+⅓
x²+⅔x+⅓

"Itdividesevenly,"Isaid.

"Ofcourse,"hereplied."Numbersarenumbers.Factorsarefactors."

"ButI'mnotcrazyaboutthefractionalcoefficients,"Isaid.

"Consideryourdivisor,"hesaid,pointingtomynotes."Howmanyfactorsisthatreally?"

"Two,"Isaid."3andx+2."

"True,"hesaid,"andif(3)(x+2)isafactor,then(n)(x+2)isafactor,sotospeak.Thenmerely
variesthefractionalcoefficients."

"Sotheactualfactorhereisx+2,"Isaid.

LightbegantoshineinthedarknessandIredivided:

x²+x+1
3x²+2x+1

"Yes,"hesaid,smilingandrelightinghispipe.

"Thenwecandoitagain,"Isaid.

"Dowhatagain?"heasked.
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"Usethesameprocesstoderivetherootsoftheseequations,"Isaid.

"Youcantry,"hesaid."Proceed."

Iproceeded.

111=3∙37
321 3∙107

"Wehaveaproblem,"Isaid."Thenumeratorgivesus3∙3x+7andthedenominatoris3∙x²+7.
That's9x+21and3x²+21."

"Whichgivesyou111and321,"hesaid."Whereisyourproblem?"

"Whatabouttheroots?"Iasked.

Heshookhisheadasifpityingme.

"LiebesKind,"hesaid,"thenumbers37and107areprime.Anduntilyoucandividethem
evenly..."

"Andyoucan?"Iasked.

AndthenIremembered.

"Ofcourse,youcan,"Isaid.

Hesmiledhisirritatingsmile.

"Youcouldteachme,"Isaid,hopefully.

"Itriedthatonce,"hereplied."AHerrGalois,asIrecall.Itendedbadly."

"Buthecouldn'tdothatwithprimes,"Isaid.

"Hecould,"saidNiemand."Itaughthim.Unfortunately,ashewasmakinghisnotes,hismindwas
pre-occupiedwithself-destruction.Suchisnotconducivetomathematicalexposition."

Ithoughtamoment.

"Soifithadn'tbeenfortheFrenchAcademy'sobtuseness...?"Isaid.

Niemandshrugged.

"Letusreturntoyouroriginalproblem,"hesaid."Thewitchinghourapproaches."



R.EarleHarris© 2018–Versionof3/9/2019
ReleasedunderCC4.0SA-BY-NC

6

OnThoseTroublesomeMinusSigns

Iwrotetheproblemdownafresh:

x⁴+2x³-10x²-11x-12
x⁴+3x³-7x²-21x-36

"Proceed,"saidNiemandagain.

"Whatabouttheminussigns?"Iasked.

"Haveyouforgottenyoursubtraction?"heasked."Arithmeticisarithmetic."

"Youspeakasifeverythingwerenumber,"Imused.

"Andeverythingweencounterhereisindeedjustthat,"hesaid.

"YouareaPythagoreanthen?"Isaid,tryingnottolaugh.

"Certainly,not,"hesaid."Mysensewasmathematical,notmetaphysical.Considerhyperbolic
spaces,whichhavebeenshowntobecloselyrelatedtoirrationalnumbers.Indeed,whatarethey
butarestatementoftheirrationalsinByzantineform?Uponasphericalspace,alllinesare
fractionsofunityandsowerestatetherationalsinspace.Euclidthenbecomesarestatementof
thenaturalnumbers."

"Butarcsofameridianorlinesintheplanecanbeincommensurables,"Iprotested.

"Incummensurabletowhat?"heasked."Andthereforecommensurabletowhat?Buttimepresses.
Proceedwithourmethod."

Ifinallydidthemathandwrotethefollowing:

10878=2∙3∙7²∙41
10254 2∙3∙7²∙37

"ConsideryourGreatestCommonMeasure,"saidNiemand.

"Thatwouldbe294,"Isaid."Or2x²+9x+4.Butthatwon'twork.Becausewe'releftwith,say,41
or4x+1.Andmultiplyingthosetwoexpressionsgivesus..."

"8x³+38x²+25x+4,"hesaid."Arithmeticallycorrect.Butnotveryhelpful,asyoucansee.Consider
yourfactorsandlookforonethatwillnotgiveyoufractionalcoefficients..."
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"Andwhoselastelementisafactorof12and36,"Isaid.

"Youdobegintoshowpromise,"hesmiled."Intheearlierproblem,18wasafactor.Butx+8
wouldnothaveworkedbecause8isnotafactorof2."

"Butneitherwas6.Both6and8aremultiplesof2,"Isaid."3x+6."

"Yes,"hesaid."Butyoucanfactorx+2outofthatGCM.Thatcannotbesaidofx+8."

"Isee,"Isaid."Soheregiven2∙3∙7²wehavepossiblefactorsof6,14,21,and49.Fourteenshould
work.Sofactoringoutx+4givesus

x³-2x²-2x-3
x³-x²-3x-9

andthat'sasfaraswecango.Becausenowwe'redownto3∙7∙41and3∙7∙37.Or2x+1times
either4x+1or3x+7.Bothgiveseconddegreeresults."

TheLimitsofMortality

Isatbackinmychair.

"Sothesearenowinlowestterms?"Iasked

"Foryou,perhaps,"hesaid."Iwouldoffertofinishitforyou.Butyouwouldn'tbeabletowrite
downtheincommensurables.Forameremortal,youcertainlyhave..."

Hewascutoffbytheclockstrikingmidnightanddisappeared,leavingonlyhisunpleasantsmoke
behind.IwonderedwhatitwashethoughtIhad.ThenIdecidedI'dprobablybehappiernot
knowing.AtleastIhadgraspedthebasicsofhisheuristic.Niemand'sMethodcanbeusedmore
broadlythanfactoringpolynomials.Forinstance,youcanfindthesquarerootsofpolynomials.As
simpleexamples:

x²+2x+1is121
√121=11orx+1

x²-2x+1is81
√81=9=10-1orx-1

Inthecasesquareroots,thisjustshowsthebasicreasoning.Soifyouweretowantthesquare
rootof:

4x⁴-12x³+5x²+6x+1or28561
√28561=169orx²+6x+9
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Nothelpful.Butyouwouldrealizethatthefirsttermmustbe2x²(becauseithastosquareinto
4x⁴)andthelasttermmustbe±1(becausenoneofthecoefficientssmelllikenines).So
reasoningfromtheoptions201and199,themiddletermis,fromthelatter,clearly-3xandthe
result:

2x²-3x-1=169

Youcanseethatallofthisissimplyarithmeticcombinedwithsomeextrathoughttohandlethe
minussigns.Itwouldbeniceif,somehow,Niemand'sMethodtookusfurtherandfactoredthe
"prime"polynomials.Butasameremortal,I'lltakewhatIcanget.

Niemand'sStandpunkt

Itdoesstrikemethatsomethingfundamentalisgoingonhere.Ourcivilization'smathematic,in
thelargestsense,isbaseten.Intheseintegralfunctions,orpolynomials,thecoefficientsarebase
ten.Somakingxequal10seemssomehowsignificant.

Youcanseeinthelastexamplethat28561isattainablewithinfinitelymanycombinationsof
coefficientsusingpositiveornegativetermsasneeded.Thenisn't2x⁴+8x³+5x²+6x+1somehowa
morefundamentalrepresentationof4x⁴-12x³+5x²+6x+1insomesense?

Iamawarethatthisratherturnsourviewsoffunctionsonitshead.Sincetheadventofanalytical
geometry,calculus,andfunctiontheory,welookatapolynomiallikethisasavariableywhich,as
afunctionofx,takesoninfinitelymanyvalues.Further,thefunction,sotospeak,isitsgraphand
viceversa.Fromthispointofview,thoseinfinitepolynomialswhichatx=10convergeat28561
areaninfinityofspaghettiwithacommonintersectionwhichtheyconsiderinfinitely
insignificant.

ButinNiemand'sview,thisinfinitesetoffunctionswouldbetheclassthatmapsto28561of
which2x⁴+8x³+5x²+6x+1isthefundamentalrepresentation.Noothervalueofx,sofarasIcan
see,is“fundamental”inthissense.Ifwemadex=6,we'dbetalkingbasesixandwouldhaveto
convertthecoefficients--ifnotgoliveinanothercivilizationentirely.Thisseemstoshowa
fundamentalelementinNiemand'sapproachgiventheformofourmathematic.

Thisgivesrisetosuchquestionsaswhenx²-2x+1,being81,issomehowatbottom8x+1,then
whatistherelationthatmustarisefromalineandconnectupwardsintovariouscurves?And
whatabouttheclassesofconstants?

Knowingwhatthatelementiswouldrequireperhapsadeeperbasisofnumbertheoryand
functiontheorythanIcurrentlyhave.Andwhilemorefunctiontheoryisonmyto-dolist,Ifeel
thesamewayaboutnumbertheorythatIdoaboutmanygreenvegetables.Myaversionisfoolish
andirrational.Butthereyouare.

Soshouldsomeonewithmoretalentandbettertoolsactuallytakethissomewhere,Iexpectthem
togiveHerrDoktorNiemandduecredit.IamindebtedtoLewisCarrollforintroducingmeto
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himinCarroll'sEuclidandHisModernRivals.AndnobodydeservesmorerespectthanNiemand
does,whichistechnicallyadoublenegative.

SomeInitialNoodling

LetustakeamomenttolookatthesimplestexamplesofNeimand'sMethodofFactoringorNMF.
Letuscallthevalueatx=10theniemandvalueornvalsoforx²+4x+4thenvalis114.

x²+15x+36
nval(286)=2⋅11⋅13
(x+3)(x+12)∴13⋅22

x²+9x-36
nval(154)=2⋅7⋅11
(x-3)(x+12)∴7⋅22

x²-15x+36
nval(-14)=-1⋅2⋅7
(x-3)(x-12)∴7⋅-2

x²-9x-36
nval(-26)=-1⋅2⋅13
(x+3)(x-12)∴13⋅-2

2x²+8x+6
nval(286)=2⋅11⋅13
(2x+6)(x+1)∴26⋅11

2x²+8x+5
nval(285)=3⋅5⋅19
(2x+a)(x+b)integralabmustbe1⋅5
∴nointegersolnforfactors3⋅5⋅19

2x²+8x+6=2(x²+4x+3)
nval(143)=11⋅13
(x+3)(x+1)∴13⋅11

x²+x+3
nval(113)≡prime
∴irreducible(complexfactors)

BinomialTheorem

ThissectionismoreaboutusingtheNMFingeneralthaninusingitwiththeBinomialTheorem.
Itshowhowtheheuristiciscombinedwithreasontoarriveataknownform.Iwasthinking
aboutNiemandwhileworkingwithNewton'sBinomialTheorem.Andinthiscase,Niemand
showsitselfanheuristicratherthanageneralsolution.Ifwetake

(x+2)²

anduseNiemand'sx=10,12²is144or

x²+4x+4

whichisthecorrectbinomialexpansion.Butfor
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(x+2)³

wehave12³=1728and

x³+7x²+2x+8 nval(1728)

isnotthebinomialexpansion.Butknowingtheformofthebinomialexpansion,weknowthatthe
coefficientofunityforx³and8arecorrect.Andweknowthatthesecondcoefficientmustbe
divisibleby2andthethirdby3.Sotakingonefromthehundred'splaceandputtingteninthe
ten'splace,wehave

x³+6x²+12x+8 nval(1728)

whichiscorrect.Asafinalexample,let'stake

(x+3)³

13³=2197or

2x³+x²+9x+7

Ifwefixtheouteronesfirst,wehave

x³+11x²+7x+27

whichwecanthinkofas

x³+ax²+bx+27

whereamustbedivisibleby3andbby9.Somoving2fromthe100sintothetens,wehave

x³+9x²+27x+27

whichisagainthecorrectexpansion.

Niemand'smethodisaheuristicbecauseitdoesnotexpressthingsgenerally.It'sspecific
expressionis,however,ausefultool.Ifin(x+3)³weletx=2,weget125orx²+2x+5andone
cannotworkbackwardsfromthistox³+9x²+27x+27.IwanttosaythatNiemand'sapproachisa
slicethrougheverythinginbase10.Soifx=2wearesomehowworkingwithbase2usingbase10
(orviceversa,I'dhavetothinkaboutittobesure)andtheresultisahairball.

Niemand'smethodisusefulifandonlyifweknowtheformofthings.Then,everythingbeing
number,whatistrueofNiemandistrueofthebinomialexpansionorthefactorsofapolynomial.
ButwemustknowthetrueformofthosethingsinordertousetheNMF.Andthenhismethod
greatlysimplifieswhatwearedoinginthesamewaythattheelementarydivisionalgorithm
simplifiesdivisionorusingEuclid'salgorithmsimplifiescreatingacontinuedfraction.
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SolvingEquations

Considersomefifthdegreeequationfactoredas

(x-a)(x-b)(x-c)(x-d)(x-e)

Ifwemakex=10,weget

(10-a)(10-b)(10-c)(10-d)(10-e)=nval10

Wecouldcontinueinthiswaytogetfiveequationsoffiveunknowns:

(10-a)(10-b)(10-c)(10-d)(10-e)=nval10
(1-a)(1-b)(1-c)(1-d)(1-e)=nval1
(2-a)(2-b)(2-c)(2-d)(2-e)=nval2
(3-a)(3-b)(3-c)(3-d)(3-e)=nval3
(4-a)(4-b)(4-c)(4-d)(4-e)=nval4

Whenyoumultiply(x+a)(x+b)yougetx2+(a+b)x+abwherea+bisthesumofthe"product"of
therootschosenoneatatimeandabisthesumoftheproductoftherootstakentwoatatime.
Youcanmultiplyout(x+a)(x+b)(x+c)toseewhatIamtalkingaboutifyouarenotfamiliarwith
howcombinatoricsplaysintothingslikepolynomialsandthebinomialtheorem.Ifwemultiply
outtheequationsinourabovesystem,themeta-variablesaresumsorproductsoftheroots.

Withoutdoinganynastymultiplying,Iamfamiliarenoughwiththisbusinesstoknowwhatkind
ofahairballofalgebrawouldbeproduced.Thenyouwouldhavetosolvefora,b,c,d,ande.Allof
whichsoundsunpleasant.Buttherearecomputeralgebraprogramsoutthereinuniversity
computerlabsandpeoplewithaccesstothosecomputers.Soifanyonewouldliketorunsucha
thingon,first,asolveablequinticinGaloiseantermsand,ifthatworks,runitonanunsolveable
quintic,andlet'sseewhatyouget.

"Let'sseewhatyouget"means"emailmetheresultsnomatterhowbadlyitbombsout." Andif
itdoesn'tbombout,don'tforgettoacknowledgethosetowhomcreditisdue,especiallyHer
DoktorNiemand.

OfPrimeFactorsandtheFactorsofPrimes

Sometimesthenvalisaprimenumberlike113.Iwashopingthatthiswouldtellussomething
abouttheroots.Butthenvaldoesn'tseemtorelatenumericallytotheroots.Itisonlythe3in
x²+x+3thatdirectlyrelatestosurdfactors.Onelineofinquiryistodeterminewhethersome
relationexistsbetweenthe"110"orthetwoonesandthethreethatdeterminestheformofthe
pairofsurdsorcomplexroots.Heretherootsare(-1±√-11)/2.But2x²-9x+3alsohasannvalof
113anditsrootsare(9±√57)/4.The3iseffectedbyfactors.Ifwemakethatlastequationx²-
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9/2x+3/2thenthelasttermistheproductoftherootsasitshouldbe.Sowithnvals,thefinal3is
onlya3iftheleadingcoefficientisunity.

Still,ifwetakethreedigitnumberintheform1n3withn={0-9},wegetdifferentfactorsof3and
withx²+6x+3thenvalisprimeandthefactorsof3are(-3±√6).I'mprobablynotthefirstto
noticethis,butthesevaryingfactorssuggestthatfor∀n,m∈Nanyintegerncanhaveanym
factors,someofwhichmaybemthrootsofunity,andthereareinfinitelymanydifferentsetsof
thesemfactorsforeveryn.

Alongtheselinesofprimenvals,let'stalkaboutacoupleofcommontheoremsusedforfactoring
polynomial.Let

f(x)=anx
n+an-1x

n-1+...+a1x+a0:ai∈Z

TheRationalRootTestsays,ifr≠0andr/s(lowestterms)∈Qtherearerationalrootsifrdivides

a0andsdividesan.Sofor4x
4-12x3+x2-4x+3,rcanbe±1,±3andscanbe±1,±2,±4andyouhave

toplugthemin.Butherethenvalis28063=7⋅19⋅211.The7suggests(x-3)andf(3)isseentobe
zero.The19canbex+9or2x-1ornx-(10(n-1)+1))andfrom2x-1,f(1/2)=0.Factoroutthese

twoandweareleftwith2x2+x+1forthe211.Becausenval(211)cantakemanyforms,youhave
tovalidateitsomehow.

Eisenstein'sCriterionsaysthatifwehavethissamekindoff(x)whichisnon-constantandhas
coeff∈Z,if∃primep:pdividesai[0-(n-1)]anddoesnotdividean,thenf(x)isirreducibleinQ[x]

(polynomialswithrationalcoeff.)Sox7+6x5-15x4+3x2-9x+12isirreducibleusingp=5.Thenval
hereis10450222=2⋅53⋅311⋅317.The2asx-8isquicklydiscarded.Sowecanseeevenmore
clearlythanSergeihere(Iassumethisguy'sthefilmdirector)thatwearedealingwithonlysurds
andcomplexroots.Ifwecaneverrelatethefactorofthenvaltotherootsinanyway,wewould
haveevenmoretoworkwith,ifnottherootsthemselves.

RegularIntegralFunctions

Sowhatarethecasesofax2+bx+cwherethefactorsofthenvalrevealtheroots?

2x2-8x+8 nval128=27=16⋅8or(2x-4)(x-2) Butthisisjust2f(x)wheref(x)is

x2-4x+8 nval64=26=8⋅8or(x-2)(x-2)or(x-2)2 Wecanseeherethatifthenvalisa
perfectpowerofn,itdoesnotmeanthatwehaveann-foldroot.Wemayorwemaynot.But

wedoseethatiff(x)=ax2+bx+cand1/af(x)isarifn(regularintegralfn)thenthefactorsof
1/af(x)⋅aarethefactorsoff(x)andtherootsareidentical.Noneofthisisnews.Butitdoes
indicatethatNiemand'smethodismoreusefulifrestrictedtoanalysingrifn.

2x2-9x+3 nval113 prime rootsaresurds

x2-9/2x+
3/2 nval56.5 fractional sameroots

2x2-9x+2 nval112=24⋅7 non-prime rootsaresurds

x2-9/2x+1 nval56=23⋅7 non-prime sameroots

x2+x+3 nval113 prime rootsimaginary
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2x2+2x+6 nval226 non-prime sameroots

Inthepurelynon-primeexample,allthenvaltellsusisthatbyinspectionneitherapowerof2

nor7,giving(x-2n)or(x-3)forfactors,willgiveusausablefactor.Sotherootswillbesurds.
Butinthethirdpair,wherethebaserifnhasaprimenval,therootsareimaginary.Itappearsat
thispointthataprimenvalofarifnindicatesimaginaryroots.ButIhaven'tvalidatedthisin
general.

PerhapsIshouldsaythatwhileIhaveaseriousinterestinalgebraandpolynomials,Niemand's
methodisn'tsomethingIspendmuchtimeon.Infact,I'mabitsurprisedithasn'tjustgone
away.Butitcontinuestobeusefulinmyworkwithintegralfunctionsandcontinuestotease
mewithpossibilities.Soinspiteofitsremainingamereheuristic,thingskeepbringingmeback
toitandIsharethemasIgoalong.

nvalandfactors

Thenvalisconsistentinpolynomialdivision.Let'slookatnvalsof144:x2+4x+4factorsinto

(x+2)2or12⋅12=144.2x2-6x+4factorsinto(x+2)(2x-10)r24and12⋅10+24=144.

But2x2-6x+4alsofactorsevenlyinto(x-2)(2x-2)or8⋅18=144.3x2-16x+4factorsinto
(x-2)(3x-10)r-16and8⋅20-16=144.

Wecanusethenvalbackwardstoinvestigatethepossibilityoffactors.With3x2-16x+4we
wouldneed(3x-a)(x-b)justfromtheformofthingsand-a⋅-b=4.Thenvalis144.Sofrom
theformofthefactors,wecanaskourselves,using"?"asadigit'splaceholder,cantherebea

2?⋅?=144=24⋅32.Theonlypossibilityforany2?is3⋅8=24=(3x-6)andthe-6scotchesour
required4.

x3+12x2-32x-256hasannvalof1624=23⋅7⋅29.The12,32,and256encourageusto
believef(x)isdivby[divisibleby](x+4)andsyntheticdivisionshowsusthatitisandwitha

quotientofx2+8x-64.(x+4)isarootof-4andannvalof14.1624÷14=116andthisisthe

nvalofourquotientwithfactorsof22⋅29.The64andthe29tellustherearenomoreintegral
factorsandthattheproductofthesurdrootsis-64.Therootsare(-4±4√5)/4.

Here,theusefulnessofNiemand'smethodformeisthatthismuchanalysistakesfarlesstime
thanreadingthislastparagraph.OnecanveryquicklyuseNiemand'smethodsuccessfullyor,
justasquickly,seethatitcan'tgoanyfurther.Inmyexperience,usingNiemandfirstin
factoringpolynomialsorsimilarworksavestime.


